On the complexity of a family of k-context-free sequences

Marion Le Gonidec

Laboratoire IMATH - Université du Sud Toulon Var

Abstract

We introduce a large family of k-context-free sequences for wich we give a polynomial upper bound of their
complexity functions.
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Introduction

The study of automatic sequences and more generally infinite sequences generated by simple algorithms is
a classical topic in combinatorics. Automatic sequences are closely related to automata theory and language
theory but these sequences also constitute a interesting tool in other mathematical areas as symbolic dynamics
or number theory.

There are several characterizations of k-automatic sequences using finite automata, regular languages,
k-uniform morphisms or subsequences k-kernel (for an overview, see for example [AS03a]). These character-
izations have led to different generalizations of the notion of automatic sequences and fruitful results have
been obtained in each case. Let us mention substitutive (or morphic) sequences, which are generated by
subtitutions over finite alphabets (see for example [PF02] for an overview), k-regular sequences, which are
sequences with values in a ring having finitely generated k-kernel [AS92, AS03b], or k*°-automatic sequences,
which are generated by k-uniform morphisms over countable alphabets [LG06b, LG06a]. Let also mention a
generalization of the notion of k-automatic sequences for abstract numerations based upon regular languages
instead of usual k-ary representaion languages [Rig00].

It appears also natural to consider an other way to extend this notion, based upon their characterization
using regular languages. As suggested in [AS03a], following Chomsky’s hierarchy over languages and ma-
chines [Cho56], one can asks about a similar construction of a family of infinite sequences using context-free
languages instead of regular language, that is using pushdown automata instead of usual finite automata.

In this direction, D. Hamm [Ham98] formally introduces k-context-free sequences and k-quasi-context-
free sequences (see section 2 for definitions). The question we partially answer in this article is the following :
How can be extended complexity results obetained for k-automatic sequences in such a framework [AS03a,
Open Problem 6.3] ?

The complexity function (or subword complexity) of an infinite sequence a = apajas ... over a finite
alphabet is the non decreasing sequence of integers pa = pa(0)pa(1)pa(2)... where pa(n) is the number of
different factors of length n occurring in a with convention p,(0) = 1.

There are many motivations arising from different aeras for the study of this function, for example :
dynamical motivations as this function can be linked to the entropy of the dynamical system associated to
the sequence (see for example [Kur03] or [PF02]), computationnal motivations as this function is also linked
with the Kolmogorov complexity of prefixes of the sequence (see [Sta06]) or motivations arising from number
theory as the complexity function of the k-ary expansion of a real number can be used to determine some of
its algebraic properties (see [AB07]).
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This function can really have various behaviour depending on the sequence : from a constant function to
an exponential growth function and from a simple to an irregular increasing functions. Its computation often
remain awkward as there is no universal algorithm to exactly compute it for a given sequence, even if the
considered sequence is generated by some simple machine. Consequently, computing complexity functions
has been the aim of many works (see [All94] or [Fer99] for surveys). Methods involved in their computation
are often based on the study of special factors and synchronization principles. We refer to [Cas96] and [Cas97]
for formulas linking special factors and complexity. These methods allow to compute complexity functions
exactly in many particular cases.

When we deal with a large class of sequences, not being that sharp, it is quite natural to ask about
a generic upperbound for possible growth orders of the complexity functions of sequences and about their
computing. By growth orders, we mean functions f satisfying f(n) = O(pa(n)) and pa(n) = O(f(n)) for
at least one sequence a of the class. For example, it is well known that the possible growth orders of the
complexity function of automatic sequences are 1 and n [Cob72]. For substitutive words, complexity functions
are of type O(n?) [ELR75]. This result had been improved by Pansiot [Pan85] for purely substitutive words,
that is for fixed points of substitutions over finite alphabets : the possible growth orders of their complexity
functions are 1, n, nloglogn, nlogn and n? [Pan85]. Displaying the possible growth orders of complexity
functions of substitutive words, that is fixed points of substitutions over finite alphabet and their projections
by letter-to-letter morphisms is still an open problem.

Regarding k-context-free sequences, Y. Moshe gives in [Mos08] a polynomial upperbound for the com-
plexity of binary k-context-free sequences when the underlying pushdown automata is real-time deterministic
recognizing by empty storage and accepting states.

The aim of this article is to extend the complexity result of [Mos08] to a larger family of k-context-free
sequences, also based upon real-time deterministic pushdown automata but allowing all usual acceptance
modes and arbitrary large alphabets.

