
���������
	��
��������� �����
� �������
��������	 � ���!���"�

� #%$&#(')#*�����
+,�"�
��+-�.�

/0+-��1"�����2+3����	���14� 57698 /08

:�;)< 57/

=?>A@"BDC"EGFD@HCI=KJL>
MONQPSRUTWVYX�Z[X�\7]!^9_a`�bdc�e2Z[f�bhgYiIj
C"F.BAkmlnFACHEol?CIpqCrpql?EUsnt uvuwsn@Hx"CHy�z?>{C�u}|v|m~

CHE���l?CrsnCIp��QkvznFDC"EGFDtqkmE�snl���I�,�.�����3� snCIp����h�����I� �h� � �
� snC �-� ���
� =�@�x4t�JLpqtqFA@��ny�JWFD�?@Hy�JWFDt��Gl?CHB
C"F
p�C"l?>ABhJL=?=?pqt�x�JLFAt�kvE?B� � >{>A "FA@rsnl*uv¡7JH��>Atqp
uv|v|¢um£

� t¤FD>{C7�
¥S��1"�
¦�	§�¨��¦7© : �K¦�ª!1"�«�§�¬�®­%�.�����"��	§�¬����¯��I���"°v�

�������
	��"�
�¬±«²«�����¨� ¦�1���������	��"��³!1"�
�
���
�
�2+«�"���
�¬´ ���.�¨ªY��1�µ¶��·�� �.�¨����ª!1H¦��
�"�
¦�	��¸����	§�"��³!1"�
�

PSbhPº¹»e�bIf¼`�]�½¾]!e.j ¿
� JLE?t�C"p À ���
Á � �IÂUM CHy�z?>{CrsnCIp��Ã�Ä��Å ÂKÆ >{kmÇÈC"BDBACHl?>.É»p����.E?t¤�¢C">ABAtqFA@�Ê
CHE?>{Ë Æ kvt�EUxHJ}>A@�ÌÄ�hJ}EUx4Ë�� NÍ C[JLE�Ì Æ JLl?p À �-Î �����Ä� ÂUÆ >{kmÇÈC"BDBACHl?>.É»p����.E?t¤�¢C">ABAtqFA@�s�C � JLCHE NÍ kv�?E*À ��ÏÐ�ÐÁ
Á3ÂUM JWÑ�FD>{C�snC � kvE?ÇÈ@H>AC"EUx"C�É»p��Ã�.E?tq�mCH>ABAt¤FD@rsnC � JLCHE Â Ê �Ð�INÆ t�CH>{>AC"F{FDC �-�I�?�?� ��ÌÄ� �IÒ �hÓ ��Æ >AkvÇÈCHBABACHl?>�É»p����.E?t¤�¢C">ABAtqFA@rsnC�À-km>AsnC[JLl�Ô!� N� >AtqBAB�� �?�?� � � À � � ÂUM JWÑ�FD>{CrsnC � kvE?ÇÈ@H>AC"EUx"C�É»p����
E?tq�mCH>ABAt¤FD@rsnC � JLCHE NÆ �?t�pqtq=?=�C �o�3��Ò��
ÂKÆ >AkvÇÈCHBABACHl?>�É�p��Ã�.E?t¤�¢CH>{BDt¤FD@rsnC � JLCHE N
e�\�ÕIÕ�i7eÐ_�bh]�e!fÖ¿
Æ t�CH>{>AC"F{FDC �-�I�?�?� ��ÌÄ� �IÒ �hÓ �9ÂUÆ >AkvÇÈCHBABACHl?>�É�p����.E?t¤�¢CH>{BDt¤FD@rsnC�À�km>AsnC[J}l�Ô!� N
À�CHE Á � � Ê � �Ä� ÂUÆ >{kmÇÈC"BDBACHl?>.É»p��Ql?E?t¤�¢C">ABAtqFA@�snC � kox×�?CHB{FDCH> � � F�JWFDB(ÌÄ�.E?tqB�£ N� pqC4ÔnC"t Æ�� � �.� Ê�� � Ê�ØI�(��� ÂUÆ >{kmÇ�CHBABDC"l?>�É»p����
E?tq�mCH>ABAt¤FD@rsnC Ò >ACHEnkmz?pqC N

Ù



Ú Û¼Ü ÛÞÝ*ßáà�Û¼Ü Û¼â¨ã�ä
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zKJLEUsnCê÷

Í C,�mCHl�Ô»snt�>{C.É�FAkml?Bðy7CHB3JLy7t�Bêx"kvy�z?tqCHEwtqp�Bêx"kvy7=nFDCHEGFê=�kvl?>ðy7kvtnC"F3x"kvy7y7C,pqCHl?>ðBAkmlnFAt�C"Ewy���J.FDCHEGl
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ywCH>Dx"t
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� E!E?k}FDC J = [1,+∞[

N
� E!=�kvBAC T = {α ∈ C | |α| = 1} N
Á J�=KJ}>(FDtqCI>A@HCHpqpqC�snC s ∈ C BDCH>DJ»E?k}FD@"C <(s) = σ C"F.B×J»=KJL>{FAtqCrtqy�JLímtqEKJLt�>{C =(s) = τ

N

g4365�R75�893):/;=<1�?>@�
P ∈ R[X1, ..., XN ] A

P
�6B CED�F�>G�IHJ�=KL�?�6>NM�F��	
��6>PO�
Q�	�R�?
S�=���"TU�?F�KV�

P =
∑

α∈NN
aαXα �?W

(aα)α∈NN
�����+
����+TR�?KX>Y�G�Z�/[QF����\O�
Q�

�7
7�G���XH]�^FEC��R�_� A
` �L[6���\�
supp(P ) =

{
α ∈ NN | aα 6= 0

} A
` �aH]C@bI�6>@�

P+ ∈ R[X1, ..., XN ]
�?>G����>dc

P+ =
∑

α∈NN
|aα|Xα

� t A CHB{F.lnE?Cr=KJL>{FAt�CrsnC RN JLp�kv>AB convA sn@HBAtqímE?CIp��ìCHEG�¢CHpqkv=?=�C�x"kvEG�¢C4Ô�C�snC A N

g4365�R75�893):/;�ef�?
�F
P ∈ R[X1, ..., XN ] g �?�h�����i� E(P ) = conv

{
α− β | α ∈ supp(P ), β ∈ RN+

} ���
[6���kjlM�H?FE�XH]�nmo��p/�i�?�rqtsV�tB >G�\bI�6>kuvH]�

P A
`vwlx�:y8z5�893):/;{<1�?>@�

C

S���{[6��FU�Y>P�|D��?�7}~���S�VH]�

RN A,` �(H�>@�{O�
Q�
c ∈ C �����	
S��[6�?>G�6�{���J�YFEC�KL�~�/HJ�

C��>
c
x, y ∈ C, t ∈]0, 1[, c = tx+ (1− t)y ⇒ x = y A

g4365�R75�893):/;f<Q>
C

������
S���
[6�?F��Y>P�oD��?�6}����S�oHJ�
RN g �~���?F��^�?�4�����i�

extC
��B ���7�\��KL�R���oH]���"[6�?>G�6�@�^���J�@F�CU�

KL�?
J�hH]�
C A

g4365�R75�893):/;=<Q>
A

�U�
B

�\�?�Q��H]��
J�^[7�?FU�@>N���XHJ�
RN

�?�������i�
A−B = {α− β | α ∈ A, β ∈ B} A� ���?>GFE��KL���Q�/��>

A
�U�
B

�\�?�Q��D��?�6}����S��� g �~����F��
A−B ��B �����f��
S����> A

� t A CHB{F-l?E?C
=KJ}>(FDtqC�snC RN Â J}pqkv>AB adh(A)
Â
int(A) C"F fr(A) sn@"BDtqívE?CHEGF->AC"BD=�CHx4FDt¤�¢CHy7CHE¢F-p���J}sn�?@H>ACHE?x"C Âp��QtqEGFA@H>AtqCHl?>
C"F.pëJ�ÇÈ>AkvEGFDtqçH>{C�snC A =�kvl?>
pëJ�FAkm=�kvp�kvívt�Crl?BAl?CHpqpqC NÆ J}>
sn@"îUE?t¤FDtqkvE�kmE*J�� fr(A) = adh(A) \ int(A)

N
� E!E?k}FDC 0 = (0, ..., 0) ∈ RN C"F 1 = (1, ..., 1) ∈ RN N
Æ kml?> x = (x1, ..., xN) ∈ RN kmE!=�kvBAC |x| = |x1|+ ...+ |xN |

N
Æ kml?> z = (z1, ..., zN) ∈ CN C4F α = (α1, ..., αN) ∈ RN+ kmE!E?k}FDC zα = zα1

1 ....zαNN
N

�



� l?> RN kvE*sn@"î?E?tqF.p��Qkv>Dsn>{C ≤ =KJ}>I� α ≤ β ⇐⇒ β −α ∈ RN+
N

α < β BAtqímE?t¤îUC�snkvEUx α ≤ β C"F α 6= β
N

g4365�R75�893):/;/[6�?
�F
t ∈ {1, ..., T} �?���������

et = (0, ..., 0, 1, 0, ..., 0) ∈ NT A
g4365�R75�893):/;/[6�?
�F

a, b ∈ N ���R�_�XO�
Q�
a ≤ b

�?�������i�Xc
[[a, b]] = {m ∈ N | a ≤ m ≤ b} Aef�?
�F

a ∈ N �?���)���i�
[[a,+∞[[= {m ∈ N | a ≤ m} A

� J}E?B�FDkvlnFDCIpëJ»BAl?t¤FDCIpqCHB.B{Ë�y�z�kvpqCHB��
f(λ,y,x) �y g(x) l?E?tqÇÈkv>Ay7@HywCHEGF.CHE x ∈ X C"F λ ∈ Λ

f(λ,y,x) = Oy (g(x)) l?Ent�Ç�km>{y7@Hy7CHEGF
CHE x ∈ X C"F λ ∈ Λ

kvEGF�pqC�y7 HywC�BACHE?B�C"F�BDtqívE?t¤îUC��Glæ�Qtqp-C�Ônt�B{FAC A = A(y) > 0
Â E?C¶sn@H=�CHE?sUJ}EGF�E?t«s�C x E?t-snC λ Â y�J}tqB=�kvln�vJ}EGFIJ2=n>Atqkm>{tðsn@"=�CHEUsn>AC»snC�FDkvl?BÐpqCHBIJLlnFD>{CHBÐ=KJL>×JLy7ç"FA>ACHBÐsnlY=?>Akvz?pqçHy7C�x"kmEnBDt�sn@H>{@»C"EY=KJL>{FAtëx"l?pqtqCH>

snC y
Â FACHp
�Gl��ìkmE*JLt¤F��

∀x ∈ X ∀λ ∈ Λ |f(λ,y,x)| ≤ Ag(x)� lKJLEUs�t�pæE��ìË!J�=KJ}B.sæ�ÃJ}y�z?t�ívl?t¤FD@ Â kvE!kmywC"FAFD>DJ�p�CIy7k}F
l?E?t�Ç�km>{y7@Hy7CHE¢F�sUJLE?B�x"Cr�Gl?tæ=?>A@�x"@HsnC NÁ CIB{Ë�y�z�kvpqC f � g BDtqívE?tqî?C��Gl��ìkmE*J7É�pëJ»ÇÈkvtqB f � g C"F g � f
N

co3):�����:�5�893): �¢sUJ}E?B3FDkvlnF«x"C
FA>×JH�mJLtqpKkvE�snt�>DJrsæ�ìl?E?C.BD@">AtqCÐÉ N ≥ 1 �vJ}>{t�JLz?pqCHB«�Gl��ìCHpqp�C�C"BAF-x"kvEG�¢CH>{ímC"EGFDCpqkv>ABD�Gl��QC"p�pqCrC"BAF
BDkvy7y�JLz?pqC � JLl!BDC"E?B�snC"B.ÇüJ}y7tqpqp�C"B.BDkvy7y�JLz?pqCHB�£ N
�ðE*=UJ}>(FDt�x"l?p�tqCH> Â l?E?CrBA@H>AtqC�Éwl?E?Cr�vJL>AtëJ}z?pqC�C"BAFhs�tqFAC�x"kvEG�¢C">AívCHEGFDCrpqkm>{B×�¢l��QCHpqp�CrCHBAFhJ}z?BAkvp�l?ywCHEGFhx"kvEG�¢CH>ÄÌ
ívCHEGFAC N
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~ N ¡ Á J»x"pëJ}BABACrsnCHB
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p��Q�GË�=�k}FD�nçHBDC�Ê � ÅápqCHB
t�EGFA@Hív>×JLp�CHB Y BACI=?>Akvp�kvE?ívCHEGF.�?kmpqkvy7km>{=?�?t��Gl?CHy7CHE¢FÐÉ CT N ¡ �� N �

Y (1, Pex, x 7→ eix, y 7→ e−iy, ·) =�kmBABAç�snCIl?E!=�èmpqC NrN�NrNrNrN�NrNrN�NrNrNrN�NrNrN�NrNrN´�J�
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¡ N Ù � kvy�JLt�E?CrsnCrx"kvEG�mCH>AívCHEUx"C�snC Î NrNrN�NrNrN�NrNrNrN�NrNrN�NrNrNrN�NrNrN�NrNrNrN�NrNrNrNµ�~�
¡ N u �.E?CIÇÈkv>Ay�l?pqCrsnCI>{CH=?>A@HBACHEGF×JLFAt�kvE!t�E¢FD@Hív>×JLp�C N�NrNrNrN�NrNrN�NrNrNrN�NrNrN�NrNrNrN�NrNrNrN�¶ Ù
¡ N ~ � kml?B
p��Q�GË�=�k}FD�nçHBDC�Ê � Å Â p�C"B.BA@H>{t�CHB Z BACI=?>AkvpqkmE?ívCHEGF.�?kvp�kvy7kv>A=?�?t��Gl?CHywCHEGFhÉ CT NrNrN�¶ u
¡ N � Z(1, Pex,−1,−1, ·) =�kvBABAç�snCIl?E�=�èvpqC N�NrNrN�NrNrN�NrNrNrN�NrNrN�NrNrNrN�NrNrN�NrNrN�NrN·¶~¶
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Â Ã ��Ä à9ã�Ý!Û Å

Æ�â¨ã�Ý�ÇÈ�´É)ß®ã�à�Ç�â

� t (am)m∈N∗
CHB{Fwl?E?C�BDlntqFAC!snC�>A@HCHpqBwC"F (bm)m∈N∗

CHB{Fwl?E?C�BAl?tqFAC!snC�>A@HC"p�BwB{FD>{tëx�FDCHy7CHE¢Fw=�kmBAt¤FDtqÇÈB
FACHEUsUJLEGF
�¢CH>{B +∞ Â J}pqkv>AB.kvE!=�CHlnF�x"kvE?BAtës�@H>ACH>
pëJ»BA@H>AtqCrsnC � tq>At�x×�?pqC"FhJ}BABAkox"t�@HC7� Z(s) =

∑

m≥1

am
bm

s

N
�.kvl?B�JLpqp�kvE?B
=�kmBACH>
�GlKJWFD>ACI�Gl?CHB{FAt�kvE?B
BAl?>
x"CHB
kvz?åÄC4FDB N�� CHB.�GlnCHBAFAtqkmE?B
E?kvl?B
BACH>{��tq>AkvEGF.snCÐîUp�snt�>{C�x4FDC"l?>
FAkmlnF�J}l!pqkmEní2snCrx"C"FAFACIt�EGFA>AkosnlUx4FDtqkvE N

Ê # Ê Ë ¦��I��	 �ÍÌ7¦��
�¾�§�4���!�¨�
¦�	 1"�
�¬����	§�"�
�¬����Î��4	§�H+IÏ�1"�«�,#
� Ù £«�§ÔntqB{FDC4Ì�F{ÌïtqpæsnCHB s ∈ C =�kvl?>�pqCHBD�Gl?CHpqB
pëJ�BA@H>AtqCIx"kvEG�¢C">AívCyÐ � tækvl?t��¢l?CHpqp�C�CHB{F
p���JLz?BDx"t�BABACIsnCIx"kvEG�¢CH>ÄÌ
ívCHEUx"C σc Ð� um£ Z =�kmBABAç�snC4Ì�F{ÌïCHpqpqCrl?E!=?>AkvpqkmE?ívCHy7CHE¢F�yw@H>Akvy7km>{=?�?C�Ð � t
xv�QCHB{F
p�Crx�JLB Â k~Ñ�BAkvEGF.pqCHB
=�èmpqCHB)Ð� ~¢£ Á km>{B×�¢l��Ql?EùC"EGFDtqCH>IE?@Hí¢JWFDtqÇ-E��QC"BAFI=KJLBI=�èmpqC Â �Gl?C"p�pqCwCHB{FrpëJ¶EKJLFAl?>AC2JL>At¤FA�?y7@"FDt��Gl?C7snC»p�J��vJ}pqCHl?>IC"E
x"C4F.CHEGFDtqCH>�Ð� � £ � têp�CHBrCHEGFDtqCH>{B�E?@Hí¢JWFDtqÇÈB�E?C7BAkmE¢F.å{JLy�J}tqBr=�èmpqCHB Â � C"F�BAt Â =KJL>rC4ÔnCHyw=?p�C Â pqCHBI�vJ}pqCHl?>ABrCHEýx"CHB�=�kvtqEGFDB
BAkvEGF,snCHB«>×JWFDtqkmE?E?CHpqB�£ Â =�CHlnF,kvE¶>A@[JLp�tqBACH>«p��QtqEGFDC">A=�kvp�JWFDtqkmE p− J}snt��Gl?C�s�CHB«�vJLpqCHl?>AB�J}loÔ�CHEGFDtqCH>{B,En@HíGJWFDtqÇÈB)Ð

Á CHB.�Gl?CHB{FDtqkmE?B
BAl?tq�vJLEGFDCHB Â E?CIBACH>{kmEGF
=KJ}B�JLz�km>Asn@HCHB�sUJLE?B�x"C�FA>×JH�vJ}tqp3�
��ÔntqBAFAC4Ì�F{Ìïtqp�l?E?CI@��GlUJLFDtqkvE�ÇÈkvEUx4FAt�kvE?E?CHpqpqCyÐ� l?C"p�pqCIC"BAF�p�J�EKJLFAl?>ACrJL>At¤FD�?y7@4FDt��Gl?CIsnCHB,�mJLpqCHl?>AB.J}l�Ô�CHE¢FDtqCH>AB�=�kvBDt¤FDtqÇÈB�CHE�p�CHBD�Gl?C"p�B
pëJ�BA@H>{t�CIx"kvEG�¢CH>{ímC�Ð� Ñ!BAkvEGF.pqCHB
þH@H>AkvB.snl�=?>{kmpqkvE?ímCHywCHEGF)Ð

