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Overview

Goal:

1. Definition of polyranking functions

2. Complete synthesis method for polyranking functions

e linear, over linear loops

e lexicographic

Outline:
1. Example

2. Polyranking functions

3. Synthesis




Example

int z, y, k, N
©: k>0
while (z < N) do
if (...)
then =z :=(z+y)/2 // integer division
y:=y+k
else z:=z+41

y =1y + consume() // consume() >0

done

Abstract program:

O: k>1
m:x<NAN2'>x+y—1 ANy =y+k ANK=kANN'
i< NAZ=z+1 ANy >yANE=kEANNS=N

for x,y,k, N € R

=N




Example

S
;

int z, y, k, N
©: k>0
while (x < N) do
if (...)
then = (x4 y)/2
=y +k
else =x+1

:= y + consume()

done

00 I O UL i W NNNWODS
© 00 O U W N = O

T N = S S g S ) S T S

NEENEENEENEENEENEENEEN IS BN
S R N W k= Ot Ot O i =

p—
-
|
—

©: k>1
m:oe<NAN22>c4+y—1 ANy =y+k Nk=k NN =N
To:x<NANxZ=x+1 ANy >y Nk =kANN=N




Example: Termination

O: k>1

m:ax<NAN2>c+y—1 ANy =y+k NkK=k NN =N
m: e <NANx=x+1ANy>yNK=kANN=N
Invariant: £ > 1

Choose polyranking function

0: N —=x

Bounded (N — x):

o1 : <N — N—x>0
o h: <N — N—x>0

= If N —x < 0, then the loop exited.




Example: Termination

Polyranking (N — z):

e 75 decreases N — x:

Ary(N—z2)=(N'—-2')—(N—2)=(N—x2—1) — (N — )
=|-1 <0

e 71 eventually decreases N — x:

Ap(N—2)=(N'—2')— (N —2)=(2N —2z") — (2N — 2x)
<@2N—-(z+y—1)— (2N —-2z)=x—y+1
<|IN-—-y+1

Ar(N—y+1)=(N -y +1)—(N—y+1) =

Ary(N—y+1)=(N"-y' +1) = (N —y+1)




Example: Summary

©: k>1
T1:x<NAN2>c+y—1 ANy =y+k ANE=kNN=N
To: <N AN2Z=x+1 ANy >y ANE=k AN N =N

Bounded t < N — N —-22>0

Polyranking

guard r < N

invariant £ > 1 ->@/

= Terminates on all input.
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Loops

Loop Abstraction: L: (V,0,7)

e variables V range over R
e initial condition © is polynomial assertion over V

e transitions 7 € 7 are polynomial assertions 7(V,)’)
over V UV’

©: k>1
m: <N AN22>c4+y—1 ANy =y+k Nk=k NN =N
To:x<NAN2=x+1 ANy >y Nk =kANN=N




Loop Invariant

Loop Validity:
Assertion ¢ is valid over loop L : (V,0,7)

Ly

if © holds on all reachable states S, of L.

In practice, replace “L =" with loop invariants.

@ is an inductive polynomial invariant if

(Initiation)

(W)eWV) — ¢V)]

(Consecution) (V7 e 7)

(YW V)e(V) A 7V V) = (V)]



Ranking Function

Consider loop L : (V,0,7).
0 : S — R is a ranking function of L if

(Bounded) (V7€ 7)
LE WV, V) — 60V)>0

(Ranking) (de > 0)(V7 € T)

LE 7V,V) — (V) <6V)—c¢

11
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Related Work: Synthesis of Measures

Katz & Manna 1975
Generate and solve constraint systems for linear ranking

functions, over linear loops with affine assignments.

Colén & Sipma 2001, 2002
Synthesis of linear ranking functions for linear loops.

Colén, Sankaranarayanan & Sipma 2003

Constraint-based linear invariant generation.

Podelski & Rybalchenko 2004
Complete method for linear ranking functions over linear loops

with one transition and without an initial condition.

Bradley, Manna & Sipma 2005
Complete method for lexicographic linear ranking functions

over linear loops.




Related Work: Synthesis of Measures

Cousot 2005
Incomplete but efficient method for synthesis of polynomial

ranking functions over polynomial loops.