In this article, we fix an integer k > 2 and we denote the set {0,1,...,k — 1} by [0,k — 1]. For any fixed
alphabet A, we use the following standard notations :

— A* to name the free monoid over A,

— AT to name A* except the empty string,

— AS™ and AZ" to respectively name the set of words over A of length less than n and the set of words

over A of length more than n.

Finite words and sequences will be written in contatenated form. Moreover, we will denote by Pref(w) the
set of prefixes of a word w € A* and by Pref,, (w) the prefix of length n of a word w € AZ".

1. k-pushdown automata

To construct k-context-free sequences over arbitrary large alphabets, we need to provide a way to generate
what could be called k-context-free partitions of N, that is, partitions for which the languages made of k-ary
expansions of integers of a component are context-free languages. Thus, we have to simultaneously construct
several (disjoint) context-free languages. To do this, the pushdown automata (PDA) point of view is more
convenient than the context-free grammar point of view.

In this article, we will only consider real-time and deterministic PDA with input alphabet [0,k — 1] so
the set of transition rules can be considered as an action of [0, k — 1] over the set of configurations. We name
these machines k-pushdown automaton (k-PDA) for short. Moreover, we will only consider complete k-PDA
as any k-PDA can be completed using a sink state so that all undefined transitions lead to this state.

According to these remarks, we represent a k-PDA as follows :

Definition 1.1. A k-pushdown automaton is a quadruple A = (Q, %, ¢, oW ) where :
— @ is the set of states,
— X is the stack alphabet,
— oW € Q%* is the initial configuration,



~ the set of transitions rules is a function ¢ : [0, k—1]xQ (X U {e}) — QX*, extended to [0, k—1] " x Qx*
by :
— for all configurations ¢gWoWi --- Wr, in QX1 and all integers ¢ € [0,k — 1] :

d(i, qgWoWy - W) = é(i, gWo)Wy - -- Wi,
— for all words w = wowy ---w; in [0,k — 1] and all configurations ¢W in QX* :

¢(wan) = ¢(wla¢("'¢(w1a¢(w0aqw»"'))'

By convention, the empty word of [0,k — 1]" will be denote e while the empty word of ¥* will be denote

Notice that we will sometimes note a configuration with empty stack by ge € @QX* instead of ¢ for more
lisibility.

Remarks 1.2. There is a real restriction in considering only real-time deterministic PDA. Indeed, in finite
automata background, allowing e-transitions or allowing non-determinism are not real relaxing hypotheses
as the larger families of automata obtained this way generate exactly the same family of languages : regular
languages. Dealing with PDA, this result is no longer true : the family of non-deterministic PDA generates
strictly more languages than the family of deterministic PDA does and the family of real-time deterministic
PDA generates strictly less languages than the family of deterministic PDA does (see for example [ABB97]).

Notice that if the stack alphabet is empty or if the transition function leave the stack uniformly bounded
(i. e. there exists an integer B > 0 such that, any accessible configuration ¢W is in QX.=%), the k-PDA
exactly acts as a finite k-automaton.

Example 1.3. The graph of the 2-PDA A = ({qo,q1, 92}, {s,t}, ¢, qoe) is represented on Figure 1. A tran-
sition ¢(i, gWo) = ¢'W’' is symbolized by an arrow from ¢ to ¢’ labelled by (i, Wo/W").

(0,s/¢), (1,¢/s), (1,5/5%)

(0,¢/t)
(0,z/t), (1,z/t)
(0,e/t), (0,2/t), (1,2/t) ) (0,/t), (1,¢/t)

F1a. 1: Graph of the 2-PDA A

Unlike to finite automata case, there are several way for a language to be recognizable by a PDA so
a single k-PDA can recognize several context-free languages of [0,k — 1]" according to the form of the
acceptance (or terminal) set F' C QX* (see [Aut87] for example for more details). Here follows the two usual
different forms F' can take :

— F = Fg¥* where Fp C @, in this case we talk about acceptance by accepting states,

— F = Fge where Fp C Q, in this case we talk about acceptance by empty storage and accepting states.

This usual cases are in fact particular cases of the following one : F' = FoX'Y* where Fp C Q and ¥’ C X
that it acceptance by topmost stack symbols and accepting states mode.