Ê #�Ò Ó®��+«���¬����1"� °L����+����"��� ±«²«��� ����' �"��� ���!�®#
Á J�BD@">AtqCrsnC � tq>At�x×�?pqC"F.p�J�=?p�l?B
BAt�yw=?p�CICHB{F.pëJ»Ç�kmEUx4FAtqkmE!þH "F�J»snC � tqCHy�JLE?E®� ζ(s) =

∑

m≥1

1

ms

N
� JLE?B.pqCrx�JLB�snCIþH "F×J»pqCHB.>{@H=�kmE?BACHB�É»E?kvB��¢l?CHB{FDtqkmE?B
BAkmEGF
p�CHB
BAl?t¤�mJLEGFACHB��� Ù £«pëJ»BA@H>AtqCrx"kvEG�¢CH>{ímCIBAt�C"F
BACHl?pqCHy7CHEGF.BAt <(s) > 1

N
� um£ ζ J}sny7C"Fðl?E»=n>Akvp�kvE?ívCHy7CHEGFðy7@H>Akvy7kv>A=?�?C�É C Â pqC,=?>{kmpqkvE?ímC"y7CHEGFð=9kvBABAç�snC,l?E»BACHl?p�=�èvp�C Â CHE s = 1

Â

�



C"F.xv�QC"BAF
l?E!=�èmpqCrBAtqy7=?pqC N
� ~¢£ � JL=?=�CHpqkmE?B.pëJwsn@"îUE?t¤FDtqkvE*snCHB
E?kmy�z?>ACHB.snC�À-CH>{E?kmlnp�pqt3� t

et − 1
=

+∞∑

k=0

Bk

k!
tk
N

�ðE!=KJ}>(FDt�x"l?pqt�CH> ∀k ∈ N Bk ∈ Q
NUÆ kvl?> k ∈ N kvE*J ζ(−k) = (−1)k

Bk+1

k + 1
∈ Q N� E*J�CHE!ÇøJLtqF.pqCI>A@HBAl?p¤F�JWF
FD>{çHB
=?>A@�x4t�B
BDlntq�vJLEGF � � pëJ}l?BACHE���kvE�Ì � F�JLlUs�F Â Ù � � |¢£��

=�kvl?> k ≥ 2 =UJ}tq> Bk +
∑

p ÔEÕ×ÖPØ1Ù ÖYÕ
p−1|k

1

p
∈ Z N

� � £.�êE Ù �J� � Â Ø�l?z�k}F�J2C4F Á CHkv=�kmp�s�F � �¢kvt�>XÚÃu ¶�Û £�>A@[JLpqt�BACHEGFhp��ìtqEGFDCH>{=�kmpëJLFAt�kvE p− J}sntë�GlnC»snCHB��vJLp�CHl?>{BÐsnCþH 4F�J7JLl�Ô�CHEGFAt�CH>{B.En@HíGJWFDtqÇÈB N
�.kvl?BhJLpqp�kvE?B.y�JLtqEGFDCHEKJLEGF�x4kmE?BAt�sn@H>ACH>.snCHl�Ô!x"pëJLBDBACHB.snCIBA@H>AtqCHB�snC � tq>At�x×�?pqC"F.ím@HEn@H>×JLp�tqB×J}E¢F�þH "F×J N

Ê #tÜ �����¨ª�	���� �UÝ�	�� ¯��
����	���1H�H���I���"��� ��� ±«²,� � Þr1"�
� ����	§�"�
�0���ßÎ �"	§�D�
+�Ï�1"�«�d���
�
�2+«�"���
�¨´ ���
�¬ªY��1�µ¶��·�� �
�¬����ª!1H¦��
�"�.¦�	§������	§�"��³!1"�
�

�êE Ù � |v| ÂKM C"p�pqtqE*x"kmEnBDt�snçH>{CrpqCHB.BA@H>{t�CHB
BAl?t¤�mJLEGFDC"B��
É Q ∈ R[X1, ..., XN ] C"F P ∈ R[X1, ..., XN ] FACHpqB��GlnC ∀x ∈ JN P (x) > 0

Â t�p
J}BABAk�x"tqC2�

Z(Q;P ; s) =
∑

m1,...,mN≥1

Q(m1, ...,mN)

P (m1, ...,mN)s
.

ζ >{CHEGFD>{Crx"pëJ}tq>ACHywCHEGF�sUJLE?B�x4C�x�J}sn>ACê÷Á J2x"kmy7=np�C4Ô�tqFA@»sæ�ìl?E?C�FACHpqp�C�BA@H>AtqC�CHBAFhpqt�@HC»É2pëJ�x"kvy7=?pqC4Ônt¤FD@�snlY=�kvpqËoE?èmywC P î?íml?>DJ}EGFIJLlYsn@HE?kvy7t�EUJWÌ
FACHl?> Â pqCHB,y�JWFD�?@Hy2JLFAtëx"tqCHE?B,kvEGF�snkvEUxh@"FD@�J}ywCHE?@HB
É�@"FDlUs�t�CH>,x"CHB,BA@H>AtqCHB,CHE�BACh>ACHB{FD>{CHtqímEKJLEGF
É�x"CH>{F×J}tqE?CHB
x"pëJLBABDCHB.snCI=�kmp¤Ë�E?èvy7CHB N

M CHp�pqtqE�=?>AC"EUs P Éwx"kGCUÁ�x4t�CHE¢FDB.=�kmBAt¤FDtqÇÈB N �ïp�kvznFDtqCHEGF.pqC�FD�?@Hkv>AçHywCIBDlntq�vJLEGF��
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@HywC"F3snCHBêx"kvEvåÄC�x4FAl?>ACHBðBDln>ðpqCHB3sn@HE?kvy7tqEKJWFDCHl?>{B3snC ζK(−k) C"Fê�Gl?C�x"CHBêx"kmE}åÄC�x4FDln>ACHBêBAkvEGFê=n>Akml��¢@HCHB3s?J}E?BpqCrx�JLB.k~Ñ K CHB{F�J}z�@HpqtqCHE�BAl?> Q =KJL> � kGJWFDCHB(Ì Á t�x×�GFDC"EozKJ}lny � Ú Ù ¡ Û £«C"F.ÅU>{CHBAE?CHp � ÚQum¡ Û £ N

J¢£ Á ��JL=?=?>Akox×�?Crywk�snl?pëJLt�>{C2�
CHE�lnFAt�pqtqB�JLEGF,snCHB«ÇÈkv>AywCHB«y7kosnl?pëJ}tq>ACHB,Ø�pqtqE?ímCHE � ÚQ~mu Û £êC"F � tqCHímCHp � Ú � | Û £êy7kvEGFD>{CHEGF,�¢l?Ch=�kvl?>«lnE�x"kv>A=?B,s�C
E?kvy�z?>{CHB�FDk}F�JLp�C"y7CHEGF.>{@HCHp
�GlnCHpëx4kmEU�Gl?CIkmE*J�� ∀k ∈ N ζK(−k) ∈ Q N� �ìt�EnBD=?tq>×JLEGF�snCÐx"ChFA>×JH�vJ}tqp9C"F,B���JL=?=?lnËGJ}EGF,BAl?>«lnE¶FD>DJH�mJLtqp¾snC � ï�tqE?E?CH>(FDkvE�Ì � ËmCH> � Ú � Ù Û £ Â?� CH>{>AC­ÚQ~ ¶�Û sn@"înÌ
E?t¤FêpqCHBêÇÈkv>Ay7CHBðy7k�s�l?p�JLtq>ACHB p− J}snt��Gl?CHBêC"FêCHE7s�@�snl?tqFêp��QC4ÔntqB{FDCHEUx"C�snCHBêÇÈkvEUx4FDtqkvE?B3þ" "F�Jh=�ÌÄJvs�të�Gl?C ζK,p snCHBx"kv>A=?B«snC�E?kvy�z?>ACHB�FAkvF×J}pqCHy7C"EGF«>A@HC"p�B Nn� CH=�CHEUsUJLEGF,x"C�x"t�E?C�p�lnt�=�CH>Ay7C4F«E?t9s�Ch>{@HBDkvlUsn>{ChBACHB«x"kvEvåÄC�x�FDl?>ACHB
BAl?>wpqCHB2sn@HEnkmy7tqEKJWFDCHl?>{B2E?t
s�C!ÇøJLtq>AC!pqC!pqtqCHE¼CHEGFA>AC�p�CHBwÇÈkmE?x4FDtqkmE?B7þH "F×J}B p− J}sntë�¢l?CHB2C4F7p��ì@Hpq@Hy7CHEGF2snC� FAtëxDûmCHpqz�CH>AívCH> � �¢kvtq>
p���JL>{FAtëx"pqCrsnC � kGJWFDC"B � Ú Ù ��Û £A£ N� C�x"tK=?>{kW�ot�CHE¢F«snl2ÇøJLtqF«�¢l?C.p��ìkmE2lnFDtqpqtqBDC�snCHB-Ç�km>{y7CHB�y7kosnl?pëJ}tq>ACHB,É�l?E?C.BDCHlnp�C
�mJL>AtëJLz?pqC Nn� �QC"BAF�=�kml?>A�Gl?kvt� C">A>AC�JYBAl?ívím@">A@�s�C�sn@4îUE?t�>7snCHBwÇÈkv>Ay7CHBwy7kosnl?pëJ}tq>ACHB p− Jvsnt��Gl?C"B�s�C*Ê.tqpqz�CH>{F N�� �QCHB{F2x4C��¢l��QkvEGF7ÇøJLt¤F� CHpqtqímE?ChC"F � tqz�C"F N �%p9J}E?E?kvEUx"CHE¢F,pëJr=?>{CHln�¢CÐÉ � l?>A�KJLy CHE Ù �]¶ ¡ Â CHpqpqCh=KJL>×JLt¤F,C"E Ù �J� |�sUJLE?BnÚQumu ÛïN � �3kmtq>
JLl?BABAt�p��QtqEGFA>AkosnlUx4FDtqkmEYsnC|ÚÃu Ù Û £ N �%pqBhkvznFDtqCHE?E?CHE¢FIJ}tqE?BAt�pqCHBhÇ�kmEUx4FAt�kvE?B L p− J}sntë�¢l?CHBIJH�¢C�xrp�CHB�=?>Akv=?>Atq@"FD@HBx"kvEvåÄCHx4FDl?>A@"B NUÁ CHl?>�=?>ACHln�mCrC"BAF.sn@HpqtëxHJLFACrC"F.lnFAt�pqtqBDCIz�C[JLlUx"kml?=�snCrív@Hkvy7@"FD>{t�C�JLpqím@Hzn>At��Gl?C N
z�£§�ðEwlnFAt�pqtqB×J}EGFêp�J�FA>×JLE?BDÇ�km>{y�JWFDtqkmEwsnC � JLlUx×�¢Ë p− t�E¢FD@Hív>×JLp�C�C"F3snCHBðÇÈkv>Ay�l?pqCHB3snl?CHB3É � �nt�EGF×J}E?t Âm� JLE?tqCHpÀ«J}>ABAûGË � ÚQ¡ Û £Ðsn@HywkmEGFA>ACwpql?t�JLl?BABAtðFDkvl?BIp�C"Br>A@"BDl?p¤F�JWFDBI@"�mk��Gl?@HBrx"t3snC"BDBAl?B N�Á CHBIÇÈkv>Ay�l?p�C"B�snC � �?t�E¢F�J}Ent
�¢l?C�E?kvl?B,�¢CHE?kvE?B
sæ�Q@"�mk��Gl?CH>,BAkmEGF.JLl?BABDt�É�pëJ�zKJLBACIsnC�pëJ�FD>{kmtqBAt�çHywCrJ}=?=n>Ak�xD�?C Â JL=?=?>Akox×�?C�BAl?>�pëJ}�Gl?CHpqp�C
E?kvl?B�J}pqpqkmE?B
y�J}tqEGFACHEKJ}E¢F.E?kvl?B�x"kvEUx"CHEGFA>ACH> N
x[£ Á J�FD>AkvtqBAt�çHywC�JL=?=?>{k�x×�?C�l�FDtqp�tqBAC�pqCHB�BA@H>AtqCHBhs�C � tq>At�x×�?pqC"FÐJ}BABAk�x"tq@HCHBÐÉ7snCHB.=�kmp¤Ë�E?èvy7CHB N9� �ìCHB{F�p��Qkvz?åÄC4F
snCIpëJ»BAC�x4FAt�kvE*É��¢C"E?t�> N� �vJ}E¢F�x"CHpëJ�BAt�ívEKJLp�kvE?B��Gl?C � k¢JWFDCHBrC4F � tqE?kvF{F � Ú Ù ��Û £hkvEGFI>A@HBAkmpqlùpqC2x�JLB��GlKJ}sn>DJLFDt��Gl?Cwív>×õ}x"C�É�snCHB
Ç�km>{y�l?pqCHB
C4Ôn=?pqt�x"tqFACHB�snC � t�CHívCHp � Úì~ �?Û £ N
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� kvt�CHE¢F Q ∈ R[X1, ..., XN ] C"F P ∈ R[X1, ..., XN ] FDCHpqB«�Gl?C ∀x ∈ JN P (x) > 0 C"F µ1, ..., µN ∈ T

N
� E!E?k}FDC Z(Q;P ; s) =

∑

m1,...,mN≥1

µm1
1 ...µmNN

Q(m1, ...,mN)

P (m1, ...,mN)s
N

�.kvl?B�JL=?=�CHp�pqCH>{kmE?B,BA@H>AtqCHB,snC � �?tqEGF�JLE?t9pqCHB Z(1, P, µ1, ..., µN ) =�kvl?>«pqCHBD�Gl?CHpqp�CHB P CHB{F,l?E¶=?>{k�snl?t¤F�sæ��JLl
ywkmtqE?B N ÇÈkm>{y7CHB
pqt�En@[J}tq>ACHBhÉ»x"koCUÁ2x"tqCHEGFDB�sUJLE?B R+

N
�êE Ù �]¶?�!� �nt�EGF×J}E?t � Úì~ �?Û £�y7kmE¢FD>AC��Gl?C»x"CHBhBD@">AtqCHBÐBAC�=n>AkmpqkvE?ímC"EGF�y7@H>{kmywkm>{=?�?të�¢l?CHy7CHEGFIÉ C Â �¢l?CpqCHB
CHEGFDtqCH>{B
E?@HíGJWFDtqÇÈB
E?CIBAkmEGF
=KJLB
=�èmpqCHB.C4F.tqp
snkvE?E?CrsnCHB
ÇÈkv>Ay�l?pqCHB
C4Ôn=?pqt�x"t¤FDCHB.y�JLtqB.x"kmyw=?p�t��Gl?@HC"B.=�kvl?>

pqCHB��vJ}pqCHl?>AB�J}l�Ô�CHE¢FDtqCH>AB
E?@Hí¢JLFAt�Ç�B NÆ J}>�JLt�pqpqCHl?>AB�tqp§ywkmEGFA>AC��Gl?C�=�kvl?> K l?Eóx"km>{=?B�snC�E?kmy�z?>ACHBhFAkvF×J}pqCHy7CHE¢F�>A@HC"pð�Gl?CHp�x"kvEU�Gl?C Â ζK B��Q@�x">{tqF
x"kvy7y7C�l?E?Crx"kmy�z?t�EUJ}tqBAkmE!p�tqE?@[JLtq>AC�snC�FDCHpqpqCHB.Ç�kmEUx4FAt�kvE?BhJH�¢C�x µ1 = .... = µN = 1

N
�ïp�>AC4FD>Akvln�¢CÐJLt�E?BAt�p�C�FA�?@Hkv>AçHy7ChsnCÐØ�pqt�E?ívCHE�Ì � tqCHívCHp NnM JLtqB«p�J�x"kvy7=?pqC4Ônt¤FD@ÐsnCHB«Ç�km>{y�l?pqCHB«E?Ch=�CH>{y7C"F«=KJLB Â
BACHy�z?p�C4Ì�F(Ìït�p Â sæ�ìkmznFACHE?tq>
=?p�l?B N
�ðE Ù �]¶��nÂ sUJLE?BàÚ ¶�ÛïÂKÆ tqCH>A>AC"F{FDC � J}BABAkvl�ÌÄ�.kmívl?çHB.ÇøJLt¤F�snCHl�Ô�kvz?BACH>{�vJLFAt�kvE?B.Ç�kmEUsUJLy7CHEGF×J}pqCHBr�
? pqkv>ABD�Gl?CòpëJýBA@H>AtqCòCHB{F¶>A@HCHpqpqCHy7CHEGF�FDkv>Dsnl?C � tqC µ1, ..., µN 6= 1 £ Â kvE =�CHlnF�snkvE?E?CH>�l?E?CòÇÈkv>Ay7C�FD>{çHB
JLív>A@[JLz?p�C�JLl�ÔùÇ�km>{y�l?pqCHB�snC � �?t�E¢F�JLE?t�snkvE?EKJLEGF�pqCHBI�vJ}pqCHl?>AB�JLl�ÔóCHEGFDtqCH>ABIE?@HíGJWFDtqÇÈB Â C"E®=KJL>{FDt�x"l?pqtqCH>�x"CHB
E?kvln�¢C"p�pqCHB.ÇÈkv>Ay�l?p�C"B.BAkvEGFhJ}sUJL=nFD@HCHB�É»p��QtqEGFDCH>{=�kmpëJWFDtqkmE p− Jvsnt��Gl?Cêú
? =�kml?>Ðl?E?C»pëJL>AívCwx"pëJ}BABACwsæ�Qt�sn@[JLl�Ô J CHEGFAt�C">ABIsnC K Â l?E?C»=?>{kmÇÈkvEUsnC»ywk�snt¤îKx�JWFDtqkmEùsnC�p�J�y7@"FA�?k�s�CwsnC� �?tqEGF×J}E?tK=�CH>{y7C"F«sæ�ì@�x">Atq>{C (1−N(J)1−s)ζK(s) x"kmy7ywC�lnE?Chx4kmy�z?t�EKJLtqBDkvE�pqt�E?@�J}tq>AChsnC.BA@H>AtqCHB«s�C � �nt�E�ÌF×J}E?tæ>A@HC"p�pqCHy7CHE¢F
FDkm>Asnl?CHB NK� JLE?BàÚÃu �?Û ØrJWFDþIBAkml?pqtqímE?CIp��ìt�yw=�km>(F�JLEUx"C�snCrx"CHx"t NÒ >Dõvx4C7É�x"C»�Gl?t§=?>{@�x"ç�snC � JLBABDkvl�ÌÄ�.kvíml?ç"B�=?>Akvln�¢C�p��QC4ÔntqB{FDCHEUx4CwsnCHBÐÇÈkvEUx4FDtqkmE?B L p− J}snt��Gl?CwsnC"BIx"kv>A=?BsnCwE?kvy�z?>{CHB Â ÇøJLtqFrpqCwp�tqCHEýJ��mC�x»p��ì@Hp�@"y7CHEGF�snC � FDt�x×ûmCHpqz�CH>{ímCH>IC"Fr=?>{kmln�mC7pqCHB�x4kmEvå%C�x4FDl?>{CHB�snC � CH>A>ACwBAl?>
pqCHB.sn@HE?kvy7tqEKJLFACHl?>AB N