Bradley, Manna & Sipma 2005
Incomplete method for synthesis of polynomial polyranking

functions over polynomial loops with assignments.
Our contribution:

e Complete formulation of polynomial polyranking functions over

assertional polynomial loops.

e Complete and efficient method for synthesis of lexicographic

linear polyranking functions over linear loops.




Related Work: Verification Frameworks

Verification Diagrams

e State-based abstraction of state-space.

e Syntactic loops can result in multiple SCCs in diagram.

e FEach SCC requires termination proof.

e [Manna, Browne, Sipma & Uribe 1998]

Transition Invariants
Relation-based abstraction of transition relation.
Syntactic loops can result in disjunctive transition invariant.
Each disjunct requires termination proof.

[Podelski & Rybalchenko 2004], [Dershowitz,
Lindenstrauss, Sagiv & Serebrenik 2001], [Lee, Jones &

Ben-Amram 2001}, [Codish, Genaim, Bruynooghe,
Gallagher & Vanhoof 2003]
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Eventually Negative
Consider L : (V,0,7).
E(V) is eventually negative by A C 7T (for A#£ 0, 7 C7T) if

(Negative) (Je > 0)[L = E(V) < —¢]
(Eventually Negative) (V7 ¢ 7)

(Nonincreasing)

(not active, not increasing)

l.7¢T - A

2. L= WV, V)—=EV)—-FEYV) <0
(Eventually Decreasing)

(difference is bounded by F(V))

1. LE TV, V') — EYV)—-EV) < FV)

2. F(V) is eventually negative by {7} C 7T

Active transitions A make progress. 7 — A do not interfere.




EN-Tree

Graphical representation of eventually negative.

©: k>1
m:ax<NAN2>c+y—1 ANy =y+k NkK=k NN =N
m:oc<NANx=x+1 ANYy>yNK=kANN=N

N — x is eventually negative by {7,72} C {m, ™2}




Polyranking Function
Consider L : (V,0,7).

o(V)
is a polyranking function if

Bounded (V7€ 7)

LE tV,V) — (V) >0

Polyranking
0(V) is eventually negative by 7 C T

Theorem If L : (V,0,7) has a polyranking function, then it

always terminates.




Lexicographic Polyranking Function
Consider L : (V,0,7).

§: (ri(V),...,me(V))

is a lexicographic polyranking function if for some
m: T —{1,...,/0}

Bounded (V7€ 7)

L 7VV) = 1ain(V) 2 0

Polyranking (Vi € {1,...,¢})
r;(V) is eventually negative by {7 : w(7) =i} C {7 : nw(r) > i}

Theorem If L : (V,0,7) has a lexicographic polyranking function,
then it always terminates.
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Linear Loops

Consider variables V = {x1,xo, ...

homogenous vector:

linear assertion:




Linear Loops

L:(V,0,7T) in which all assertions are affine.

Notation:

* V:{xlawa"?xm}

let (xx') = (z1,...,Tm,2h,..., 20 1)1

initial condition: ©x > 0

transitions: 7;(xx’) > 0



Farkas Lemma (1894)

System of linear inequalities over real variables x = {x1,...,2,}:

ar1ry + -+ arpr, + b1 2>

Am, 121 + - + A ,nLn + bm
S entails linear inequality
Vi 1+ +tepr, +d>0

if and only if there exist real numbers Aq,..., \,, > 0 such that

c1 = i Ai@i1  crr Cp = i ANiQip d> (i )\ibi>
i—1 i—1 i—1




Synthesis Overview

Templates:

T'x, unknown coefficient vector c

e expression c
e assertion Cx > (0, unknown coefficient matrix C

Given templates

e n-conjunct invariant template | Ix > 0| (I has n rows)

e /-component lexicographic polyranking function templates

{ealx, ..., cptx}

Apply Farkas Lemma rules to encode polyranking function

and supporting invariant conditions.

Synthesize .




Farkas Lemma Rules: [Bradley, Manna & Sipma 2005]
(Bounded)

(Initiation)

Ox >0
I: ]B%Z'j:
Ix >0

(Consecution)

Ix >0

Ci: mkxx') >0

Ix’

(Ranking)
Ix >0
Rij : m(xx") >0

C_jTX — CjTX/ — € Z 0

(Disabled)
Ix >0
D;: 7(xx') >0
—1 > (0 <« false

(Nonincreasing)

Nij .




