
⇒

integer i, j where i = 2 ∧ j = 0

!0 : while (...) do











if (...) then

i := i + 4

else

(i, j) := (i + 2, j + 1)












i ≥ 2 j ≥ 0

i − 2j ≥ 2

0 ≤ i < n 0 ≤ 2j + 1 < n
c + b − 1 > 0



i, j, k

i ≤ 100 ∧ j ≤ k

(i, j, k) := (j, i + 1, k − 1)

−i − j + k

2

−i − j + k ≥ 0

•

•

•

•

⇒

V :

L :

!init :

Θ :

T : {τ1, τ2, . . . , τm} :

τi :

〈

!i , !j , ρτi

〉



integer i, j where i = 2 ∧ j = 0

l0 : while true do








i := i + 4

or

(i, j) := (i + 2, j + 1)









L : {l0}

V : {i, j}

Θ : (i = 2 ∧ j = 0)

τ1 : 〈l0, l0, (i′ = i + 4 ∧ j′ = j)〉

τ2 : 〈l0, l0, (i′ = i + 2 ∧ j′ = j + 1)〉

〈V,L, !init,Θ, T 〉

〈!0,x0〉
τ1−→ 〈!1,x1〉

τ2−→ 〈!2,x2〉 → · · ·

〈!i, xi〉

•

!0 = !init ∧ Θ(x0)

• 〈!i, xi〉 → 〈!i+1, xi+1〉

τk : 〈!i, !i+1, ρτk
(xi,xi+1)〉

⇒



ψ

P

〈!0, 2〉 , 〈!0, 4〉 , 〈!0, 8〉 , 〈!0, 16〉 , . . .

at !0 → x

ϕ

Θ |= ϕ

τ ϕ τ

τ

ϕ ∧ ρτ |= ϕ′

ϕ ϕ ϕ

τ

⇒

)⇒

ϕ ψ

ψ → ϕ

x x = 1

true

x := −x

x ≤ 1



x x = 1

true

x := −x

(x ≤ 1 ∧ x ≥ −1)

(x ≤ 1 ∧ x ≥ −1) → (x ≤ 1)

integer i, j where i = 2 ∧ j = 0

while true do

l0 :







i := i + 4

or

(i, j) := (i + 2, j + 1)







ϕ : i − 2j ≥ 2

(i = 2 ∧ j = 0)
︸ ︷︷ ︸

Θ

|= i − 2j ≥ 2
︸ ︷︷ ︸

ϕ

τ1 τ2

i − 2j ≥ 2
︸ ︷︷ ︸

ϕ

∧ (i′ = i + 4 ∧ j′ = j)
︸ ︷︷ ︸

ρτ1

|= i′ − 2j′ ≥ 2
︸ ︷︷ ︸

ϕ′

i − 2j ≥ 2
︸ ︷︷ ︸

ϕ

∧ (i′ = i + 2 ∧ j′ = j + 1)
︸ ︷︷ ︸

ρτ2

|= i′ − 2j′ ≥ 2
︸ ︷︷ ︸

ϕ′

ϕ : i − 2j ≥ 2 ⇒

2i + j − 3 = 0

2i + 3j − 2 ≤ 0

(∃ k)[2j = i ∧ i = j + k]

(∃a, b)[ai3 + bi = j ∨ i = j2]



integer i, j where i = 2 ∧ j = 0

!0 : while (...) do









if (...) then

i := i + 4

else

(i, j) := (i + 2, j + 1)










ϕ1 : i ≥ 2 ϕ2 : i − 2j ≥ 2

i

⇒

y

y(n) y n

n

integer i, j where i = 2 ∧ j = 0

l0 : while true do






i := i + 4

or

(i, j) := (i + 2, j + 1)







i(0) = 2, j(0) = 0

i(n), j(n) =







i(n − 1) + 4, j(n − 1)

or , i(n − 1) + 2, j(n − 1) + 1



i(n), j(n) =







i(n − 1) + 4, j(n − 1)

or , i(n − 1) + 2, j(n − 1) + 1

⇓

i(n − 1) + 2 ≤ i(n) ≤ i(n − 1) + 4

j(n − 1) ≤ j(n) ≤ j(n − 1) + 1

⇓

2n + 2 ≤ i(n) ≤ 4n + 2 ∧ 0 ≤ j(n) ≤ n

⇓

i ≥ 2 ∧ i − 2j ≥ 2 ∧ j ≥ 0

⇒



AB

A

B ⇒

L = {l0},

V = {i, j},

Θ : (i = 2 ∧ j = 0),

T = {τ1, τ2}, where

τ1 : 〈l0, l0, (i′ = i + 4 ∧ j′ = j)〉

τ2 : 〈l0, l0, (i′ = i + 2 ∧ j′ = j + 1)〉

η0 : (j = 0) ∧ (i = 2)

post(η0, τ1) : (j = 0) ∧ (i = 6)

post(η0, τ2) : (j = 1) ∧ (i = 4)