For example, the 2-PDA A introduce in Example 1.3 recognize different languages according to the choice
of the acceptance set :

- If F =q¢X*, Arecognizes {w € {0,1}* | Vu € Pref(w), |ulo < |u|1},

— If F = q1¢, A recognizes {w € {0,1}* | Vu € Pref(w), |ulo < |u|i et |w|1 = |w|o},



- If F ={qo,q1,q2}t, Arecognizes {w € {0,1}* | Ju € Pref(w), |ulo > |ul1}.

As finite automata with ouput function generalize the notion of finite automata, we introduce a family of
admissible output function for k-PDA, simulating the generic mode of acceptance by topmost stack symbols
and accepting states.

Definition 1.4. Let k > 2 be an integer, A and A’ two finite alphabets and L a language over A.
We call admissible output function a function IT: L — A’ satisfying the following condition :

For all words w,v € L?, if Prefy(w) = Prefy(v) then TI(w) = TI(v). (1)

We call k-PDA with output function a sextuple A = (Q, %, ¢, oW (9, A, II) where :
— the quatruple (Q, Y, ¢, W) is a k-PDA,

— A is a finite set called the output alphabet,

— the function IT : Q¥X* — A is an admissible output function.

Remark 1.5. Notice that, for any k-PDA with output function A = (Q, %, ¢, oW, A, TI) and for any
letter a in A, the language {w € [0,k — 1]* | IT o ¢(w, oW ?) = a} is a context-free language, as it can be
written as a (disjoint) union of context-free languages of type {w € [0,k —1]" | ¢V € Pref (¢(w, qOW(O))) },
for some fixed ¢V in Q¥ and context-free languages of type {w € [0,k — 1]" | T o ¢(w, goW(?) = ge}, for
some ¢ in Q. Nervertheless, we cannot ensure the context-free languages obtained this way are deterministic
or real-time deterministic as these two families are not closed under union.

2. A friendly family of k-context-free sequences

For an integer n € N, we denote by pr(n) its proper k-ary expansion, that is pg(n) = n;---ning if
n= 2220 n;k* with n; € [0,k — 1] and n; # 0. We also use concatenated notation for sequences.

Definition 2.1. A sequence a = agajas ... over a finite alphabet A is called k-context-free if for all letters
a € A, the language L,(a) = {pi(n) | a, = a} is context-free.

In [Ham98], the notion of k-quasi-context-free sequence is also introduced, as sequences a = agaias .. .
for which at most one language among the languages L,(a) is not context-free.

Definition 2.2. A sequence a = agajas ... over a finite alphabet A is called k-pushdown automatic if there
exists a k-PDA with output function A = (Q, %, ¢, oW (), A, TI) such that, for all integers n > 0 :

ap = ITo ¢ (pk(n)7 qOW(O)) ’
We say that the k-PDA A generates the sequence a.

Example 2.3. Using the 2-PDA A presented in example 1.3 and the admissible ouput function II detailed

below :
IT: {quqth}{Sat}* - {051}
qi€ — 1,
aW # qie =0,

we generate the following binary sequence :
d =101071010*10°1010*10'*31010°1010310'71010°1010%10. ...
whose digits can be characterized by :
dn =1 <= Vu € Pref(p2(n)), |ulo < |uf1 and |p2(n)1 = [p2(n)lo.

Example 2.4. The following sequences m and m’ defined respectively over the alphabet {0,1} and the
alphabet {0, 1,2} by :



{n [ 1p2(n)lx = lp2(n)lo},
) =A{n[lp2(n)lx # lp2(n)lo},

(m’) = {n||p2(n)|1 = [p2(n)lo},
= Li(m’) = {n | [p2(n)[1 > [p2(n)]o},

(m’) = {n | |p2(n)1 <|p2(n)lo},
are also 2-pushdown automatic.

m = (01011111100101111111111111111111110100110010111100101110111111111111111111 ...

m’ = 01012111200101112221211121111112220200120010111200101110111111222222212221 ...
Indeed, these are generated by the 2-PDA D = ({q}, {X,Y}, 1, ¢¢) where v is defined by :
¥(0,qe) = qY, ¥(0,¢X) = ¢e, ¥(0,qY) = ¢YY,
¥(1,q8) = ¢X, ¥(1,¢X)=¢XX, ¥(1,qY)=¢e,
and using the ouput functions Il,, and Il defined below :
Om:  {gH{X, Y} — {0,1}

qe =0,
gW with W #¢ +— 1,

Hm’ : {Q}{va}* - {07 152}
qe — 0,
qXW — 1,
qY W — 2,

From Remark 1.5, we easily get the following proposition :
Proposition 2.5. A k-pushdown automatic sequence is a k-context-free sequence.