�.k}FDkvE?B3�Gl?C�x"CH>(F�J}tqE?CHB3x"kvE?ív>Al?CHEUx"CHB � =�kml?> p = 2 £ kmznFACHEol?CHBê=KJL> � CHp�tqívE?C4Ì � t�z�C"F3E?C,BAkmEGFð=KJ}BêÇ�kml?>ÄÌE?tqCHB�=KJ}>rp��ÃJ}=?=n>Ak�xD�?C�BA@H>AtqCHB�snC � tq>At�x×�?pqC"F»JLBDBAkox"t�@"CHB»É�snCHB�=�kmp¤Ë�E?èvy7CHB�s�C2=?p�l?BAtqCHl?>{B��mJL>AtëJLz?p�C"B N � Æ JLB
=?pql?B��GlnCr=KJL>�x"C"p�pqC�snC�À«J}>{BDû¢ËU£ NKÆ J}>.x"kvEGFD>{C�xv�ìCHB{F�x"C"FAFAC�JL=?=?>Akox×�?C��Gl?t J»=�CH>{y7tqBhÉ � kvpqy7CHþ � Ú Ù ��Û £�s�C
x�JLp�x"l?pqCH>.pqCI>A@HBAt�snl�snC ζK,p CHE 1

N
� JLBABAkml�ÌÄ�.kvímlnçHB,BACh=�kmBACIJLpqkm>{B,pëJ��GlnCHBAFAtqkmE¶EKJLFAl?>ACHpqpqCÐBAl?tq�vJLEGFDC��o�Gl?Ch=�CHlnF,kmE�sntq>AChBAt9p��QkvE¶y7C"F«l?E

=�kvp¤Ë�E?èmywC��Gl?C"pëx"kvEU�Gl?C Â �Gl?tæE?CIBAkmt¤F.=?pql?B.En@�x"@HBAB�JLtq>ACHy7C"EGF�lnE!=?>Ak�s�l?tqF�snCIÇÈkv>AywCHB
p�tqE?@[JLtq>ACHB)Ð� snkv=nFDkvE?B
p�J»EnkvF×JLFAt�kvE*s�CrBAkvE*J}>(FDt�x"p�CLÚ �?Û �
^/��§a§¨�Q;=<1�?>@�

P ∈ R[X1, ..., XN ] A
` �V[6���\�­c

R(P )(Y1, ..., YN) =
∑

m1,...,mN≥1

P (m1, ...,mN)
N∏

n=1

Y mn
n A

ç ���?F��
R(P )(Y1, ..., YN) ∈ R(Y1, ..., YN) A

Á C�FD�?@Hkv>AçHywCr�Gl��QCHpqpqCrkvznFDtqCHEGF.B��Q@"E?kmEUx"C�JLp�kv>AB�J}tqE?BAt3�
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P ∈ R+[X1, ..., XN ]
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X1, ..., XN

�U�
µ1, ..., µN ∈ T \ {1} Aç ���?F��Xc

Z(1;P ;µ1, ..., µN ; ·) �\��[�F������?��èl�né7�~����KV�?F�[Qél>PO�
Q��KL���Q��s
C g[6��
�F^�i�?
��

k ∈ N g Z(1;P ;µ1, ..., µN ;−k) = R(P k)(µ1, ..., µN ) A
� CHB.ÇÈkv>Ay�l?pqCHB�ív@HE?@H>DJ}pqtqBACHEGFÐsnkvEUx�x"CHpqpqCHBh�Gl��QC"p�pqC�JwkvznFDCHEol?C"BhsUJ}E?BXÚ ¶�Û C4F�p�Jw=?>{CHln�¢CrCHB{Fhx"kvy7=?p�@4FDC4Ì

ywCHEGF.sntqñ9@H>{CHEGFDC N
� kmE?E?kvE?B.pqCIB×xD�?@Hy�Jws�CIp�Jws�@Hy7kmEnBAFA>×JWFDtqkmE NÁ CI=?>{CHy7tqCH>
tqE?ím>{@�sntqCHEGF.CHB{F.pqCIp�CHywy7CIBAl?tq�vJLEGF Â �¢l?CIp��ìkmE�FA>Akvln�¢CrsUJLE?BàÚ � u Û �
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(am)m∈N∗


S���{��
�>@�i�oH]�{�)�?KV��FE���^D��?K,[������l���^�U�
(bm)m∈N∗
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+∞ A
` �V[6���\�

Z(s) =
+∞∑

m=1

am
bm

s

���d��B �?�÷��
�[][7���\�XO�
"B >@�����~>9���i�
s ∈ C ���R��O�
6�­D��U�P�i�n�\C�F�>N�XD��?�6}~��FNèl� A

ø FEù]D��XsvD��U�P�i�nélj�[6�?�@é7M��\� g �?�L[6��
���H]CYbI�7>GF
f : R∗+ → C

[7�?FXc
f(x) =

+∞∑

m=1

ame
−bmx A
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�[][6���\�¡O�
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(ck)k∈N

H]�LD��?K,[������l���X�i�U�G���LO�
6� g [6�?
SF­�i��
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K ∈ N∗ g �?�r�?>G�,�?


}~��>9��>G�)�\èl�­HJ�
0

c
f(x) =

K−1∑

k=0

ckx
k +O(xK) A

ç ���?F��
Z

�\��[�FE�~���?��è]�¼é��~���?KL�?F�[Qél>NO�
6��KV���6�fs
C

�U� ∀k ∈ N Z(−k) = (−1)kk!ck A
Ò >×õ}x"C�É*x"C�p�C"y7y7C � JLBABDkvlÞ�.kvívl?çHB�CHB{F»x"kmE?snl?tqFAC�É*=n>Akml��¢CH>�p��QC4ÔntqB{FDCHEUx4C�sæ�ìl?Eásn@"�mCHpqkm=?=�CHywCHEGF

JLB{Ë�y7=nFAkvFAtë�GlnC�=�kml?>I� x 7→ ∑

m∈N∗N
µm exp(−P (m)x) C"F�É�snkvE?E?CH>
snCHB�C4Ôn=?>{CHBABAt�kvE?B.snCHB
x"kGCUÁ�x4t�CHE¢FDB N

�ðp�pqCIÇøJLtqF�x"CHx"t�CHE!lnFDtqpqt�B×JLEGF.pëJ»ÇÈkv>Ay�l?pqCrsæ�Ã�êl?pqCH> M J}x Á JLl?>AtqE N
�ðEIFD>DJH�mJLtqp�pëJLEGF BAl?> R(P k)

� JLBABAkml��
kmívl?çHB snkvE?E?C�snCHB
ÇÈkv>Ay�l?pqCHB
C4Ô�=?p�t�x"t¤FDCHB =�kvl?> Z(P,µ,−k)
N�Á CHB
ÇÈkv>(Ì

y�l?p�C"B�kvznFACHEol?CHB,=�CH>Ay7C4FAFDCHE¢F�p��QtqEGFACH>A=�kvp�JWFDtqkvE�=�ÌÄJvsnt��Gl?CÐC"F�x"kvEGFDtqCHE?E?CHEGF
x"C"p�pqCHB
�Gl?t Â sUJ}EnB^Ú ¶�Û�Â s�kmE?E?CHE¢F
pqCHB
t�yw=�km>(F�JLEGFDCHB�JL=?=?p�t�x�JWFDtqkmEnBÐJL>At¤FD�?y7@4FDt��Gl?CHB N

�ÐtqE?ívF�J}E?Bh=?pql?B�F�JL>Ds Â Ø	ï
JLE?í¡úOl � �?CHEòC"F M tqE?ûotqE?í��ðtqC��mkmE¢FÐsnkmE?E?C">ÐsnCHBhC4Ôn=?>AC"BDBAtqkmEnB�snCHB��vJ[Ì
pqCHl?>{B�JLl�Ô2CHEGFDtqCH>{B«E?@Hí¢JWFDtqÇÈB,snC Z(Q;P ; ·) CHE�ÇÈkvEUx4FDtqkvE�snCHB��vJ}pqCHl?>{B�J}loÔ�CHE¢FDtqCH>AB-E?@Hí¢JLFAt�Ç�B,snCHB é z?>{të�GlnCHBCHpq@Hy7C"EGF�JLt�>{CHB é BAl?tq�vJLEGFDC"B��
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SF
µ ∈ T �?�V[6���\�

ζµ(s) =
+∞∑

m=1

µm

ms
A
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P,Q ∈ R[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P ∈ R+[X1, ..., XN ]�iu
P

HJCi[6����H|�Yæ,��DU�Y>G}~��KL���Q��H]�
X1, ..., XN A<��?>@�

k ∈ N Ad` ���)���i�
QP k =

∑

α∈S
aαXα A

<��?>N���Q��H]��[��k
S�
µ1, ..., µN 6= 1

HJ���¼����KV��FE���XDE�?K$[��Z���S���àH]�^KL��H?
����
1 Aç ���?F��Xc

Z(Q;P ;µ1, ..., µN ;−k) =
∑

α∈S
aα

N∏

n=1

ζµn(−αn)
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pqCHB.BAl?t¤�vJ}EGFACHB��
BAkmtqCHEGF Q,P1, ..., PT ∈ R[X1, ..., XN ] C4F µ1, ..., µN

s�CHB.E?kvy�z?>{CHB.x"kmyw=?p�C4Ô�CHB�snCIy7kosnl?pqC 1
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Z(Q;P1, ..., PT ;µ1, ..., µN ; s1, ..., sT ) =
∑

m1≥1,...,mN≥1

(
∏N

n=1 µ
mn
n )Q(m1, ...,mN)∏T

t=1 Pt(m1, ...,mN)st
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x�J}sn>ACÐEKJLFAl?>ACHp�É�pëJ»s�@Hy7kmEnBAFA>×JWFDtqkmE!s¾�Ql?E ¢9��§a§¨�÷�"¸Zw�V�¹�R�:+²Q� x">AlUx"tëJLp � �¢kvtq>,p�C�x×�KJ}=ntqFA>ACru�=�kvl?>�=?pql?B
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JLE?í}ÌPúýl � �?CHE�C"F M tqE?ûotqE?í2�êtqC � Ú Ù � Û £-�Gl?t¾kmE¢F�kmznFACHEol�BAkvl?B�pqCHB�y7 Hy7CHB,�GË�=�kLÌ

FA�?çHBACHBI�GlnC Æ tqCH>{>AC"FAFAC � J}BABAkvl�Ì(�
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Ç�km>{y�l?pqCHB�JLl?BABAt�BAtqy7=?pqCHB¶�Gl?C*x"CHpqp�CHB¶snC*Ø	ï
J}E?íLÌPúOl � �?CHEöC"F M t�E?ûGt�E?í �êtqC*y�JLtqB�=�kvl?>�l?EnCòx"pëJ}BABAC
=?pql?B�ím@HE?@">×JLp�C�snC¶=�kmp¤Ë�E?èvy7CHB � x"p�JLBABAC!Ê � Åê£IC"F»=�kvl?>»snCHB�BA@H>AtqCHB7JLBABAk�x"tq@HCHB7É�=?p�l?BAtqCHl?>{B»=�kmp¤Ë�E?èvy7CHB�
T �¢l?CHpëx4kmEU�GlnCW£ N¾Æ JL>ÐJ}tqpqp�CHln>ABÐE?kvBhy7@"FD�nk�snCHBhBAkmE¢FÐ>DJvsnt�x�JLpqCHy7CHEGF�snt¤ñ¾@">ACHEGFACHBÐsnC�x"CHpqpqCHBÐlnFDtqpqt�BA@HCHBh=KJ}>� J}BABAkvl�ÌÄ�.kmívl?çHBwC"F � �?CHE�ÌÄ�êtqCêúðE?kmlnB7CHBA=�@H>AkvE?B7�Gl?C�pëJYy7@4FD�?kosnC�s�lÞp�CHywy7C!sæ�ì@�x×�KJLE?ímC!snkvE?E?C�l?E?C
ywCHt�pqpqCHl?>AC�x"kvy7=?>A@H�?C"E?BDtqkvEòsnCrp��Qkv>AtqímtqE?C�snC�x"CHB�Ç�km>{y�l?pqCHB N�� Cr=?pql?B�EnkmB.ÇÈkv>Ay�l?pqCHB.=�CH>AywC"FAFDC"EGFhs�C�>{@[J[Ì
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Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ [[1, T ]] ∀x ∈ JN Pt(x) > 0 A<��?>@�

µ ∈ TN A
` �V[6���\�­c

Z(Q;P1, ..., PT ;µ; s1, ..., sT ) =
∑

m∈N∗N
µmQ(m)

T∏

t=1

Pt(m)−st .
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T∏

t=1

Pt(x) −−−−→
x→+∞
x∈JN

+∞ A
<��?>@�fH]��[��k
l�

µ ∈ (T \ {1})N Aç ���?F��
Z(Q;P1, ..., PT ;µ; ·) [6���E�\M�H]�¼
��L[�F������?��èl��KV���Q�Ié7�~�Z�?KV�?F�[Qé7�Xs

CT A
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P1, ..., PT , Q1, ..., QT ′ ∈ R[X1, ..., XN ]
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Q ∈ R[X1, ..., XN ] A
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�[][6���\�XO�
Q�Xc
? P1, ..., PT , Q1, ..., QT ′
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T∏
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x∈JN
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T ′∏

t=1
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x∈JN
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µ ∈ (T \ {1})N �U�
k1, ..., kT , `1, ..., `T ′ ∈ N Aç ���?F��Xc

Z
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Q
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t=1

Qt
`t ;P1, ..., PT ;µ;−k1, ...,−kT
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= Z
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Q

T∏

t=1

Pt
kt ;Q1, ..., QT ′ ;µ;−`1, ...,−`T ′

)
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Z
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P1, ..., PT A� �?�7��>NHJC�F����7�^���­D����
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Q = 1 A <Q
�[][6���\�?�7�
P1 � D���K$[��k>PO�
QC � �U�

Q1 � ��>GK,[���� � A�+�à�Z��K­KL�­H+B C�D�é7�?��èl�n�6B CED�F�>G�fc
Z(Q`1

1 ;P1;µ;−k1) = Z(P k1
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6D�é7�­����� � H?> �±D�>Y��� � svD��~�ZD�
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` ��}~��>@�fH]�?�)D­DR�Z�?>GFE��KV���6�d���$èl�?>G�«O�
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S�L�\���7�y[6��
�F,H]���d�\C�F�>N���=s
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J�­�?�Q�iC�F�>N��
�F�� g ��B ���~>9���i���)D��{H+B 
S�o[�FE�~���?�Sèl��KV���6��é7�~�Z�?KV�?F�[Qé��{�U�y���{DE�~��D�
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H]���à}~�~�Z��
�F��o�6B �Yæ,��DU�Y
Q�?>P���Q�d��>GK­
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ζµ(s) =
∑

m≥1
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Q,P1, ..., PT ∈ R[X1, ..., XN ] A
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Q�Xc
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P1, ..., PT

}�C�F�> bd���Q�����
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Pt(x) −−−−−→
|x|→+∞
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T∏
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P kt
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Z(Q;P1, ..., PT ;µ;−k1, ...,−kT ) =
∑

α∈S
aα
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ζµn(−αn)
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Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	 g
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q�

k1, ..., kT ∈ N Ad` �������i�
Q

T∏

t=1

P kt
t =

∑

α∈S
aαXα A

ç ���?F��Xc
Y (Q;P1, ..., PT ; f, ..., f ;−k1, ...,−kT ) =

∑

α∈S
aα

N∏

n=1

Y (1;X; f ;−αn).
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µ ∈ T \ {1} A

ç ���?F���[6�?
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k ∈ N ���a�vc

ζµ(−k) =
(−1)kµ

1− µ
k∑

`=0

`!S(k, `)

(µ− 1)`
A
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Q,P1, ..., PT ∈ R[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�
HDF g

�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
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k ∈ NN ���a�vc

Z(Q;P1, ..., PT ;µ;−k) =
µ1

(1− µ)1

∑

`∈NN

1

(1− µ)`

∑

j∈∏N
n=1{0,...,`n}
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(−1)|j|

(
`

j

)
Q(−j)

T∏

t=1

Pt(−j)kt
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FAt�kvE?BhJ}>{t¤FD�?y7@"FAtë�¢l?CHB � x"kvE?B{FD>AlUx�FDtqkmE*snCHB.Ç�kmEUx4FAt�kvE?B L p− Jvsnt��Gl?CHB�snCHB�x"kv>A=?B�snCrE?kvy�z?>{CHB
FDk}F�JLpqCHy7CHEGF

u Ù



>{@HCHpqB Â p�tqCHE*J��mC�x�p�C � FAtëxDûmCHpqz�CH>AívCH> Â x"kvEvåÄC�x4FAl?>ACHB�snC � CH>A>ACIBAl?>�p�CHB.sn@HE?kvy7tqEKJLFACHl?>AB�£ NÆ J}>�J}tqpqp�C"l?>AB�E?kvFA>AC�x�J}sn>ACrCHB{F�=?pql?B�ív@HE?@H>×JLp � BA@H>AtqCHBÐÉ T �mJL>AtëJLz?p�CHB Â x"pëJ}BABAC�Ê � Åê£,C"F�E?k}FD>{Cr=?>ACHln�mC�CHB{F
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Q,P1, ..., PT ∈ Z[X1, ..., XN ] A
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�[][6���R�­O�
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P1, ..., PT