η1 : (0 ≤ j ≤ 1) ∧ (2 ≤ i − 2j ≤ 6)

i

j
(2, 0) (6, 0)

(4, 1)
τ2

τ1

η0

η1 : (0 ≤ j ≤ 1) ∧ (2 ≤ i − 2j ≤ 6)

post(η1, τ1) : (0 ≤ j ≤ 1) ∧ (6 ≤ i − 2j ≤ 10)

post(η1, τ2) : (1 ≤ j ≤ 2) ∧ (2 ≤ i − 2j ≤ 6)

η2 : (0 ≤ j ≤ 2) ∧ (2 ≤ i − 2j ≤ 10)

i

j
(2, 0) (6, 0)

(4, 1) (8, 1)

(6, 2) (10, 2)

η1

(10, 0)

(12, 1)τ2

τ1



η1 : (0 ≤ j ≤ 1) ∧ (2 ≤ i − 2j ≤ 6)

η2 : (0 ≤ j ≤ 2) ∧ (2 ≤ i − 2j ≤ 10)

η3 : (0 ≤ j) ∧ (2 ≤ i − 2j)

i

j
(2, 0) (6, 0)

(4, 1)

(6, 2)

(10, 0)

η2

η3 : (0 ≤ j) ∧ (2 ≤ i − 2j)

post(η3, τ1) : (0 ≤ j) ∧ (2 ≤ i − 2j)

post(η3, τ2) : (0 ≤ j) ∧ (2 ≤ i − 2j)

η4 : (0 ≤ j) ∧ (2 ≤ i − 2j)

i

j
(2, 0)

η3

η4 = η3

0 ≤ j ∧ 2 ≤ i − 2j ⇒ i ≥ 2

⇒



ψ : c1x1 + · · · + cnxn + d ≤ 0.

Θ |= ψ

ψ ∧ ρτ |= ψ′

S

x1, . . . , xn

S :








a11x1 + · · · + a1nxn + b1 ≤ 0

am1x1 + · · · + amnxn + bm ≤ 0








ψ

ψ : c1x1 + · · · + cnxn + d ≤ 0

S |= ψ S

λ1, . . . ,λm ≥ 0

c1 =
m

∑

i=1

λiai1 . . . cn =
m

∑

i=1

λiain d ≤ (
m

∑

i=1

λibi)

integer i, j where i = 2 ∧ j = 0

!0 : while true do






i := i + 4

or

(i, j) := (i + 2, j + 1)







L = {!0},

V = {i, j},

Θ : (i = 2 ∧ j = 0),

T = {τ1, τ2}, where

τ1 : 〈!0, !0, (i′ = i + 4 ∧ j′ = j)〉

τ2 : 〈!0, !0, (i′ = i + 2 ∧ j′ = j + 1)〉



ψ : c1i + c2j + d ≤ 0

λ1 i −2 = 0








Θ

i − 2 ≤ 0

−i + 2 ≤ 0

λ2 j = 0

c1i + c2j + d ≤ 0 ← ψ

∃ λ1,λ2

[

λ1 = c1 ∧ λ2 = c2 ∧ · · · · · ·
]

λ

2c1 + d ≤ 0

τ1 : ψ ∧ ρτ1
|= ψ′

µ
1

c1i + c2j + d ≤ 0 ← ψ

λ1 i − i′ + 4 = 0
}

ρτ1

λ2 j − j′ = 0

c1i
′ + c2j

′ + d ≤ 0 ← ψ′

∃ λ1,λ2, µ1

[

µ1 ≥ 0 ∧ µ
1
c1 + λ1 = 0 ∧ · · · · · ·

]

(c1 ≤ 0) ∨ (c1 = 0 ∧ c2 = 0)

(2c1 + d ≤ 0) ← Initiation

∧



(c1 ≤ 0) ∨

(c1 = 0 ∧ c2 = 0)



 ← τ1 consecution

∧



(2c1 + c2 ≤ 0) ∨

(c1 = 0 ∧ c2 = 0)



 ← τ2 consecution

2c1 + d ≤ 0 ∧ c1 ≤ 0 ∧ 2c1 + c2 ≤ 0

c1i + c2j + d ≤ 0 · · ·

2c1 + d ≤ 0 ∧ c1 ≤ 0 ∧ 2c1 + c2 ≤ 0

〈

c1, c2, d
〉

= 〈0,−1, 0〉 ,
〈

c1, c2, d
〉

= 〈−1, 2, 2〉

〈0,−1, 0〉 ↔ j ≥ 0

〈−1, 2, 2〉 ↔ i − 2j ≥ 2

j ≥ 0 ∧ i − 2j ≥ 2 ⇒ i ≥ 2



•

∗

∗

∗

•

• P

•

•

•

•

•