A Ek-pushdown automatic sequence can also be constructed using some substitution and projection pro-
cess. We will deal here with morphisms (or substitutions) over structured countable alphabets. The link be-
tween automata and substitution can easily be viewed considering substitutions through their graphs and con-
sidering PDA through their transitions graphs, as develloped in [MS85] and further in [Cau92, CK02, Cau03].

Substitutions involved in the following are substitution over a countable alphabet which can be structured
as subsets of a free semigroup A", where A is a finite alphabet.

Notation 2.6. As we will use in the following both monoids ¥* and (QX*)*, we denote by e the empty
word over @X* while € still denote the empty word over X.

Moreover, for some fixed finite alphabet A, we will have to distinguish the concatenation operator over
the alphabet A and over the alphabet AT. For two non empty words u; and uy over A the word ujus will
denote as usual the concatenation of u; and wus considered as words over A, while the word [uq][ug] will
denote the concatenation of u; and us considered as elements of AT. The word ujus has length |uq] + |us]
while the word [u1][uz] has length two.

Notation 2.7. For any finite word u = [ug][u1][- - - ][un] over the alphabet AT (u; € AT) and any word v
over a finite alphabet A’, we define the word ux v over AT A™* by uxv = [ugv][u1v][- - - |[unv].

Definition 2.8. Let A be a finite alphabet and let S = A™.
We call k-pushdown substitution over the alphabet S a morphism o from S to S* defined for all s € S
by o(s) = [o0(s)][o1(s)][- - - ][ok(s)] with o;(s) € S and satisfying the following condition :

Vs = agayas - an € AZ2, o(s) = o(apar) x as - - - apn. (2)

so the substitution ¢ is completely given by the images of words of AU A2.

Moreover, if there exists a word sg in S such that og(sp) = so, the k-pushdown substitution can be
extended from sg and admits a fixed point w, = o(w,) = 0“(sg) = lim,—,o, 0™(sg) which is an infinite
sequence over AT,



Remarks 2.9. These subsitutions are particular cases of subsitutions over countable alphabets [LGO06a,
Mau06] whose dynamical properties are studied in [Fer06]. Note that the notion of pushdown substitution
can also be defined without the constant length hypothesis.

Note also that in the following, we may retrict the alphabet S = AT to a proper language over A if some
words of S do not appears as letters in the fixed point.

Proposition 2.10. A sequence is k-pushdown automatic if an only if it is the image by some admissible
output function of an infinite fized point of a k-pushdown substitution.

Proor. Let A= (Q,%,d,qW®, A TI) be a k-PDA with output function generating a k-pushdown auto-
matic sequence a = agaids . . . .

We define over the alphabet (QU{xz})¥*, considered as a proper language of (QU{z}UX)*, the following
k-pushdown substitution o :

Vi € [0,k — 1], YgW € QX*, o;(¢W) = ¢(i, W),
oo(z) =z and Vi € [1,k — 1], oi(z) = ¢(i, oW ),
Vi€ [1,k—1],YW € 7%, o;(aW) = zW.

The added letter z ensures the existence of a word from which o can be extended. This word sy = =
has almost the same behaviour under ¢ as the word corresponding to the initial configuration goW(® does.
Notice that the addition of such symbol z is not necessary if ¢(0, qu(O)) = qoW ), by setting sg = goW .

As the k-pushdown substitution o can be extended from sy, it admits an infinite fixed point w, =
o(wo) = [wol[wi][wz][. .. with wo = so and w; € QX* for i # 0. As w is a fixed point of a substitution of
length k, it satisfies the following property (see for example [LG06a, Mau06] for a proof) : For all positive
integers n, if pg(n) = n; - - ning,

Wy = Opy O 0py O+ 00y, (S0)-

As 04(s0) = 04 (qoW®) for all i # 0, then we have :
Wy, = Gpy © Tpy © -+ 0, (GoW ).
For the definition of o we get finally :
wo=x and VYneNn>0, w,=d(pr(n),qoW®).

The output funtion IT of A is extended to a (Q U {x})X* by setting II(xW) = I(qoW) for all W of X
and TI(z) = T(goW(®). As we keep the property that TI(¢W ... W) = II(gWy) for all g € (Q U {z})X+,
the morphism IT is an admissible output function for (QU{z})X* to A and we also have, for all non negative
integer n, a, = (wy,).