}�C�F�> bd���Q�
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Pt(x) −−−−−→
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x∈JN

+∞ g
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1
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p(Q,P1, ..., PT ,µ, ·) : ZpT → Cp

D����Q�Y>G�6
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6�­c
∀k ∈ NT }~C�F�>ëbd�?�6� ∀t ∈ {1, ..., T} kt ≡ rt mod (p− 1) g �?�a�?>@��c

Zr
p(Q;P1, ..., PT ;µ;−k) = Z(Q;P1, ..., PT ;µ;−k).
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Z̃(Q;P1, ..., PT ;µ; s) =

∑

m∈N∗N
∀t∈{1,...,T} p-Pt(m)

µmQ(m)

T∏

t=1

Pt(m)−st .
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` ����
�[][6���\�XO�
Q� ∀n ∈ {1, ..., N} |1− µn|p > p−
1
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r ∈ {0, ..., p− 1}T Aç ���?F��¼>Y�����~>z���i�

Zr
p(Q,P1, ..., PT ,µ, ·) : ZpT → Cp

D����Q�Y>G�6
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p(Q,P1, ..., PT ,µ,−k) = Z̃(Q,P1, ..., PT ,µ,−k).
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µ ∈ (T \ {1})N �U�
Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	 g
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
` �V[6���\� P` = {m ∈ N∗N | m � `+ 1} =
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m ∈ N∗N | ∃n ∈ {1, ..., N} mn ≤ `n

} A
` �V[6���\�­c

Z`N−1(s) =
∑

m∈P`
µmQ(m)

T∏

t=1

Pt(m)−st A
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Z`N−1
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P ∈ R[X1, ..., XN ] g �?�aHJCYbI�6>G�
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[6�?FXc
∆P (X) = P (X + `)− P (X) Aç ���?F���[6�?
SF^�i�?
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k ∈ NT �?�«�V���ªF��R�Z���Y>N������
�>9}~�?�Q�i�Xc

(1− µ`)Z(Q;P1, ..., PT ;µ;−k) =µ`
∑

0<u≤k
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k

u

)
Z

(
Q(X + `)

T∏
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(∆Pt)
ut ;P1, ..., PT ;µ;−k + u

)

+ µ`Z(∆Q;P1, ..., PT ;µ;−k) + Z`N−1(−k)

eL��§ùRKT�À�����;
ìEu � ���ITR�?F�K­
�������[6��F�KL�U�P�i���6�"
��«D��~��D�
��S[6�?F¼FEC�D�
SF�FE����D�� Aò
� �Yæ$�U� g H]���7�ªD�é7�]D�
S�&H]���o�i��F�KL���ªHJ�¡H�F��?>G�i�à>@��j4�V
S���¡O�
6�?�Q�Y>G�iC¡���6�Y>NM�FE�ªO�
�>f�����"���YF�>PDU�i��KL���Q�+[��k
l�
[6���Y>@�i�XO�
Q�o���vO�
6�?�Q�Y>@��C­D��?F�F�����[6�?��H]���Q�i�Xsàèl�?
QD�é��­c
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µ ∈ (T \ {1})N �U�

P1, ..., PT ∈ R[X1, ..., XN ] A
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∀t ∈ {1, ..., T} Pt(x) > 0 A
` �V[6���\�

Z(µ; s) = Z(1;P1, ..., PT ;µ; ·) A<��?>@�
a ∈ NN A�` �,[6���\�

E(a) = {m ∈ N∗N |m � a+1} =
{
m ∈ N∗N | ∃n ∈ {1, ..., N} mn ≤ an

} A
` �V[6���\�­c

Za
N−1(µ, s) =

∑

m∈E(a)

µm

T∏

t=1

Pt(m)−st A
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Za
N−1
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t ∈ {1, ..., T} ���V[6���\�­c
δt = Pt(X + a)− Pt(X) g δt ∈ R Aç ���?F���[6�?
SF^�i�?
��

k ∈ NT �?�«�V���ªF��R�Z���Y>N������
�>9}~�?�Q�i�Xc

(1− µa)Z(µ;−k) = µa
∑

0<u≤k

δµ
(

k

u

)
Z (µ;−k + u) + Za

N−1(µ,−k).
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Z(1;A1, ...AT ;µ;−k1, ...,−kT ) g TR�?KX>Y�G���(��
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R[X1, ..., XN ] �
E(P ) = conv

{
α− β | α ∈ supp(P ), β ∈ RN+

} Â k~Ñ supp(P ) CHB{F.pqCIBAl?=?=�km>(F�snC P NÁ CHB�sn@4îUE?tqFAtqkmE?Bhs�CHB�snt¤ñ¾@H>{CHEGFDC"Bhx4p�JLBABDC"BhsnCI=�kmp¤Ë�E?èvy7CHB � E?kvE*sn@Hív@HE?@H>{@ Â �GË�=�koC"p�pqtq=nFDt��Gl?CW£,BACIFD>{kmln�mCHEGF
sUJLE?B
p��ìtqEGFD>AkosnlUx4FAt�kvE N
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P,Q ∈ R[X1, ..., XN ]

���?�«H]C�èlC���C�FEC�� Aç ���?F��Xc
ìEu
P (x)� Q(x) (x ∈ JN ) ⇐⇒ E(P ) ⊂ E(Q) gðRu
P (x) � Q(x) (x ∈ JN) ⇐⇒ E(P ) = E(Q) gä�u P
Q

(x) −−−−−→
|x|→+∞
x∈JN

0 ⇐⇒ E(P ) ⊂ int(E(Q)) A
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P ∈ R[X1, ..., XN ]

�)�?�aHJC�èlC���C�FEC Aç ���?F��n�\�?�Q��C�O�
S>G}~�~�����Q�@�Xc
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P
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Q� g>9>ku ∀n ∈ [[1, N ]] ∀α ∈ supp(P )
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αn ≥ 1⇒ (α1, ..., αn−1, αn+1, ..., αN) ∈ int(E(P (X1, ..., Xn−1, 1, Xn+1, ..., XN))).
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z?>{t � �¢kvtq>¡ÚQu � Û £.C"FIx"kvEGFDtqEol?kvE?B�p��Q@"FDl?snCwsnCwx"C"FAFACwx"pëJLBDBAC»C"FIsnC»BACHBIx"kvE?E?C�x4FAtqkmE?BrJ��mC�x»sæ��JLlnFD>{CHBIx"pëJ}BABACHB
snC�=�kvpqËoE?èmywCHB � �GËo=�koCHpqp�tq=nFAtë�¢l?CHB Â H0S

C"FIÊ � Å3£ N9� lY=KJLBAB�JLívC»E?kvl?B�>{C"FD>Akvln�¢kvE?B��Gl?CHp��Gl?CHBÐ>A@HBAl?p¤F�JWFDB
x"pëJLBABDt��Gl?CHB N
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� E®J¶z�C"BDkvtqE®snCw�Gl?CHp��Gl?CHB
E?k}F�JWFDtqkvE?B.BAl?=?=?pq@Hy7CHEGF×J}tq>{CHB��
g4365�R75�893): £ ; � ; � ;=e	�?
SF

P ∈ R[X1, ..., XN ] g �?�������i�
ext(P ) = ext(E(P )) A

g4365�R75�893): £ ; � ; � ;=<Q>
P ∈ R[X1, ..., XN ]

�6B C�D�F�>@�
P (X) =

∑

α∈NN
aαXα g �~�Z�?F��à�?�L[6���\�­c

P ∗(X) =
∑

α∈ext(P )

Xα A
� CrxD�KJ}=?t¤FD>{CrCHB{F.sn@�x"kvl?=�@rCHE�x"t�E?�¶BAC�x4FAt�kvE?B.snkmEGF
E?kml?B�J}pqpqkmEnB.y�J}tqEGFACHEKJLEGF�sn@"F×J}tqpqp�CH>
pqC�x4kmEGFACHEol N
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@HEnkmEUx"@HB�C"F�tqEGFA@Hím>DJ}pqCHy7C"EGF�sn@"y7kmE¢FD>A@HB N �
kml?B�sn@"F�JLt�pqpqkmEnB�snkvEUx7pqCHB�=?>AC"ln�¢CHB�=�kvl?>rp�J!x4kmy7ywk�snt¤FD@2snl
pqC�x4FACHl?> N� p�JwîUEYsnC�x"C"F{FDC�=KJL>{FAt�C�BAkvEGFÐ>{CHím>{kml?=�@HC"BÐpqCHB�x"kvE?BA@��Gl?CHEUx4CHB � BAl?>�p�C�=�kvpqËm �sn>AC�snC»�.C�ï
FDkvEYsæ�Ql?Eò=�kLÌ
p¤Ë�E?èvy7CW£,�¢l?t�BACH>{kmEGF
lnFDtqp�C"B.=KJL>
pëJ»BAl?tqFAC N
um£ � JLE?B�pëJ7snCHl�Ô�t�çHywC�BAC�x4FDtqkvE Â Enkml?B�x"kvy7y7CHE%$"kvE?B�=KJL>.>DJ}=?=�CHpqCH>��Gl?CHp��Gl?CHB�=?>{km=?>{tq@"FD@HBhx4p�JLBABDt��Gl?C"BÐs�C
x"C">{F�JLtqE?Bwx×�KJ}EnímCHywCHEGFDBwsnC��mJL>AtëJLz?p�C"Bw=�kvpqËoE?kmywt�JLl�Ô N3� CHBwx×�KJLE?ívCHy7CHEGFABwsnC¶�vJ}>{t�JLz?pqCHBwtqEGFACH>{��tqCHE?E?CHE¢F
sUJLE?B�pqC�pqCHy7y7C�snC�x"p�JLBABAtqîKx�JWFDtqkvEYsnCHB�ywkmE?èvy7CHB�snlYÉ2�êBABAkvlKJ}z?>{t Â pqCHy7y7C��Gl?CrE?kmlnB�lnFDtqp�tqBACH>AkvE?B�É7s�C
E?kvy�z?>{CHl?BACHB
>ACH=?>{t�BACHB N�� CHB
kmlnFAt�pqB.E?kvl?B
=9C">Ay7C"F{FDCHEGF.snCrsn@Hy7kvEGFA>ACH>
pëJ»=n>Akv=�kmBAt¤FDtqkmE�BAl?t¤�vJ}EGFAC7�
ÕrT�3�¤�3� �895�893): £ ; � ; £ ;,<��?>N���Q�

P
�U�
Q ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q� ∀x ∈ JN Q(x) > 0
�U�fO�
Q� P

Q
(x) −−−−−→

|x|→+∞
x∈JN

0 A
ç ���?F��Xc P+

Q+
−−−−−→
|x|→+∞
x∈JN

0 A

eL��§ùRKT�À���� £ ; � ; ° ;	î��������f���4èlC���C�FE�~�+H?>&�±D�>@���­H]�­HJC�D�>NH]��F{��> P
Q

(x) −−−−−→
|x|→+∞
x∈JN

0 A
m^�?
S�¼}~��F�FE�?�7��[6�?Fo���ª��
S>@�i�­O�
Q� P+

Q+
−−−−−→
|x|→+∞
x∈JN

0
�����fC�O�
S>G}~�~�Z���Q�fs E(P ) ⊂ int(E(Q)) g D����P�i�­H]��F��6>PM�F��

D�����H?>@�Y>P�?�a�����f�R�9��� g TR�JD�>Y���­sª}~C�F�>ëbd��F g H+B �?W÷��B >G�6�i��F��U�fH]�o���n[�FE��[6����>@�Y>N�?� A
~¢£ � J}EnB�p�J2FA>Akvt�BAtqçHy7C�BDCHx4FDtqkmEYE?kmlnB�@"FDlUsntqkvE?B�p�J¶x"pëJLBDBAC»snCHB�=�kvpqËoE?èmy7C"B�E?kmEósn@Hív@HE?@H>A@HB Næ� J}=?=�CHpqkvE?B
CHE!pëJwsn@"î?E?tqFAt�kvEý�
`vwlx�:y8z5�893):/;

P ∈ R[X1, ..., XN ] \ {0} ������H?>@�/���?�aHJC�èlC���C�FECn��>
P (x) � P+(x) (x ∈ JN ) A

eL��§ùRKT�À���� £ ; � ; ³ ; � �U�P�i�¼HJCYbI�6>@�@>N�?��H]�,�)�?��H]C�èlC���C�FE���\D�����D�� g DE�?K­KL�^H�B �?>Y�9����
�F��$�����nH]CYb��6>@�Y>P�?�7�nH]���
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��YFE���4DR�����E�\���4H]�o[7�~�kj��)ê?KV��� g �)��D��?��D���F����4O�
Q�h���4D��?K$[6��FU�i��KV���Q�^H?
÷[6�~�kj?��ê?KL�÷HJ�?�7�V
S���o[6�?F��Y>N�
H+B 
��4}~�?>9��>9���\èl�^H]�¼�Z�à��>9��è�
7�Z�?F�>@�iCos­��B >9��bI�6> A òd�­[6�?F��Y>ND�
7�k>N��F¼�Z���^H�>ëæ$C�FE���Q�i���^DR�������\���¼H]�"[6�~�kj��)ê?KV���,���
�\���Q�¬[6���à�����]�R�����,[7�?FVD���F��i�?>9�7�L�?
����?KV�?F�[Qé]>9��KV���¡�_>G��C��?>9F����VHJ�

RN g JN �\�­�YF���
�}~�?�6�¬[6�?F@TR�?>9�XKV�\H?>ëbdC
[6��FXD����à�?
��i�?KL�?F�[Qél>9��KV���LqN}��?>GFX���XbI�«H]�­D�é7��[Q>@�YFE�f[6��
�FXH]���à���S��K,[�������u A

Á J»=?>{km=�kvBAtqFAt�kvE�BAl?t¤�mJLEGFAC�snkvE?E?CIl?E�x">At¤FDçH>{CICHE!FACH>AywCrsnCrx"kvy7=KJL>×JLt�BAkvE*snCrx">{kmtqBAB�JLEUx"C2�
ÕrT�3�¤�3� �895�893): £ ; � ; ¯ ;,<��?>@�

P ∈ R[X1, ..., XN ]
}~C�F�> bd�?�Q� ∀x ∈ JN P (x) > 0 Aç ���?F��Xc

P
�����/���?�«H]C�èlC���C�FEC ⇐⇒ ∀α ∈ NN ∂αP

P
(x)� x−α (x ∈ JN ) A
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� CHpëJI=�CH>Ay7C"F«s�kmEUx�snC.BAtqFAl?CH>�p�C"B«�¢Ë�=�kvFA�?çHBACHB«sæ�Q�GË�=�kGCHpqp�tq=nFAtëx"t¤FD@ Â snC�E?kvE¶s�@Hím@HEn@H>ACHBDx"CHEUx"C Â Ê � ÅùC"F
H0S

sUJLE?B.l?E�x�J}sn>{C�x"kvy7y�l?E N
�êEnîUE!E?kvl?B�s�@Hy7kvEGFD>AkvE?B
pqCIFA�?@Hkm>{çHy7CrÅ Â snkvEGF.E?kvl?B
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P,Q ∈ R[X1, ..., XN ]

���?�«H]C�èlC���C�FEC�� Aç ���?F��Xc
ìEu
P (x)� Q(x) (x ∈ JN ) ⇐⇒ E(P ) ⊂ E(Q) gðRu
P (x) � Q(x) (x ∈ JN ) ⇐⇒ ext(P ) = ext(Q) gä�u P
Q

(x) −−−−−→
|x|→+∞
x∈JN

0 ⇐⇒ E(P ) ⊂ int(E(Q)) A
Á �QtqEGFD@H>{ "F-snC�x"CHx"tKCHB{F-�Gl?C
p�CHBê�¢@H>At¤îKx�JWFDtqkmEnB«sæ�ìtqEUx"p�lnBDtqkvE¶snC
=�kmp¤Ë¢ �sn>{CHB«snC��.C�ï
FDkvE2BAkvEGF3FD>Aç"B�ÇøJ}x"tqp�CHB

É�ÇøJLt�>{C N
� £ � JLE?B.pëJw�GlKJWFD>{t�ç"y7CIBAC�x4FDtqkmE!E?kvl?B.@"FAlUsntqkmE?B.pqCHB
=�kvpqË�Enèmy7CHB
�GË�=�koC"p�pqtq=nFDt��Gl?CHB Â >×JL=?=�CHpqkmE?B.pëJ��
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P ∈ R[X1, ..., XN ] A
P

������H?>@�/élj�[6���R�G�_>k[)�Y>PO�
Q�¼�6B >Y��}~C�F�>ëbd�o�����àH]��
J�hD��?��H?>G�Y>N�?���n��
�>9}~�?�Q�i���Xc
∀x ∈ JN P (x) > 0 g
∀α ∈ NN \ {0} ∂

αP

P
(x) −−−−−→

|x|→+∞
x∈JN

0 A
� E!=?>Akvln�¢CICHE?BAl?t¤FDCIpëJ»>ACHy�JL>D�¢l?CIBAl?t¤�mJLEGFDC7�
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P ∈ R[X1, ..., XN ]

é]j�[6���R�9�k>k[)�Y>PO�
Q�^�����aD��?�����i�?�Q� Aç ���?F��
P (x) −−−−−→

|x|→+∞
x∈JN

+∞ A
ò
�V[7�?F��Y>ND�
7�_>N��F

P
HJCi[6����H|H]�o���?
��i���^�����n}~�?F�>N�]�R�Z��� A
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P ∈ R[X1, ..., XN ] A ç ����F��Xc
��u
P

é]j�[6���R�9�k>k[)�@>NO�
Q� ⇒ P+ é]j�[6���R�9�k>k[)�Y>PO�
Q� g�iu­��>
P

�����/���?�«H]C�èlC�����F�CXc
P

élj�[6�\�R�G�k>_[)�Y>NO�
6� ⇐⇒ P+ é]j�[6���R�9�k>k[)�@>NO�
Q� A
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CHB{F
ÇøJ}x"t�pqC�snCrsn@Hx"tësnC">.BAt P+ CHB{F.�GËo=�koCHpqpqt�=nFAtë�¢l?C�kvl!E?kmE N
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P ∈ R[X1, ..., XN ]

�)�?�aHJC�èlC���C�FEC Aç ���?F��n�\�?�Q��C�O�
S>G}~�~�����Q�@�Xc
>_u
P

�����/élj�[6���R�G�k>_[)�Y>NO�
Q� g>9>ku ∀n ∈ {1, ..., N} ∀α ∈ supp(P )
�?�«�vc

αn ≥ 1⇒ (α1, ..., αn−1, αn+1, ..., αN) ∈ int(E(P (X1, ..., Xn−1, 1, Xn+1, ..., XN))).