Example: R;;

m:x<NAN2>x+y—1 ANy =y+k NkE=k AN N =N

21£C+12y+23]€—|—Z4N —|—Z5ZO
— + N

c1x + coy + csk + cuN — c1x’ — ey — sk’ — ey N' —

A111 — Ao — A3 23
Alo — A3 — Mg — A4
A13 — A4 — s A5
Aty + A2 — A A6
Al + A3 < —€ A1, A2, A3 >0 e>0

Constraints over {1, ..., A6, 41, ,85,C1,.--,Cq, €}




Farkas Lemma Rule: Decreasing

Ix

Difference

is upper bounded by




Combining the Rules

Combining the rules produces a numerical constraint system.

How are rules combined?

e According to definitions of

— inductive invariant

— polyranking function

e A template tree describes combination of rules for

polyranking.




Template Tree & Tree Constraints

Decreasing,

.

Decreasing} Ranking™

PN

Ranking™ Nonincreasing’?
{11, 72} C {71, 72}

tree_constraints(T): conjunction of

Decreasing,, = (ID; VB 1) A (D2 VIBy ;)

Decreasing;! = D; VD7,

Ranking™ = D; VR;
Nonincreasing™ = Dy V Ny,

Ranking™ = Dy V Ry,




Theorem: Synthesis (Special Case)
L:(V,0,7T) has a

linear polyranking function

supported by an n-conjunct linear inductive invariant
iff
there exists template tree T" for 7 C 7 such that

the numeric constraint system induced by

I A /\ (D; VC;) N tree_constraints(T)
T, €T

is satisfiable.



Theorem: Synthesis (General Case)
L:(V,0,7T) has an

¢-lexicographic linear polyranking function

supported by an n-conjunct linear inductive invariant
iff
there exists m: 7 — {1,...,¢}

and tuple of template trees (11, Ta, ..., T})

such that
1. the i*® template tree is for {7 : 7(7) =i} C {7 : w(7') > i};

2. the £ numeric constraint systems induced by

I A /\ (D; VC;) A tree_constraints(T;)
T, €T

for j € {1,...,¢} are satisfiable.




Synthesis In Practice

Search for

® <T17 T27 I CF|'T|>
e m: 7T —{1,...,|7|}

such that induced constraint system is satisfiable.
e Enumerate partial template trees, starting small.

e partial template trees = partial constraint system

— Unsatisfiable = no completion of trees is solution
= backtrack

— Satisfiable = continue search

e | Solving constraint systems guides incremental construction.

e Solution if template trees are complete

and constraint system is satisfiable.




Synthesis In Practice

Finding 7 is similar to search for lexicographic ranking
functions. See [Bradley, Manna & Sipma 2005].

Implementation available for download at

http://theory.stanford.edu/ arbrad
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Conclusion & Future Work

e Complete formulation of
lexicographic polynomial polyranking functions

over assertional polynomial loops.

e Complete method for synthesis of
lexicographic linear polyranking functions
with supporting linear invariants

over assertional linear loops.

e Future work:

— Methods of [Cousot 2005] may make (incomplete)

polynomial synthesis tractable.

— Integrate with verification diagram and transition invariant
methods.




Thank you!
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Appendix
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The Big Picture

Theorem: For linear loops with only assignment, there does not
exist a class of functions F' that is

e termination complete: if L terminates, then df € F' s.t. f is

a ranking function for L;

e and synthesis complete: there exists procedure P s.t. if L
has a ranking function f € F', then P finds one.

= F'ind loops £ and functions F s.t. synthesis problem is
complete/decidable for £ and F.

Abstract loops with variables ranging over Z (rather than R).
(CONCUR, 2005)




Expanding a Farkas Lemma Rule

Ix
Rij . T (XX’)

> 0
> 0

T

Cj X—CjTX/—E ZO

U
)\[ Ix -+

i

Aa  Gix + gi
A Uix + Vix! + uj

>0
> 0
> 0

T T ./

Y
ATT 4 ALGy + AT,
A5V
AL+ AGg + AL
)\17 )\Ga >\U

€

€

>0

X = (21,...,%m,1)T
(xx') = (ml,...,mm,x’l,...,xfm,l)T

Expand assertions:
X = (21,...,%m) T
x' = (x),...,2z0,)7T

I,i define ©
Gia i, Ui7 Vi7 uj define T4

Constraints over {Ar, A\g, Av,Cj, €}