Conversely, if a € AY is the image by an admissible output function II of a infinite fixed point w, =

[mo][m1][m2][. .. of a k-pushdown substitution ¢ over the alphabet S = A’", we construct a k-PDA with
output admissible function A = (Q, X%, ¢, qoW ) A TI) associated to o and II by setting :
— qoW© = wy,

— the transition function ¢ is defined as follows :
VgW € QX" Vi € [0,k — 1], ¢(i,qW) = g;(gW).
Then, for any non negative integer n such that py(n) = n;---ning, we have :
an =II(my,) =Tl oogy, 0op, 0 00y, (qOI/V(O))7

and it comes :

an = II(my,) =11 (¢(pk(n), qu(O))) ,

so the sequence a is k-pushdown automatic.



As a consequence of the proof of Proposition 2.10, we naturally define the k-pushdown substitution
associated to a k-PDA A = (Q, %, ¢, qoW () by considering the morphism ¢ from (Q U {z})X* to ((Q U
{z})X*)* defined by :

- Vie[0,k—1],VgW € QX*, o;(¢qW) = ¢(i, qW),

—Vie[l,k—1], oi(z) = ¢(i,qoW D) et oo(z) = z,

- Vie[l,k—1],YW € &*, o;(zW) = zW.

Example 2.11. The 2-pushdown substitution 7 associated to the 2-PDA generating the sequences m and
m’ described in Example 2.4 can be defined over {z} U ¢{X,Y}* as follows :

- 7(2) = [][aX],

- 7(q) = [qY][aX],

— and for all W € {X,Y}*, 7(¢XW) = [¢qW][¢X?W] and 7(gY W) = [¢Y>W][gW].
The beginning of its fixed point w. is given by :

wr = [2][qX][q)[¢X *)[qY 1[aX][aX]1aX*][qY *)[a)q)[aX ] [q)[a X ] [aX *)[a X Y] [qY *][qY ][qY ] [¢X][qY ][¢X] . ..

Using Iy, and Iy, extended to {z} U ¢{X, Y }*, we get easily Iy(w,) = m and [y (w,) = m’.
This substitution is the same, up to a letter-to-letter correspondance, as the drunkenman substitution :

. ZU{z} — Z*U{zl}
z = [a]1],
n — [n—1]n+1],

using the correspondance gX™ — n and qY™ — —n. Dynamical properties of this substitution 7 are deeply
studied in [Fer06].

3. Complexity of k-pushdown automatic sequences

Theorem 3.1.
Let a be a k-pushdown automatic sequence, generated by a k-PDA with stack alphabet 3.
The complexity function of a satisfies :

O(n) st #X =0,

pa(n) =< O(n log;2 n) if #3X =1,
(@] (n1+210gk #2) if #3 > 2.

Remarks 3.2. This result extend the polynomial upper bound for complexity function of sequences con-
sidered in the paper of Y.Moshe [Mos08]. In some sense, it also extend the polynomial upper bound for
complexity function of k*°-automatic sequences in the sens of [LG06a]. Indeed, both k*°-automatic sequences
and k-pushdown automatic sequences can be constructed using as images by some function II of the fixed
point of some substitution o over a countable alphabet but constraints are different :
— For k*-automatic sequences, the substitution o : A — A* has to be uniformly bounded : for any a € A
and i € [0,k — 1], the cardinal of o; *({a}) is bounded by some constant which is independant of a.
This weak constraint enforce a strong constraint over the type of function II : these function have to
be constant except on a finite subset of A,
— For k-pushdown automatic sequences, the substitution must be a k-pushdown substitution, which is a
stronger constraint as it forces a structure on the alphabet but also the form of the applications ;. As
a counterpart, constraints over admissible output functions are weaker.
As a consequence, there exist k-pushdown automatic sequences which are not k*-automatic and there
exist k°°-automatic sequences which are not k-pushdown automatic. The family of k-pushdown automatic
sequences which are also k*°-automatic are k-pushdown automatic sequences gerenated by some k-PDA
(@Q,%, ¢, oW, A, TI) with admissible output function IT simulating the empty stack acceptance mode, that
is IT is constant over QX *. This family contains binary sequences considered in [Mos08].