� C�x4t�=�CH>Ay7C"F.snkvEUxrs�C�sn@�x4tësnCH>
C"ñ9C�x4FAtq�mCHy7CHEGF
BDtæl?E!=�kmp¤Ë�E?èvy7CIE?kmE�sn@Hív@HE?@H>{@rCHB{F
�GË�=�koC"p�pqtq=nFDt��Gl?C
kvl!E?kvE N
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P ∈ R[X1, ..., XN ]
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	 H]���7�$���?
��i�{���^��
S>@�i�iu^��>Ic
∀x ∈ JN P (x) > 0 g
∃ε0 > 0

�i�R��O�
6�f[6��
�F
α ∈ NN �U�

n ∈ {1, ..., N} ���a�vc
αn ≥ 1⇒ ∂αP

P
(x)� x−ε0n (x ∈ JN ) A

� E�x"kvy7y7CHEUx"CI=KJL>
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N
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P ∈ R[X1, ..., XN ]
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��i���
�Z���¼}~�?F�>N�J�R����� Aç ���?F��

P (x) −−−−−→
|x|→+∞
x∈JN

+∞ A
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P ∈ R[X1, ..., XN ]
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Q ∈ R[X1, ..., XN ]
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Q�XH]C�èlC���C�F�C Aç ���?F��Xc
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Á C�>{@HBAl?pqF×JLFwBAl?t¤�mJLEGFwCHB{Fwz?tqCHE¼x"kvE?Eol0�§BAt E CHB{Fwl?Eá=�kmp¤Ë¢ç�sn>{C!x"kvy7=KJ}x4F2J}pqkm>{B E = conv(extE)� xv�QCHB{F.l?E*x�JLB
FD>{çHB.=KJL>{FDt�x"l?pqtqCH>�snl!FD�?@"km>Aç"y7C�snC�Ø�>{CHt�E�Ì M tqpqy�J}E�£ N9� C�x"t
=�C"lnFÐJLl?BABDt�BACrÇÈkv>Ay�l?p�CH>.snCrpëJ

y2J}E?tqçH>ACrBAl?t¤�mJLEGFDC2�UBAt S CHB{F�l?E*C"E?BDC"y�z?pqCrîUE?t snCr=�kvt�EGFABhsnC RN JLpqkm>{B Â BAt
p��QkvE*=�kvBDC E = convS
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J E = conv(extE)
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RN+ g �~���?F��X�?�L[6���\� E(S) = conv
(
S − RN+

) A
Á CIz?lnF�snCrx"C"F{FDCIBAC�x4FDtqkvE�CHB{F
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RN+ Ad` ��������� E = E(S) Aç ���?F�� E = E(extE) A
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FDkvE
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RN+ Aç ���?F��Xc E(S) = E(S)− RN+ A

ÕrT�������� �
? ⊂
0 ∈ RN+ snkvEUx E(S) ⊂ E(S)− RN+

N
? ⊃� kvt¤F x ∈ E(S)− RN+

N
x B��ì@�x">At¤F x = e−α J��mC�x e ∈ E(S) C"F α ∈ RN+ N
e B��Q@�x">{tqF e =

m∑

i=1

ti(si −αi) kJÑ ∀i ∈ {1, ...,m} ti ∈ R+, si ∈ S,αi ∈ RN+ C"F.k~Ñ m∑

i=1

ti = 1
N

x =
m∑

i=1

ti(si − (αi +α)) s�kmEUx x ∈ conv(S − RN+ )
N
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RN+ Aç ���?F��Xc E(S) = conv(S)− RN+ A

ÕrT��������ý¿
? ⊂
S − RN+ ⊂ conv(S)− RN+

Â
conv(S)− RN+ CHB{F�x4kmEG�mC4ÔnCrsnkvEUx conv(S − RN+ ) ⊂ conv(S)− RN+

N
? ⊃
conv(S) ⊂ E(S) snkmEUx conv(S)− RN+ ⊂ E(S)− RN+

N ~ N u N ~w=�CH>{y7C"F�s�C�x"kvEUx"pql?>AC N
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RN A
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C1 ⊂ C2 Aç ���?F��Xc

(extC2) ∩ C1 ⊂ extC1 A
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RN Aç ���?F��Xc
ext(C − RN+ ) ⊂ extC A
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?
M kmE¢FD>AkvE?B�FDkvlnF�sæ�ÃJ}z�kv>Ds!�Gl?C ext(C − RN+ ) ⊂ C

N
� kvt¤F γ ∈ ext(C − RN+ )

N
γ ∈ C − RN+ snkmEUx�tqp�C4ÔntqB{FDC α ∈ C C"F β ∈ RN+ FDCHpqB.�Gl?C γ = α− β N� Chp��Q@�x">{tqFAl?>AC γ =

1

2

((
α− 1

2
β

)
+

(
α− 3

2
β

)) kvE�s�@�snl?tqF��Gl?C α− 1

2
β = α− 3

2
β
Â xv�QC"BAF
É�s�t�>{C

β = 0
N

� E*J»snkmE?xIC"ñ9C�x4FAtq�mCHy7CHEGF γ ∈ C N
? ~ N u N ¡7JL=?=?pqtë�¢l?@�JLl�Ô!x"kmE¢�¢C4ÔnCHB C C"F C − RN+ s�kmE?E?CIp�CI>{@HBDlnpqF×JLF
�mkml?pql N
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RN+ Aç ���?F��

ext(E(S)) ⊂ ext(convS) Aò
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S
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ext(E(S)) ⊂ S
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ext(E(S))
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N
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RN+

�U�
α ∈ E(S) Aç ���?F��Xc

α ∈ ext(E(S))⇒ α
�����"
��«CR��C�KL���Q�"KL�R�~>GKL�~�Iq�[7�?
�Fo��B �?F�H�F��iu|H]� E(S) A

ÕrT��������ý¿
BAkvtqF β ∈ E(S) FDC"p
�Gl?C β ≥ α N� CHB
ÇøJLtqFAB.BAl?t¤�vJ}E¢FDB��

? α ∈ ext(E(S))
Â

? α =
1

2
(β + (2α− β))

Â
? β ∈ E(S)

Â
? 2α−β ∈ E(S)

� xHJ}> 2α−β = α− (β−α)
Â
α ∈ E(S)

Â
β−α ∈ RN+ C4F�kvE!JL=?=?pqtë�¢l?CI~ N u N ~¢£ Â

kvE�sn@�snl?t¤F��Gl?C β = 2α− β Â xv�QCHB{F�Éwsntq>AC β = α
N
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RN+ Aç ���?F��Xc E(S) =

(
E(S) ∩ RN+

)
− RN+ A

ÕrT��������ý¿
? ⊃
E(S) ∩ RN+ ⊂ E(S) snkmE?x (E(S) ∩ RN+

)
− RN+ ⊂ E(S)− RN+ = E(S)

N
? ⊂
S ⊂ E(S) ∩ RN+ snkvEUx S − RN+ ⊂ (E(S) ∩ RN+

)
− RN+

N
(
E(S) ∩ RN+

)
− RN+ CHB{F�x"kvEG�mC4ÔnCrsnkmEUx conv(S − RN+ ) ⊂

(
E(S) ∩ RN+

)
− RN+

N
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A ≥ 0
���R��O�
Q� E(S) ⊂]−∞, A]N A
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S C"BAF�îUE?t
snkvEUx ∃A ≥ 0 FDCHp��Gl?C S ⊂]−∞, A]N

N
S − RN+ ⊂]−∞, A]N − RN+ =]−∞, A]N

Â sæ�ìkJÑ E(S) ⊂]−∞, A]N
N
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RN+ Aç ���?F��Xc E(S) ∩ RN+
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? E(S) ∩ RN+ CHB{F�x4kmEG�mC4ÔnCrx�J}>
xv�QCHB{F
l?E?CIt�EGFACH>ABAC�x4FAt�kvE*s�Crx"kmEG�mC4ÔnCHB N
? ~ N u N Ù |»ÇÈkvl?>AE?t¤F A ≥ 0 FACHp
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N
E(S) ∩ RN+ ⊂]−∞, A]N ∩ RN+ = [0, A]N

N E(S) ∩ RN+ CHB{F�s�kmEUx�z�km>{E?@ N
E(S) CHB{F.ÇÈC">Ay7@ � xv�QCHB{F.p��ìCHEG�¢CHpqkv=?=�C�x"kvEG�¢C4ÔnCrs¾�Ql?E!ÇÈCH>Ayw@W£ Â E(S) ∩ RN+ CHB{F�snkvEUx�ÇÈCH>Ayw@ N
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n ∈ {1, ..., N} A
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Rn−1 × {0} × RN−n �U�d��B �?�V[6���R�

H+
n = Hn ∩ RN+ A
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en = (0, ..., 0, 1, 0, ..., 0) A
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πn : RN → RN
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Hn

[6��F��~�9��MR����KL���Q��s
Ren A
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RN Aç ���?F��Xc

ext(C1 ∩ C2) ⊂ extC1 ∪ extC2 ∪ (frC1 ∩ frC2) A
ÕrT��������ý¿
� kvt¤F x ∈ ext(C1 ∩ C2)

N
?
M kmE¢FD>AkvE?B.�Gl?C7� x /∈ extC1 ⇒ x ∈ frC2

N
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Æ J}>�p���JLz?BDln>DsnC Â BAl?=?=�kvBDkvE?B��GlnC x /∈ extC1
C"F.�Gl?C x ∈ intC2

N
x ∈ C1

C"F x /∈ extC1
snkmEUx.t�p�C�Ônt�B{FAC α C"F β sntqB{FDtqEUx4FDB«C"F,J}=?=KJL>{FACHEKJLEGF
É C1

FACHp�B«�Gl?C x =
1

2
(α+β)

N
x =

1

2
(α+ β) C"F x ∈ intC2

snkvEUxIkmE�=�CHlnF.FA>Akml��¢CH> α′ C"F β′ sntqB{FDtqEUx4FDB.C"FÐJL=?=KJ}>(FDCHEKJLEGFÐÉ C2
C4FÐJLl

BACHívy7CHEGF [α,β] FDCHpqB��¢l?C x =
1

2
(α′ + β′)

N
� E�x"kvE?B{F�JWFDC��Gl?C x =

1

2
(α′ +β′) kJÑ α′ C"F β′ BDkvEGF
s�t�B{FDtqEUx4FAB�C"F.JL=?=KJL>{FDtqCHE?E?CHE¢F�É C1 ∩C2

únx"C�x"t¾CHB{F
CHE�x4kmEGFA>×J}sntëx�FDtqkmEòJH�¢CHx x ∈ ext(C1 ∩ C2)

N
?
� E!y7kvEGFD>{CrsnCIy7 Hy7CI�Gl?C7� x /∈ extC2 ⇒ x ∈ frC1

N
?
� Cr�¢l?t�=?>A@Hx"ç�snCr=�CH>{y7C"F.snCrywkmEGFA>ACH>
�Gl?C x ∈ extC1 ∪ extC2 ∪ (frC1 ∩ frC2)

N

^/��§a§¨� £ ; � ; �]° ;=<1��>@�
S


S���f[6�?F��Y>P�"bI�7>N�­H]�
RN+ Ad` �L[6���\� E = E(S) A

ç ���?F��Xc E ∩ RN+ = conv

[
extE ∪

N⋃

n=1

(E ∩H+
n )

]
A

ÕrT�������� �
? ⊃~ N u N ¶ snt¤F��Gl?C extE ⊂ S

Â C"F�snkvEUx extE ⊂ E ∩ RN+ N
�ïp¾��tqCHEGF extE ∪

N⋃

n=1

(E ∩H+
n ) ⊂ E ∩ RN+

Â p��ìt�EUx"pql?BAtqkmE�BAkvl?�KJ}t¤FD@HCICHE�sn@�x"kvl?p�C N
? ⊂~ N u N Ù ~7snkvE?E?C ext(E ∩ RN+ ) ⊂ extE ∪ extRN+ ∪ (frE ∩ frRN+ )

N
extRN+ = {0} N E CHB{F.lnE�ÇÈC">Ay7@rs�C RN snkvEUx frE ⊂ E N� kvEUx ext(E ∩ RN+ ) ⊂ extE ∪ {0} ∪ (E ∩ frRN+ )

N
� t S = ∅ J}pqkv>AB
p�CI>A@"BDl?p¤F�JWF.CHB{F�x4p�JLtq> Â kvE�BAl?=?=�kvBAC�snkvEUxIsn@HBAkm>Ay2J}tqB.�Gl?C S 6= ∅ N
S 6= ∅ C"F S ⊂ RN+ snkvEUx 0 ∈ E Â =?l?tqB 0 ∈ E ∩ frRN+

N
�ïp¾��tqCHEGF�� ext(E ∩ RN+ ) ⊂ extE ∪ (E ∩ frRN+ )

N
~ N u N ÙvÙ snt¤F¶�Gl?C E ∩ RN+ CHB{F�lnE x"kmE¢�¢C4ÔnC*x"kvy7=KJ}x4F Â pqC!FD�?@Hkv>Aç"y7C*snC�Ø�>ACHtqE�Ì M t�pqy�JLEö=�CH>Ay7C"F�snkvEUx
sæ�ÃJ?Á7>Ay7C">.�Gl?C7� E ∩ RN+ = conv(ext(E ∩ RN+ ))

N
�ïpæBDl�Á7F
y�J}tqEGFACHEKJ}E¢F�snCI>ACHy�JL>D�¢l?CH>.�GlnC fr(RN+ ) =

N⋃

n=1

H+
n
=�kmln>�x4kmEUx"pql?>{C N

^/��§a§¨� £ ; � ; � ³ ;=<1��>N���Q�
S


�����[6�?F��Y>N�­HJ�
RN+

�U�
n ∈ {1, ..., N} Aç ���?F��Xc

πn(E(S)) ⊂ E(S) A
ÕrT�������� �
?
� CHy�JL>D�¢l?kmE?B§�¢l?C Â =?l?tqBD�Gl?C S ⊂ RN+ Â kvE»J πn(S) ⊂ S−R+en

Â C"FðsnkvEUx«É
ÇÈkv>{FDtqkv>At Â πn(S) ⊂ S−RN+
N

?
� kvEUx"pql?kvE?B N

πn(E(S)) = πn(conv(S − RN+ )) = conv(πn(S − RN+ )) = conv(πn(S)− πn(RN+ ))
N

~m~



�.k}FD>{CI>AC"y�J}>A�Gl?CI=?>{@Hpqt�y7tqEKJLtq>AC�snkvE?E?C πn(S)− πn(RN+ ) ⊂ S − RN+
Â x"Cr�Gl?t�=�CH>{y7C"F.snC�x"kvEUx"pql?>AC N

^/��§a§¨� £ ; � ; �S¯ ;=<1��>@�
S


S���f[6�?F��Y>P�"bI�7>N�­H]�
RN+ Ad` �L[6���\� E = E(S) A <1�?>@�

n ∈ {1, ..., N} Aç ���?F��Xc
ext(πn(E)) ⊂ πn(extE) A

ÕrT�������� �� kvt¤F y ∈ ext(πn(E))
N

y ∈ πn(E) snkvEUxItqp�C4Ô�t�B{FAC x ∈ E FDCHp��Gl?C y = πn(x)
N

E CHBAF
ÇÈCH>{y7@rsnkvEUx {t ∈ R | x + ten ∈ E} p��QCHB{FhJLl?BABAt N~ N u N Ù |�ÇÈkmln>AE?t¤F A ≥ 0 FDCHp¢�Gl?C E ⊂]−∞, A]N
NL� E�x4kmE?B{F�JWFDC3�Gl?C {t ∈ R | x+ten ∈ E} ⊂]−∞, A−xn]

N
� C�x4C��Gl?t =?>{@�x"ç�snC�kmEòsn@�snl?t¤F��¢l?C {t ∈ R+ | x + ten ∈ E} CHBAFhl?E?C�=KJ}>(FDtqC�x"kvy7=KJ}x4FDC�snC R úK@"F�JLEGF
E?kvE���t�snC � CHpqp�Crx"kvEGFDtqCHEGF 0 £ Â CHpqp�CI=�kmBABAç�snCIl?E!y�JWÔ�t�y�l?y Â E?kvFAkmEnB.pqC t0 N
y = πn(x + t0en) snkmEUx Â =�kml?>
x"kmEUx"pql?>{C Â tqp�E?kvl?B
BDl�ÁwF�snCIywkmEGFA>ACH>
�Gl?C x + t0en ∈ extE

N
Æ J}>
sn@"îUE?t¤FDtqkvE*snC t0 Â x + t0en ∈ E

N
� l?=n=�kmBAkvE?B��Gl?C x + t0en =

1

2
(u + v) k~Ñ u,v ∈ E N�� E��mCHlnF.ywkmEGFA>ACH>
�Gl?C u = v

N
y =

1

2
(πn(u) + πn(v)) ún=?l?t�BD�GlnC y ∈ ext(πn(E))

Â t�p¾��tqCHEGF πn(u) = πn(v)
N

� E!CHE�sn@Hsnl?tqF��Gl��ìt�pæC4ÔntqB{FDC a ∈ R FDCHp��Gl?C u = v + aen
N

� l?t¤FAFAC�É»@�xD�KJ}E?ívCH> u C"F v
Â kvE!=�CHlnF.BAl?=?=�kvBACH>��¢l?C a ≥ 0

N
x + t0en = u− a

2
en

s�kmEUx u = x +
(
t0 +

a

2

)
en
N

� E!CHE�sn@Hsnl?tqF��Gl?C x +
(
t0 +

a

2

)
en ∈ E

Â s¾�Qk~Ñ t0 +
a

2
≤ t0

=?l?tqB a = 0 tqC u = v
N

ÕrT������������ £ ; � ; � �
? ⊃
extE ⊂ E snkvEUx � C"E!lnFDtqp�tqB×J}E¢F�~ N u N � £ extE − RN+ ⊂ E Â E CHB{F�x"kvEG�¢C4Ô�CrsnkmEUx conv(extE − RN+ ) ⊂ E N
? ⊂kvE!>×JLtqBDkvE?E?CI=KJ}>
>{@�x"l?>{>ACHEUx"CIBAl?> N ≥ 1

N
Æ kml?> N = 1 pqCr>{@HBAl?pqF×JLF
CHB{F�x"pëJ}tq> N� l?=n=�kmBAkvE?B.p�CI>{@HBDlnpqF×JLF
�o>×JLt�=�kvl?> N − 1 k~Ñ N ≥ 2

N
Æ J}>
~ N u N Ù � E ∩ RN+ = conv

[
extE ∪

N⋃

n=1

(E ∩H+
n )

] N
� kvt¤F n ∈ {1, ..., N} N
E ∩H+

n ⊂ E ∩Hn

N �êE!lnFAt�pqtqB�JLEGF Hn = πn(RN) C4F.tqp�CHB{F.ÇüJvx"tqpqC�snC��¢kvt�>
�Gl?C E ∩Hn ⊂ πn(E)
N

πn(E) = πn(conv(S − RN+ )) = conv
(
πn(S)− πn(RN+ )

)
= conv(πn(S)− Rn−1

+ × {0} × RN−n+ )
N

� >DJH�mJLtqp�pqkvE?B�sUJ}EnB Rn−1 × {0} × RN−n N
πn(S) CHB{F
îUE?t�C4F.tqEUx"pql?B�sUJLE?B Rn−1

+ × {0} × RN−n+
snkvEUx�p��ì�GË�=�k}FD�?çHBACrsnCI>A@�x"l?>{>ACHEUx"C�JLBDBAl?>{Cr�Gl?C7�

πn(E) ⊂ conv(ext(πn(E)))− Rn−1
+ × {0} × RN−n+

N
Æ J}>
~ N u N Ù � tqpæ��tqCHEGF πn(E) ⊂ conv(πn(extE))− RN+

N
extE ⊂ S s�kmEUx extE ⊂ RN+ =?l?tqB conv(extE) ⊂ RN+ =?l?tqB πn(conv(extE)) ⊂ conv(extE)− R+en

N
πn(E) ⊂ conv(extE)− RN+

N

~ �



� Crx"C�x"t�tqp
sn@Hx"kml?pqC extE ∪
N⋃

n=1

(E ∩H+
n ) ⊂ conv(extE)− RN+

N
� E!=�CHlnF�x4kmEUx"pql?>AC7� E ∩ RN+ ⊂ conv(extE)− RN+

Â tqp�BAl�ÁwF.y�JLt�E¢FDCHEKJLEGF�sæ�ìlnFDtqpqt�BACH>.~ N u N_�nN

co3�T�3)¢@¢ÈRQ8ÈT�� £ ; � ; � ¾ ;=<1�?>N���Q�
S1

�U�
S2

HJ��
J�^[7�?FU�@>N���/b��6>N���àH]�
RN A

` ���)���i� E1 = E(S1)
�U� E2 = E(S2) Aç ���?F��Xc E1 = E2 ⇐⇒ extE1 = extE2 A

ÕrT�������� �
tqy7y7@Hsnt�JWFDC�JH�¢C�x�pqC�FD�?@Hkv>Aç"y7CI=?>A@�x"@HsnCHEGF N
) ����¢GÀ��+�S ¡¤�T�3�¤�T?89w]5\wS ¡�¬�±¤�3)¢z¥+*S��T������òg4�-,ª5\3):±�"¸×�y: ¤�3�¢z¥�:�¦�§¨�

�.kvl?B.JLp�pqkvE?B�BAkm>(FDtq>,pq@HímçH>{CHy7CHEGF
snl�x�J}sn>AC�snCHB�=�kvp¤Ë�E?èmywCHB.É�=?pql?BDtqCHl?>{B,�vJ}>AtëJLz?pqCHB NnÁ J�E?@�x4CHBDBAt¤FD@Is�C
x"C4FAFDCIC4ÔoFDCHE?BAtqkmE*J}=?=KJL>×JLt¤FD>×J»x"p�JLtq>ACHy7C"EGF.p�kv>AB.snCIpëJ»=?>{CHln�¢Crsnl�~G£«snl�FD�?@Hkv>AçHywCrÅ N

`vwlx�:y8z5�893): £ ; � ; � �1;
` ���)���i�

R[X1, ..., XN ]gén =




∑

α∈RN+

aαXα | (aα)α∈RN+
TU�?K­>@�G���f[�FE���\O�
Q�¼�6
��G���­H]�¼F�C��U�_�



 A

� E!@"FACHEUs�J}pqkv>AB.snCry2J}E?tqçH>ACI@4��t�snCHEGFDCIp�C"B.E?k}F�JWFDtqkmE?B P+ Â E(P )
Â
ext(P ) C4F P ∗ N

� E*J�FDkvlnF�sæ�ÃJ}z�kv>Ds�p�C"B.=?>{km=?>{t�@4FDCHB.BAtqy7=?pqCHB.BAl?t¤�vJ}E¢FDCHB��

^/��§a§¨� £ ; � ; � ¿ ;=<1��>@�
P ∈ R[X1, ..., XN ]gén Aç ���?F��Xc

��u E(P )− RN+ = E(P ) g�iu
ext(P ) ⊂ supp(P ) gDiu E(P ) = E(P ) ∩ RN+ − RN+ A

ÕrT�������� �
kvE!=�kmBAC S = supp(P )

N
Jm£,s�@�x"kml?pqC�snCr~ N u N ~ Â
z�£«sn@�x"kvl?pqC�snCr~ N u Nk¶�Â
x[£«sn@�x"kvl?pqC�snCr~ N u N��?N

� Cr�¢l?t�BAl?t¤F.BACrsn@�snl?t¤F�CHB{F
p�J�BDtqy7=?pqC�FD>DJvsnlUx4FAtqkmE�snCr~ N u N Ù ¶�N

~¢¡



ÕrT�3�¤�3� �895�893): £ ; � ; �%' ;,<1��>N���Q�
P,Q ∈ R[X1, ..., XN ]gén Aç ���?F��Xc

ext(P ) = ext(Q) ⇐⇒ E(P ) = E(Q) A
� J}=?=�CHpqkvE?B.CHEnîUE!p�J�=?>Akv=?>Atq@"FD@I@"��t�snCHEGFACrBAl?t¤�mJLEGFAC2�

^/��§a§¨� £ ; � ; �1� ;=<1��>@�
P ∈ R+[X1, ..., XN ]gén Aç ���?F��Xc

P ∗(x) � P (x) (x ∈ JN ) A

Ü�#tÜ . ª�ª!1H�H+«�I���"��� ��¦ 1"��� � � ��� +,1"���
�
�0/�+-�I�§�"��� ���.�º� ����·�� �.�º´
1"� +«�r� ª���	����"�
��� ���
� +-	����H�
�����!+-�
� ��� ªY��1�µ¶��·�� �
� ��� ª!1H¦7�
�
�"�
¦�	§�¸����	§�"��³!1"�
�

g4365�R75�893): £ ; £ ; � ; ` �����?�i�
L =]1,+∞[ A

`vwlx�:y8z5�893): £ ; £ ; � ; ` �aH]CYb��6>@�
LN : R∗N+ → RN

[6��F
LN(x1, ..., xN) = (lnx1, ..., lnxN) A

` �aH]C@bI�6>@�
EXP : RN → R∗N+

[6��F
EXP (x1, ..., xN) = (expx1, ..., expxN) A

LN
�U�
EXP

�\�?�Q��H]���
C∞

H?>ëæ$C���KV�?F�[Qél>z��KV���nF�C�D�>k[�FE��O�
Q��� A
g4365�R75�893): £ ; £ ; £ ;

MN (R)
HJC���>×è��)�à��B �~� èlM���FE�­HJ���¼KL���YF�>ND����àD��?F�F�C����XH+B �?FEH?F��

N
svD����1� D�>N���Q�@�nFEC��R�_� A

`vwlx�:y8z5�893): £ ; £ ; ° ;=<��?>@�
A ∈MN(R) A

` �aH]C@bI�6>@�
ωA : R∗N+ → R∗N+

�?>G����>dc
ωA = EXP ◦ A ◦ LN A ωA �����fH]����D

C∞ A
` ��FE��KL�?F�O�
6�­O�
6�¼��>

A
�����/>G�6}~��F���>N�U��� g �����?F��

ωA
�����/
��

C∞
H?>ëæ$C���KV�?F�[Qél>z��KV�­HJ�

R∗N+

��
�F
R∗N+ A

^/��§a§¨� £ ; £ ; ³ ;,<��?>@�
A = (aij)1≤i,j≤N ∈MN(R) Aç ���?F��Xc

∀(x1, ..., xN) ∈ R∗N+ ωA(x1, ..., xN) =

(
N∏

j=1

x
aij
j

)

1≤i≤N

ÕrT�������� �
ωA(x1, ..., xN) = EXP (A(lnxi)1≤i≤N ) = EXP



(

N∑

j=1

aij ln xj

)

1≤i≤N


 =

(
N∏

j=1

x
aij
j

)

1≤i≤N

N

^/��§a§¨� £ ; £ ; ¯ ;,<��?>@�
ω


S���­�E[][��k>NDE���Y>N�?�«H]�
R∗N+

H]�?�7�^�k
�>IK���KV� A
` ����
�[][6���\�XO�
"B >Y�����~>9���i�

A ∈MN(R)
�i�R�G���XO�
Q�

ω = ωA A
~ �



ç ���?F��Xc
��u
A

�����"
��7>NO�
Q� g �?���)���i��FE�
ω̃

�Z�L�YFE�?�7��[7���\C��XH]�
A g�iu{[6�?
SF

x ∈ R∗N+

�U�
α ∈ RN �?�«�vc

ω(x)α = xω̃α A
ÕrT�������� �
Jm£«C"BAF.x"p�JLtq> N
z�£ � E�E?kvFAC A = (aij)1≤i,j≤N

C"F ω̃ = (bij)1≤i,j≤N
NoÆ JL>«sn@"î?E?tqFAt�kvE¶kmE�J2� ∀i, j ∈ {1, ..., N} bij = aji

N
� kvt¤F x = (x1, ..., xN) ∈ R∗N+

NKÆ J}>
~ N ~ N ¡ ω(x) =

(
N∏

j=1

x
aij
j

)

1≤i≤N

N

� E!CHE�sn@Hsnl?tqF ω(x)α =
N∏

i=1

(
N∏

j=1

x
aij
j

)αi

=
N∏

j=1

x
∑N
i=1 aijαi

j =
N∏

i=1

x
∑N
j=1 bijαj

i = xω̃α
N

Á CHB
>ACHy�JL>D�Gl?C"B.�Gl?t�BAl?t¤�¢CHEGF
BDkvEGF.x"pëJ}tq>ACHB N

eL��§ùRKT�À���� £ ; £ ; ¾ ;=<1�?>G�
A ∈MN (R) Aç ���?F��Xc

ωA(]0,+∞[N) ⊂]0,+∞[N A
eL��§ùRKT�À���� £ ; £ ;z�1;=<1�?>G�

A ∈MN (R)
s|D����2�±D�>N���6�@�d[6����>@�Y> TE� Aç ���?F��Xc

ωA(JN) ⊂ JN A
eL��§ùRKT�À���� £ ; £ ; ¿ ;=<1�?>G�

A ∈MN (R)
>G�7}~��F���>N�R���X�U�fs|D����2�±D�>N���6�@�d[6����>@�Y> TE� Aç ���?F��Xc

ωA(LN) ⊂ LN A
eL��§ùRKT�À���� £ ; £ ; ��' ;=<1�?>N���Q�

A,B ∈MN(R) Aç ���?F��Xc
ωA ◦ ωB = ωAB A

g4365�R75�893): £ ; £ ; �Q� ; ` ���������
ΩN = {ωA | A ∈MN(R)

�����">9�6}~��F���>N�R�Z�­�U�fs|D����2�±D�>N���Q�@�àH]�?�7�
R+} A

ΩN
�����/���i�J�R���f[7�?FXD��?K$[7����>@�Y>P�?� A

eL��§ùRKT�À���� £ ; £ ; ��� ;
ω ∈ ΩN

��B >GK,[��k>NO�
6�f[6���
ω−1 ∈ ΩN A

^/��§a§¨� £ ; £ ; �S£ ;=<1��>N���Q�
P ∈ R[X1, ..., XN ]gén

�U�
ω ∈ ΩN Aç ���?F��Xc

��u
supp(P ◦ ω) = {ω̃α | α ∈ supp(P )} ó�iu­��>
supp(P )

�����"�i���i������KV���Q�f�?FEH]�?�7��C­�����?F��
supp(P ◦ ω)

��B �������?
S����> óDiu^��>
supp(P )

[6���E�\M�H]�,
��X[��k
l�fè�FE�?��HªCR�ZC�KV���6�"c
α g �~���?F��

supp(P ◦ω)
[7�����\M�H]�¼�?
l����>+
��X[��k
S��è�FE�?��H

CR�ZC�KV���6�fc
ω̃α A

~ ¶



ÕrT�������� �
Jm£«@Hx">At¤�¢kvE?B P =

∑

α∈S
aαXα k~Ñ S = supp(P )

N

(P ◦ ω)(x) =
∑

α∈S
aαxω̃α ú α 7→ ω̃α @"F�JLEGF.tqEvåÄC�x�FDt¤�¢CrkvE*J»pqCI>A@HBAl?p¤F�JWF N

z�£-C"F�x[£«sn@�x"kvl?p�CHE¢FhsnC�Jm£ N
� J}E?B
p�J�y7 Hy7CÐ�¢CHtqE?CIE?kml?B�J��mkmE?B
pqCIpqCHy7y7CIBAl?t¤�mJLEGF��

^/��§a§¨� £ ; £ ; �]° ;=<1��>N���Q�
P ∈ R[X1, ..., XN ]gén

�U�
ω ∈ ΩN Aç ���?F��Xc

(P ◦ ω)+ = P+ ◦ ω A
ÕrT�������� �
kvE!E?k}FDC P (x) =

∑

α

aαxα
Nn� p�kv>ABr� (P ◦ ω)(x) =

∑

α

aαxω̃α
N

α 7→ ω̃α CHBAF
tqEvåÄC�x4FAtq�mC�snkvEUx (P ◦ ω)+(x) =
∑

α

|aα|xω̃α
N

(P+ ◦ ω)(x) =
∑

α

|aα|ω(x)α =
∑

α

|aα|xω̃α
Â sæ�Qk~Ñ�pqCI>A@"BDlnpqF×JLF N

^/��§a§¨� £ ; £ ; � ³ ;=<1��>@�
P ∈ R[X1, ..., XN ]gén g γ ∈ supp(P )

�U�
ω ∈ ΩN Aç ���?F��Xc

ω̃γ ∈ ext(P ◦ ω)⇒ γ ∈ ext(P ) A
ÕrT�������� �
JH�¢C�x�pëJ�E?kvF×JLFAt�kvE S = supp(P ) kmE*J supp(P ◦ ω) = {ω̃α | α ∈ S} N� E!CHE�sn@Hsnl?tqF��Gl?C E(P ◦ ω) = conv

{
ω̃α− β | α ∈ S, β ∈ RN+

} N
ω̃ CHB{F É�x"kGCUÁ�x"tqCHEGFAB
=�kmBAt¤FDtqÇÈB s�kmEUx�� ω̃ ({α− β | α ∈ S, β ∈ RN+}) ⊂ {ω̃α− β | α ∈ S, β ∈ RN+} Nsæ�ìkJÑ conv (ω̃ ({α− β | α ∈ S, β ∈ RN+})) ⊂ conv

{
ω̃α− β | α ∈ S, β ∈ RN+

} Â
pëJ»pqtqE?@[JL>At¤FDC�snC ω̃ snkvE?E?C�J}pqkm>{B�� ω̃(E(P )) ⊂ E(P ◦ ω)

N
� E*J»snCI=?pql?B��Gl?C7�
Ì ω̃(E(P )) CHB{F.lnE*x4kmEG�mC4ÔnC�J}lU�¢l?CHp JL=?=KJ}>(FDtqCHEGF ω̃γ ÂÌ ω̃γ CHB{F
l?E�=�kvtqEGF.C4Ô�FD>{@Hy�JLp�snC E(P ◦ ω)

Â
� E!CHE�sn@Hsnl?tqF��Gl?C ω̃γ CHB{F
l?E�=�kvtqEGF.C4Ô�FD>{@Hy�JLp
snC ω̃(E(P ))

N
ω̃ @"F×J}EGF
l?Ert�BAkvy7km>{=?�?tqBDywC3p�tqE?@[JLt�>{C Â γ CHB{F�snkvEUxêl?E�=�kvtqEGF C4Ô�FD>{@Hy�JLpGsnC E(P ) ú�xv�QCHB{F§É�sntq>AC γ ∈ ext(P )

N
�.kvl?B�BACH>AkvE?BÐJ}ywCHE?@HBÐÉwlnFAt�pqtqBDCH>.l?E*pqCHy7ywC Â sntqFhsnC�x"p�JLBABAtqîKxHJLFDtqkvEYsnCHB�ywkmE?èvy7CHB Â snlòÉ � >{t�BABÐ�ðB(Ì

BAkvlKJ}z?>{t � x4Ç�ÚÃu � Û £ N?Á �QC4ÔUJLy7CHE�snCIpëJ»=?>{CHln�¢CI=�CH>AywC"F�sæ�ìCHE�snkmE?E?C">.pëJ��mCH>ABAtqkmE��Glnt�BAl?tqF N

ÕrT�3�¤�3� �895�893): £ ; £ ; �S¯ ;,<1��>N���Q�
α1, ...,αp ∈ RN A

∀i ∈ {1, ..., p} ���aH]C@bI�6>@�
gi : L

N → RN
[6��F

gi(y) = yαi Aç ���?F��¼>Y�����~>z���i�
ω1, ..., ωq ∈ ΩN

�U�/
��«���?F�CU�k>N���
Nneg ⊂ LN

H]�^KL����
�FE�­H]�{���\������è�
Q�¼�7
7�G�Z�à���R�_�XO�
Q�­c
~ �



>_uV�����
ωj(L

N)
�\�?�Q��H]��
J�hsvH]��
~�4H?>z�3�\�?>9�Q�@� g

>9>ku
LN = Nneg ∪

q⋃

j=1

ωj(L
N) g

>9>G>ku ∀i ∈ {1, ..., p}, ∀j ∈ {1, ..., q},∃βij ∈ RN+ �U�
εij ∈ {−1, 1} �i�U�_�XO�
6�­c