PRrOOF. Let A = (Q,%,¢,qW®, A TI) be a k-PDA with output function generating a = agayas. ... Let
o be the k-pushdown substitution associated to A and w = wowiws . .. its infinite fixed point.

Let also fix an integer n € [k*~!, k' — 1] for some given integer i > 1.

By definition, for all integers n and m we have @ am+1 - Gmin—1 = (W Wp41 * * * Wintn—1). Moreover,
as w is the fixed point of o, any word w,, wy41 - Wmi+n—1 appears w as a subword of a word of type
o (WD) (guW ).

It follows that @ ami1 - Gmin_1 is a subword of a word of type I o o (g W) II 0 0% (g W) (which
has length 2k%). Thus, to give an upper bound for pa(n), we need to find an upper bound for the number of
words IT o o?(qgW).

First, notice that for any ¢W = qWoW; --- Wy, in QX2

o (qW) = o' (qWoWi -~ Wiy) % Wi -+ W
As II is an admissible output function, we get for any ¢W in QX=*1,
ITo ai(qW) =1Ilo Ui(qPrefi_,_l(W))_

Thus, in the worst case, we have as much words ITo o (qWW) as words in QX<+ and a most (7K;E(CQX]9“))2
words of type ITo o?(q; W) 0 0%(goW (). Then follows the upper bound of pa(n) :

pa(n) < K (#£(QE<1))7,

as any single word IT o o (q; W) 0 ¢ (go W) can, at most produce k* new words @, tm 11 -+ Gmin_1-
According to the number of stack symbols, we get :

k(#Q)*n si #% = 0,
pa(n) < k(#QU+ 2_))2n2 si Y = 1,
k #Q(i@ﬁl) nosi#Y > 2.

Using i < logy, n + 1 and (#X)° = k%8 #= < (kn)l°8t #= when #% > 2, it follows :

k(#Q)*n si #X =0,
pa(n) <{ K(#Q nlogn+3)*  sign=1,
B (#QUEEEEIT TN T sign > 2.

and this concludes the proof.

Remarks 3.3. The upper bounds given in Theorem 3.1 are optimal when #3 = 0 of course, but also when
#Y = 1. Indeed, The complexity of the sequence m presented in Example 2.4 is asymptotically equivalent
to n(logyn)? [LGO8b]. When #3 > 2, we still don’t know if the given upper bound remains optimal. First
examples, given in [LG08a] show up binary context-free sequences with complexity growth orders n!*1osr #%,

Note that this result is non longer true for k-quasi-context-free sequences as there exist 2-quasi-context-
free sequences with exponential complexity [Ham98].

4. Perspectives

Here follows a list of open problems on k-context-free sequences, related topics and perspective for further
works.

The first open problem is to characterize context-free languages reached by pushdown automatic sequences
and further, to compare it to context-free languages reached by context-free sequences. This topic is closely
related to the study of sets of integers recognized by pushdown automata. If many works concerns sets of
integers recognized by finite automata since the paper of Cobham [Cob72], only few papers [HS68, Sch68,



Ber72, Ber73] deal with sets of integers recognized by pushdown automata since the paper of Minsky and
Papert [MP66]. Let also mention works about the distribution in residue classes of integers with a fixed
sum of digits [MS97, FM05, MPS05, Mau06], which are sets recognized by pushdown automata, providing
k-context-free partitions of N. It is also natural to consider the family of sequences generated by non real-time
deterministic pushdown automata and to ask about a possible extension of Theorem 3.1 for these sequences.

The second open problem is the degeneration problem : Can we characterize context-free sequences or
pushdown automatic sequences which are simply automatic, even perhaps in an other base ? This is related
to a possible extension of the Cobham’s theorem of base dependance [CobT72] for these classes of sequences.
For this kind of problem, the substitutive point of view is probably the more convenient.

In this direction, it would also be interesting to study statistical properties of k-context-free and k-
pushdown automatic sequences, as stating sufficient or necessary conditions for the existence of frequencies
for letters and subwords. This is related to dynamical questions about their behaviour under the action of
shift : What kind of dynamical properties (ergodicity, mixing...) for subshifts associated to k-context-free
and k-pushdown automatic sequences ?

As mentionned in Remarks 2.9, pushdown substitutions can also be defined without the constant length
hypothesis. Using the same process and the same notion of admissible output function, one can constructs
the family of pushdown subsitutive sequences and ask about their complexity functions behaviours : Does
the polynomial upperbound of Theorem 3.1 still hold ?
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