∀x ∈ LN gi(ωj(x)) = xεij βij
qt�?
��YFE��KV���6�fH?>@��c

ω̃jαi = εijβij) .

eL��§ùRKT�À���� £ ; £ ; � ¾ ; � � ����KXKV�L[6��F�KV�U� g [6�?F��i�?�Q�LH+B 
����­TU�?K­>@�G���­b��6>N�aO�
6�R��D��?�)O�
Q�«H]��KV�?�)ê?KV���
(xα)α∈A

�?W
A ⊂ R g H]�X�\�­FE�?KV���)��FV��
&D����L�?W|[6�?
SFª�i�?
��

α
�����LD����?FEH]�?�)C����LHJ�

α
�\�?�6�{HJ�ªK���KV�

��>�è���� A� �à����K­KV�f[7��
����?
S����>¬�6B ����[�F�>GKL��FX��� ����F�KL�­HJ�­D��?K,[6�?F���>9�\�?�«H]�^KL�?��ê�KV��� g DQB �����d��B �]�3�\�U�fH]�o���n[�FE���
[6����>@�Y>N���aO�
S>���
�>G� A
ÕrT�3�¤�3� �895�893): £ ; £ ; � �1;,<1��>N���Q�

P1, ..., PT ∈ R[X1, ..., XN ]gén Aç ���?F��¼>Y�����~>z���i�
ω1, ..., ωq ∈ ΩN

�U�/
��«���?F�CU�k>N���
Nneg ⊂ LN

H]�^KL����
�FE�­H]�{���\������è�
Q�¼�7
7�G�Z�à���R�_�XO�
Q�­c
>_uV�����

ωj(L
N)

�\�?�Q��H]��
J�hsvH]��
~�4H?>z�3�\�?>9�Q�@� g
>9>ku
LN = Nneg ∪

q⋃

j=1

ωj(L
N) g

>9>G>ku ∀j ∈ {1, ..., q} ∀t ∈ {1, ..., T} supp(Pt ◦ ωj)
�����
�i�?�i�~����KL���Q���?FEH]�?�6��C A

ÕrT�������� �
=�kvl?> t ∈ {1, ..., T} kvE�=�kvBAC St = supp(Pt)

N
� kvtqCHEGF α1, ...,αp ∈ RN FDCHpqB��¢l?C {αi |1 ≤ i ≤ p} = {α−α′ |∃t α,α′ ∈ St}

N
� E¶JL=?=?pqt��Gl?C�pqC.pqCHy7y7C�s�Chx4p�JLBABDt¤îKx�JWFDtqkvE¶snCHB�y7kmE?èvy7CHB«JLl�Ô αi Â x"C��Gl?tUE?kvl?B-Ç�kml?>{E?t¤F«snCHB ω1, ..., ωq ∈
ΩN

C"F
l?E!z�km>{@Hp�tqCHE Nneg ⊂ LN snCIy7CHBAl?>ACIsnC Á CHz�C"BDívl?CIEol?p�pqC N� kvtqCHEGF j ∈ {1, ..., q} C"F t ∈ {1, ..., T} NÆ kml?> α,α′ ∈ St tqp�C4ÔntqB{FDC i ∈ {1, ..., p} FACHp
�¢l?C αi = α−α′ únt�p¾��tqCHEGFhJLp�kv>ABr�
ω̃jα− ω̃jα′ = ω̃jαi = εijβij

Â
βij ∈ RN+ snkvEUx ω̃jα C"F ω̃jα′ BAkvEGF.x"kmyw=KJ}>DJ}z?pqCHB N

�.kvl?B7JLp�pqkvE?B»tqp�pql?B{FD>{CH>»~ N ~ N Ù � =UJ}>»snCHl�ÔOC4Ô�CHy7=?pqCHB»CHEásntqy7CHE?BAtqkmE¼u N ÅKJ}tqBAkvE?B�FDkvlnFwsæ��JLz�kv>DsOl?E?C
>{CHy�JL>D�Gl?CI�Gl?tæ�vJ»E?kvl?B
 "FD>{CIlnFDtqp�CI=�kmln>.x"CHB.C�ÔnCHy7=?pqCHB��

eL��§ùRKT�À���� £ ; £ ; � ¿ ;=<1�?>N���Q�
α, β ∈ N∗ AìEu ` �«D��?�7��>NH]M�FE�

ω : L2 → L2 H]CYbI�6>P�f[6��F
ω(u, v) = (uβ, uαv) Aç ���?F��

ω(L2) = {(x, y) ∈ L2 | xα < yβ} AðRu ` �«D��?�7��>NH]M�FE�
ω : L2 → L2 H]CYbI�6>P�f[6��F

ω(u, v) = (uβv, uα) Aç ���?F��
ω(L2) = {(x, y) ∈ L2 | xα > yβ} A

b=º���§«¤¬¢9� £ ; £ ; �%' ; ` �L[�F�����H
P (x, y) = x+ y2 A

~ �



� E*J»=KJLB.pqCrx×�?kvt Ôù�?kmE�x"kvy7=KJL>AC x C"F y2 N� kvt¤F ω1
sn@"îUE?t�=KJL> ω1(u, v) = (u2, uv)

N
ω1(L2) = {(x, y) ∈ L2 | x < y2} N
(P ◦ ω1)(x, y) = P (x2, xy) = x2 + x2y2 snkmEUx supp(P ◦ ω1) CHB{F.znt�CHE�FDk}F�JLp�CHywCHEGF.kv>DsnkvE?E?@ N� kvt¤F ω2

sn@"îUE?t�=KJL> ω2(u, v) = (u2v, u)
N

ω2(L2) = {(x, y) ∈ L2 | x > y2} N
(P ◦ ω2)(x, y) = P (x2y, x) = x2y + x2 snkvEUx supp(P ◦ ω1) CHB{F
z?tqCHE!FDk}F�JLpqCHy7CHEGF
km>AsnkmE?E?@ N
ω1(L2) C"F ω2(L2) BAkvEGF.snt�B�åÄkvtqEGFDB N�ïpæC4ÔntqBAFAC N s�CIy7CHBAl?>ACrsnC Á CHz�CHBAívl?CrEol?pqpqCIFDC"p�pqCr�Gl?C L2 = ω1(L2) ∪ ω2(L2) ∪N N

b=º���§«¤¬¢9� £ ; £ ; �1� ; ` �L[�F�����H
P (x, y) = x3 + x2y + y2 AÆ kvl?>.x"kvy7y7C"EUx"CH>
kvE!=�CHlnF Â =KJL>
C4ÔnC"y7=?pqC Â x"kvy7=KJL>ACH>
pqCHB.snCHl�Ô�=?>ACHy7tqCH>{B.y7kvE?èvy7CHBr�

x3 < x2y ⇐⇒ x < y
N

� kvt¤F ω1
sn@"îUE?t�=KJL> ω1(u, v) = (u, uv)

N
� E!=�kvBAC P1 = P ◦ ω1

N
� E*J P1(x, y) = P (x, xy) = x3 + x3y + x2y2 N� kvt¤F ω2

sn@"îUE?t�=KJL> ω2(u, v) = (uv, u)
N

� E!=�kvBAC P2 = P ◦ ω2

N
P2(x, y) = P (xy, x) = x3y3 + x3y2 + x2 N
ω1(L2) C"F ω2(L2) BAkvEGF.snt�B�åÄkvtqEGFDB N�ïpæC4ÔntqBAFAC N s�CIy7CHBAl?>ACrsnC Á CHz�CHBAívl?CrEol?pqpqCIFDC"p�pqCr�Gl?C L2 = ω1(L2) ∪ ω2(L2) ∪N N
supp(P2) CHB{F�FDk}F�JLp�CHywCHEGF.kv>DsnkvE?E?@rsnkmEUx�kvE!E?CIFAkmlUxD�?CI=?p�l?B�É P2

N
� E�x"kvEGFAt�EolnC�É�FD>×JH�vJLt�pqpqCH>.BAl?> P1

�
x3 C"F x3y BAkmE¢F�x"kvy7=KJ}>DJ}z?pqCHB.snkmEUx�tqp�E��ìË�É»>{t�CHE*É�ÇøJ}tq>{C N� E�x"kvy7=KJL>ACrsnkvEUx x3 É x2y2 kml x3y É x2y2 NÁ CI=?pql?B.BAtqy7=?pqCICHB{F�snCrx"kvy7=KJL>ACH> x3y É x2y2 x�JL>r�
x3y < x2y2 ⇐⇒ x < y

N
� E��vJws�kmEUxrÉ»Enkmln�mC[J}l!lnFDtqpqt�BACH> ω1

C"F ω2
N

(P1 ◦ ω1)(x, y) = P1(x, xy) = x3 + x4y + x4y2 snkvEUx supp(P1 ◦ ω1) CHB{F
FDk}F�JLpqCHy7CHEGF
km>AsnkmE?E?@ N
(P1 ◦ ω2)(x, y) = P1(xy, x) = x3y3 + x4y3 + x4y2 s�kmEUx supp(P1 ◦ ω2) CHB{F
FDk}F�JLpqCHy7CHEGF
km>AsnkmE?En@ N

L2 = ω1(L2) ∪ ω2(L2) ∪N
= ω1

[
ω1(L2) ∪ ω2(L2) ∪N

]
∪ ω2(L2) ∪N

= (ω1 ◦ ω1)(L2) ∪ (ω1 ◦ ω2)(L2) ∪ ω1(N) ∪ ω2(L2) ∪N

(ω1 ◦ ω1)(L2)
Â
(ω1 ◦ ω2)(L2) C"F ω2(L2) BAkvEGF�s�CHl�Ô�ÉwsnCHl�Ô!sntqB�åÄkvt�EGFAB N

ω1(N) ∪N CHB{F.snCrywCHBAl?>ACrsnC Á CHz�CHBAívl?CrEol?pqpqC N
Á CI>A@HBAl?p¤F�JWF��Gl?tæBDl?t¤F.E?kvl?B
BDCH>DJ�FA>AçHB
lnFAt�pqCI=KJ}>�p�J»BAl?t¤FDC N

^/��§a§¨� £ ; £ ; �Q� ;=<1��>N���Q�
P ∈ R[X1, ..., XN ]gén

�U�
α ∈ ext(P ) Aç ���?F��¼>Y�����~>z���i�

ω ∈ ΩN
�i�U��O�
6�­c

� |



��u
supp(P ◦ ω)

�\�?>@�"�i���i�~�Z��KV���6�f�?FEH]�?�6��C g�iu
ω̃α

�\��>@�d���f[)�k
S�,è�F�����HvCU��C�KV���Q�fH]�
supp(P ◦ ω) A

ÕrT�������� �
kvE!E?k}FDC S = supp(P )

N
� E*JL=?=?pqtë�¢l?C�~ N ~ N Ù � É P Â x"Cr�Gl?tæÇÈkvl?>AE?t¤F Nneg

s�Cry7C"BDl?>{CIEol?pqpqCrC"F ω1, ..., ωq ∈ ΩN

N
α CHB{Frl?E®=�kmtqEGFrC4Ô�FD>{@Hy�JLp3snl®=�kvpqËmç�sn>AC E(P ) snkvEUxwtqp3C�Ônt�B{FAC7l?E?C7Ç�km>AywC7pqtqE?@[JLt�>{C l : RN → R FDC"p�pqC
�¢l?C7� ∀β ∈ E(P ) \ {α}, l(α) > l(β)

∃a1, ..., aN ∈ R FACHp�B.�Gl?C ∀(γ1, ..., γN) ∈ RN l(γ1, ..., γN) =
N∑

n=1

anγn
N

� kvt¤F n ∈ {1, ..., N} N ∀u ∈ R+, −uen ∈ E(P ) snkmEUx ∀u ∈ R+, l(α) ≥ −uan ú�kvE CHEásn@�snl?t¤F
an ≥ 0

N
∀β ∈ S \ {α}

N∑

n=1

anαn >
N∑

n=1

anβn
N

Æ l?t�BD�GlnC S CHB{F�îUE?t Â t�pæC4ÔntqBAFAC ε > 0 FDCHp
�GlnC ∀β ∈ S \ {α}
N∑

n=1

(an + ε)αn >
N∑

n=1

(an + ε)βn
N

∀n ∈ {1, ..., N} kvE!=�kmBAC bn = an + ε > 0
N

� E*J»snkmE?x ∀β ∈ S \ {α}, ∀y > 1 y
∑N
n=1 bnαn > y

∑N
n=1 bnβn

Â x4C��Glnt�B��Q@�x4>At¤FhJ}lnBDBAt3�
(
yb1 , ..., ybN

)α
>
(
yb1 , ..., ybN

)β
.

� kvt¤F U =
{
y ∈ LN | ∀β ∈ S \ {α} yα > yβ

} N
U CHB{F.snkmEUx�l?E!kmln�mCH>{F
E?kmE���t�snCrsnC LN N� E!CHE�sn@Hsnl?tqF��Gl��ìt�pæC4ÔntqB{FDC j ∈ {1, ..., q} C4F y0 ∈ LN FDCHpqB��GlnC y0 ∈ ωj(LN ) ∩ U N� kvt¤F x0 ∈ LN FACHp
�Gl?C y0 = ωj(x0)

N
� kvt¤F β ∈ S \ {α} N xω̃jα0 > x

ω̃jβ
0

Â
ω̃jα

C"F ω̃jβ @"F�JLEGF�x4kmy7=KJL>×JLz?pqCHB Â t�p¾��tqCHEGF ω̃jα ≥ ω̃jβ
N

ω̃jα
CHB{F�snkvEUxIpqCI=?pql?B.ív>×JLEUs�@Hp�@"y7CHEGF�snC supp(P ◦ ωj) N
� �vJ}E¢F�snCI=?>Akvln�¢CH>
~ N Ù N ~wE?kvl?B�J��mkmE?B
z�CHBAkvt�E�snCr=n>A@Hpqt�ywt�EKJLtq>ACHB N

^/��§a§¨� £ ; £ ; �6£ ;=<1��>@�
P ∈ R[X1, ...XN ] A

` ����
�[][6���\�XO�
Q�
P

�6B C�D�F�>@�fc
P (X) = aXα +

∑

β<α

aβx
β ��W

a > 0 A
ç ���?F��Xc�>@�����~>9���i�

M ∈ [1,+∞[
�i�R�+O�
Q�Xc

P (x) � xα (x ∈ [M,+∞[N) A
ÕIT����1�)� �� E�înÔ�C M ≥ 1

N
∀x ∈ [M,+∞[N

Â kvE*J�� P (x) ≥ axα −
∑

β<α

|aβ|xβ ≥ axα −
∑

β<α

|aβ|xαxβ−α
Â

� kvEUx ∀x ∈ [M,+∞[N P (x) ≥ axα −
∑

β<α

|aβ|xαM−1 ≥
(
a−

∑
β<α |aβ|
M

)
xα

N

� Ù



� E�xD�?kmtqBAtqF M ≥ 1 FDCHp��Gl?C7� a−
∑
β<α |aβ|
M

> 0
N

Æ J}>.JLt�pqpqCHl?>AB ∀x ∈ JN kvE*J
(
a+

∑

β≤α
|aβ|

)
xα ≥ P (x)

N
�ïp¾��tqCHEGF�snkvEUx P (x) � xα (x ∈ [M,+∞[N)

N

^/��§a§¨� £ ; £ ; ��° ;=<1��>@�
f : JN → R

DE�?�Q�Y>G�7
Q� A
` ����
�[][6���\�XO�
Q�Xc
LN = Nneg ∪

q⋃

j=1

ωj(L
N)

��W
ω1, ..., ωq ∈ ΩN

�U�f�?W
Nneg ⊂ LN

�����"
S�a���?FECR�k>P���aHJ�^KV����
�FE�^�6
7�9��� g
∀j ∈ {1, ..., q} (f ◦ ωj)(x) −−−−−→

|x|→+∞
x∈JN

0 A
ç ���?F��Xc

f(x) −−−−−→
|x|→+∞
x∈JN

0

ÕrT�������� �
?
� kvtqF j ∈ {1, ..., q} NK� E!�mCHlnF.ywkmEGFA>ACH>
�Gl?C f(y) −−−−−−→

|y|→+∞
y∈ωj(JN )

0
N

� kvt¤F ε > 0
N ∃A > 0 FACHp
�GlnC2� x ∈ JN |x| ≥ A⇒ |(f ◦ ωj)(x)| ≤ ε

ωj(B(0, A) ∩ JN ) CHB{F�x"kvy7=KJvx�F�snkvEUxItqp�C4Ô�t�B{FAC R > 0 FACHp
�Gl?C ωj(B(0, A) ∩ JN ) ⊂ B(0, R)
N

� E��mkmt¤F��Gl?C7� x ∈ JN |ωj(x)| ≥ R + 1⇒ |x| ≥ A
N

� kvt¤F y ∈ ωj(JN) FDCHp��Gl?C |y| ≥ R + 1
N?� pqkv>AB ∃x ∈ JN FACHp
�¢l?C y = ωj(x)

N
�.@Hx"CHBAB�JLtq>ACHy7C"EGF |x| ≥ A

Â snkvEUx |(f ◦ ωj)(x)| ≤ ε, xv�ìCHBAF�É»snt�>{C |f(y)| ≤ ε
N

� E*J�z?tqCHE�=?>{kmln�m@ f(y) −−−−−−→
|y|→+∞

y∈ωj(JN )

0
N

? f CHBAF.x"kmE¢FDtqEol?CIBDln> JN C"F q⋃

j=1

ωj(J
N ) CHB{F�snCHE?BACrsUJ}EnB JN Â sæ�Qk~Ñ!pqCr>{@HBAl?pqF×JLF N

�.kvl?B.=�kvln�¢kvE?B.y2J}tqEGFDC"EKJ}EGF
ÇøJLt�>{CrpëJ��
¤�T������������ £ ; � ; £ �Ù £ � JLB.k~Ñ supp(P ) C"F supp(Q) kvEGF.l?E!=?pql?B.ív>×JLEUs�@Hpq@Hy7CHEGF
P B��Q@�x">{t¤Fw� P (X) = aXα +

∑

β<α

aβX
β kJÑ a 6= 0

N � l?tqF{FDCwÉ�x×�KJLE?ívCH> P CHE −P Â kvEY=�CHlnFÐBDl?=?=�kvBACH>
a > 0

N
Q(X) = bXγ +

∑

δ<γ

aδX
δ JH�¢C�x�z54.| N

� E��vJ»ywkmE¢FD>ACH>
�Gl?C ∀n ∈ {1, ..., N} αn ≤ γn − 1
Â C"F.kvE*J}l?>DJ�FACH>Ay7tqE?@ NÒ >Dõvx4C�Éw~ N ~ N u}~ M ≥ 1 FDCHp��Gl?C P (x) � xα (x ∈ [M,+∞[N) C"F��GlnC Q(x) � xγ (x ∈ [M,+∞[N)

N
P

Q
(x) −−−−−−−→

|x|→+∞
x∈[M,+∞[N

0 snkmEUx xα

xγ
−−−−−−−→
|x|→+∞

x∈[M,+∞[N

0 snkvEUx ∀ 1 ≤ n ≤ N αn ≤ γn − 1
N

� u



um£ � JLB.ív@HE?@H>DJ}p
kvE*J}=n=?p�t��Gl?C�~ N ~ N Ù � É P C"F Q Â x4C��¢l?t�ÇÈkvl?>{E?tqF ω1, ..., ωq ∈ ΩN

C"F Nneg
snCIy7CHBAl?>ACIEol?pqpqC N

?
� kvtqF j ∈ {1, ..., q} N

P

Q
(ωj(x)) −−−−−→

|x|→+∞
x∈JN

0
Â J}lnFA>ACHywCHEGF�snt¤F P ◦ ωj

Q ◦ ωj
(x) −−−−−→

|x|→+∞
x∈JN

0
N

supp(P ◦ ωj) C"F supp(Q ◦ ωj) kmEGF
l?E!=?p�lnB.ív>×JLEUs�@Hp�@"y7CHEGF�snkvEUxw�
(P ◦ ωj)+

(Q ◦ ωj)+
(x) −−−−−→

|x|→+∞
x∈JN

0
Â ív>×õ}x"C�Éw~ N ~ N Ù � tqpæ��tqCHEGF P+ ◦ ωj

Q+ ◦ ωj
(x) −−−−−→

|x|→+∞
x∈JN

0
Â

xv�ìCHB{FhÉ»sntq>AC P+

Q+
(ωj(x)) −−−−−→

|x|→+∞
x∈JN

0
N

?
� C�x4t�CHB{F
�vJ}pëJLz?p�C ∀j ∈ {1, ..., q} snkvEUx � ív>×õ}x"C�JLl!pqCHy7y7CI=?>{@�x"@�snCHE¢F4£ P+

Q+
(x) −−−−−→

|x|→+∞
x∈JN

0
N

Ü�#iô Ó®� +,14��� �������
�¨ªó��1×µ¶��·�� �
�¨����� ����¯��
����	��
�
� J}=?=�CHpqkvE?Bhp�J7sn@"îUE?t¤FDtqkvEYsnC�pëJ7E?kvEòsn@Hív@HE?@H>ACHBDx"CHEUx4C�C4Fh=?>A@�x4t�BAkvE?BÐx"C��¢l?C�p��ìkmE*CHE¢FDCHEUs�=KJL>hsn@Hív@4Ì

E?@">ACHBDx"CHEUx"C7�

`vwlx�:y8z5�893): £ ; ° ; � ;=<��?>@�
P ∈ R[X1, ..., XN ] \ {0} A<6>

P
}�C�F�> bd�

P (x) � P+(x) (x ∈ JN)
�����?F��X�?�«H?>@�fO�
Q�

P
�����"�)�?�aHJC�èlC���C�FEC Aò
�V[7�?F��Y>ND�
7�_>N��Fn��>

P ∈ R+[X1, ...XN ] \ {0} g �����?F��
P

�����"�)�?�aHJC�èlC���C�FEC A<6>
P

�����d�i�R�yO�
Q� ∀x ∈ JN P (x) > 0
�U�
���o}~C�F�>ëb
�=[6���

P (x) � P+(x) (x ∈ JN )
�~���?F��­�?� H?>@�	O�
Q�

P
������H]C�èlC���C�F�C A

^/��§a§¨� £ ; ° ; � ;,<��?>@�
P ∈ R[X1, ..., XN ] A��u­<1�?>G�

α ∈ NN A ç ���?F��Xc
∂αP

�����fD��?�����i�?�Q�/���?���6
7� ⇐⇒ α
�����/
��«CR��C�KL���Q�"KL�R�~>9KV�~�Iq�[6��
�Fo��B �?F�H�F��iu|H]�

suppP A�iu­<Q>
P 6= 0

�~����F��n>Y������>9���i�
α ∈ supp(P )

�i�U��O�
Q�
∂αP

�\�?>@�fD����7���i�?�6�"�)�?���6
�� A
ÕrT�������� �
@�x4>At¤�¢kvE?B P =

∑

β∈S
aβX

β k~Ñ S = supp(P )
Nn� pqkm>{B ∂αP =

∑

β∈S
β≥α

aβ
β!

(β −α)!
Xβ−α N

Jm£
=⇒
∂αP CHB{F�x"kvE?B{F�JLEGF.E?kvE!Eol?p
snkvEUx α ∈ S N
∂αP CHB{F�x"kvE?B{F�JLEGF.C"F β 7→ β −α CHB{F.tqEvåÄC�x4FAtq�mC�snkvEUxw� ∀β ∈ S, β ≥ α⇒ β −α = 0

N
� �Qk~Ñ α CHB{F.l?E!@"p�@HywCHEGF.y�J[Ôntqy�J}p � =�kvl?>
p��Qkv>Dsn>{CW£,snC S N

� ~



⇐=x"pëJLt�> N
z�£«sn@�x"kvl?pqC�snC�J¢£,J}l���l�snCIpëJ»ÇÈkv>Ay�l?pqCrsnkmE?EKJLEGF ∂αP N
ÕrT������������ £ ; � ; ¯ �
=⇒@�x4>At¤�¢kvE?B P =

∑

β∈S
aβX

β k~Ñ S = supp(P )
NK� E�înÔnC α ∈ NN N

∂αP =
∑

β∈S
β≥α

aβ
β!

(β −α)!
Xβ−α snkvEUx ∀x ∈ JN |∂αP (x)| ≤

∑

β∈S
β≥α

|aβ|
β!

(β −α)!
xβ−α

N

P CHB{F.E?kvE�sn@Hím@HEn@H>A@�snkvEUx P (x) � P+(x) (x ∈ JN )
Â sæ�Qk~Ñ ∂αP

P
(x)� |∂

αP (x)|
P+(x)

(x ∈ JN )
N

∀x ∈ JN |∂
αP (x)|
P+(x)

≤
∑

β∈S
β≥α

|aβ|
β!

(β −α)!

xβ−α

P+(x)

Â km>3=�kml?> β ∈ S Â ∀x ∈ JN P+(x) ≥ |aβ|xβ
Â sæ�ìkJÑ*�

∀x ∈ JN |∂
αP (x)|
P+(x)

≤
∑

β∈S
β≥α

|aβ|
β!

(β −α)!

xβ−α

|aβ|xβ
=



∑

β∈S
β≥α

β!

(β −α)!


x−α

N

�ïpæCHB{F.y�JLtqEGFDCHEKJLEGF.ÇüJvx"tqpqC�snCrx"kmE?x"p�l?>{C N
⇐=
? BAkmt¤F α ∈ ext(P )

N
Ò >Dõvx4C�É�~ N u N_� kmEOB×JLtqF»�¢l?C α CHB{F�l?EO@Hpq@Hy7CHE¢F�y�J[Ônt�y2J}p-snC E(P ) ú
CHEO=KJ}>(FDt�x"l?pqt�CH> α CHB{F»s�kmEUx2l?E
@Hpq@Hy7C"EGFry�J[Ôntqy�JLp3snC supp(P ) úæsnlùpqCHy7y7Cw=n>A@�x"@�snC"EGFrkmE®sn@�snl?t¤F��Gl?C ∂αP C"BAFrx"kvE?B{F�J}E¢FrE?kvE®EGl?p NÁ �ì�GË�=�k}FD�?çHBAC�J}=?=?pqt��Gl?@HC�É α B��Q@�x">{tqF.snkmEUx xα � P (x) (x ∈ JN )

N
?
� Crx"C��¢l?t�=?>{@�x"ç�snC Â kvE�sn@�snl?t¤Fh�¢l?C P ∗(x)� P (x) (x ∈ JN )

Â x"Cr�Gl?t�BAl�ÁwFhÉ»x"kmEUx4p�l?>{C N
�.kvl?B�JLpqp�kvE?B�y�J}tqEGFACHEKJLEGF
=?>{kmln�mCH>�pqCÐFD�?@Hkv>Aç"y7CIÅ NUÆ kmln>�pëJ»x"kvy7y7kosnt¤FD@Isnl�pqC�x4FACHl?>�E?kvl?B
CHE�>DJ}=oÌ

=�CHpqkvE?B.p��Q@HE?kvEUx"@2�

_à¹+wl3�T�á�§¨���{;=<1�?>N���6�
P,Q ∈ R[X1, ..., XN ]gén

���?�«H]C�èlC���C�FEC�� Aç ���?F��Xc
ìEu
P (x)� Q(x) (x ∈ JN ) ⇐⇒ E(P ) ⊂ E(Q) gðRu
P (x) � Q(x) (x ∈ JN ) ⇐⇒ ext(P ) = ext(Q) gä�u P
Q

(x) −−−−−→
|x|→+∞
x∈JN

0 ⇐⇒ E(P ) ⊂ int(E(Q)) A

ÕrT������������ ��6 �
? x�JLB.k~Ñ P,Q ∈ R+[X1, ..., XN ]gén \ {0}

N
=⇒� kvt¤F α ∈ ext(P )

N
�J�



Á C�pqCHy7y7C�=?>{@�x"@�snCHEGF,snkvE?E?C�� ∃ ω1 ∈ ΩN
FDCHp��Gl?C ω̃1α

BAkvtqF«pqCh=?pql?B-ím>DJ}EUs2@Hp�@"y7CHEGF,snC supp(P ◦ω1)
N

� Eó>{@HlnFDtqpqt�BAC»p�C»pqCHy7y7C»=?>{@�x"@�snCHE¢F2�9tqpðC4ÔntqB{FDC ω2 ∈ ΩN
FACHpê�¢l?C supp(Q ◦ ω1 ◦ ω2) BDkvt¤F�FDk}F�JLp�C"y7CHEGFkv>DsnkvE?E?@ NU� E�EnkvFAC ω̃2ω̃1β

pqCÐ=?pql?B�ív>×JLEUs¶@Hpq@Hy7CHEGF�snC supp(Q ◦ ω1 ◦ ω2) k~Ñ β ∈ suppQ NnÆ JL>�~ N ~ N Ù ¡ Â
β ∈ extQ N� E�x"kvE?B{F�JWFDCr�Gl?C7�
supp(P ◦ ω1 ◦ ω2) J}sny7C"F ω̃2ω̃1α

x"kvy7y7C�=?p�l?B
ím>DJ}E?s!@Hpq@Hy7CHE¢F Â � sn@�x"kvl?p�CrsnCr~ N ~ N Ù ~7x�£A£ Â
supp(Q ◦ ω1 ◦ ω2) J}sny7C"F ω̃2ω̃1β

x"kvy7y7CI=?pql?B
ív>×JLEUs!@Hpq@Hy7C"EGF Â
sæ�ìkJÑ®�
(P ◦ ω1 ◦ ω2)(x) � xω̃2ω̃1α (x ∈ JN ) C"F (Q ◦ ω1 ◦ ω2)(x) � xω̃2ω̃1β (x ∈ JN )

Â
y2J}tqB (P ◦ ω1 ◦ ω2)(x) � (Q ◦ ω1 ◦ ω2)(x) (x ∈ JN )

Â
snkvEUx xω̃2ω̃1α � xω̃2ω̃1β (x ∈ JN )

Â =?lnt�B ω̃2ω̃1α = ω̃2ω̃1β
C"F�îUEKJLp�CHywCHEGF α = β �Gl?tIsnkvE?E?C

α ∈ ext(Q)
N

� E*J�y7kvEGFD>{@ ext(P ) ⊂ ext(Q)
N

Æ J}>�B{Ë�y7@"FA>AtqC Â tqpæ�ot�CHE¢F ext(P ) = ext(Q)
N

⇐=
ext(P ) = ext(Q)⇒ P ∗ = Q∗ ⇒ P ∗(x) � Q∗(x) (x ∈ JN )⇒ P (x) � Q(x) (x ∈ JN )

N
? x�JLB.ív@HE?@H>DJ}p
P (x) � Q(x) (x ∈ JN ) ⇐⇒ P+(x) � Q+(x) (x ∈ JN ) ⇐⇒ ext(P+) = ext(Q+)

N
ext(P ) = ext(P+) C4F ext(Q) = ext(Q+) snkvEUx�kmE*J»pqCI>A@HBAl?p¤F�JWF N
ÕrT������������ ��6 �
tqp�BAl�ÁwF�snCIÇøJLtq>ACIp�J�=?>ACHln�mCrsUJ}E?B
pqC�xHJ}B
kJÑ P,Q ∈ R+[X1, ...XN ]gén \ {0}

N
� CHy�JL>D�¢l?kmE?B�FDkvlnF.sæ��JLz�km>As��¢l?C Â =?l?tqB×�¢l?C P,Q ∈ R+[X1, ...XN ]gén

Â
supp(P ) ⊂ supp(P +Q)C"F.snkvEUx E(P ) ⊂ E(P +Q)

N�� E!y7kvEGFA>ACrsnCIyw Hy7Cr�Gl?C E(Q) ⊂ E(P +Q)
N

=⇒� E!BAl?=?=�kvBAC��Gl?C P (x)� Q(x) (x ∈ JN )
N

� E*J Q(x)� (P +Q)(x)� Q(x) (x ∈ JN )
Â J}lnFA>ACHy7C"EGF�snt¤F (P +Q)(x) � Q(x) (x ∈ JN )

N
Ò >Dõvx4C�J}l*u¢£ Â kvE!CHE�sn@�snl?t¤F E(P +Q) = E(Q)

N
� CIpëJ»>ACHy2J}>A�Gl?CI=?>{@Hp�tqy7tqEKJLt�>{Crtqp
sn@�x"kvl?pqC E(P ) ⊂ E(Q)

N
⇐=� E!BAl?=?=�kvBAC��Gl?C E(P ) ⊂ E(Q)

N
P,Q ∈ R+[X1, ...XN ]gén

snkvEUx supp(P +Q) = supp(P ) ∪ supp(Q)
N

supp(P ) ⊂ E(P ) ⊂ E(Q) C"F supp(Q) ⊂ E(Q) snkvEUx supp(P +Q) ⊂ E(Q)
N

supp(P +Q)− RN+ ⊂ E(Q)− RN+
Â sæ�Qk~Ñ Â ív>×õ}x"C�Éw~ N u N Ù � E(P +Q) ⊂ E(Q)

N
E(Q) ⊂ E(P +Q) sæ�Qk~Ñ E(P +Q) = E(Q) =?l?tqB Â =KJL>
pqC�um£ (P +Q)(x) � Q(x) (x ∈ JN ) útqp�C4Ô�t�B{FDCrs�kmEUx c > 0 FACHp��Gl?C ∀x ∈ JN (P +Q)(x) ≤ cQ(x)

N
�ïp¾��tqCHEGFhJLp�kv>AB ∀x ∈ JN P (x) ≤ (c− 1)Q(x)

N
ÕrT������������ £+6 �
tqp�BAl�ÁwF�snCIÇøJLtq>ACIp�J�=?>ACHln�mCrsUJ}E?B
pqC�xHJ}B
kJÑ P,Q ∈ R+[X1, ..., XN ]gén \ {0}

N
=⇒� E!BAl?=?=�kvBAC P

Q
(x) −−−−−→

|x|→+∞
x∈JN

0
N

� ¡



� pqkv>AB Q(x) −−−−−→
|x|→+∞
x∈JN

+∞ C"F�snkvEUx Q sn@H=�CHEUs!C4ñ¾C�x�FDt¤�¢CHy7CHE¢F�snC�FDkvlnFDCHB
pqCHB
�vJL>AtëJ}z?pqCHB N

?
� kvtqF α ∈ supp(P )

Â kvE��¢CHlnF
y7kmE¢FD>ACH>
�GlnC α ∈ int(E(Q))
N

� kvt¤F F l?E?CIÇøJvx4C�snC E(Q)
NK� E!E?kvFAC H p��Q�¢Ë�=�CH>A=?pëJLEòJ?Á7E?CICHE?ívCHEUsn>A@I=KJ}> F N� E��vJ»ywkmE¢FD>ACH>
�Gl?C α /∈ H C"F.�Gl?C α C"F E(Q) BAkvEGF�snl!y7 "y7Crx"è}FD@rsnC H N

Æ l?t�BD�GlnC Q s�@H=�CHEUs!C"ñ9C�x4FAtq�mCHy7CHEGF.snCIFAkmlnFACHB
p�CHB��vJ}>{t�JLz?pqCHB Â H EnCr=KJLBABACr=KJLB
=KJ}>�p��ìkm>{t�ívtqE?C N
H J}sny7C"F.snkmEUx�l?E?CI@��GlKJWFDtqkvE*snl�F%Ë�=�C l(β) = 1 k~Ñ l : RN → R CHB{F
l?E?CIÇÈkm>{y7CIpqt�E?@�J}tq>AC N
� E!E?k}FDC l(β1, ..., βN) =

∑

i∈I

βi
ai

k~Ñ ∅ ( I ⊂ {1, ..., N} C"F
kJÑ ∀i ∈ I ai 6= 0
N

� kvt¤F i ∈ I N ∀u ≥ 0 − uei
C"F 0 BAkvEGF�s?J}E?B E(Q) C"F.BAkvEGF�snkvEUxIsnl!y7 Hy7CIx"è}FD@rsnC H Â JLlnFA>ACHy7CHE¢F�snt¤F

l(0)− 1 C4F l(−uen)− 1 BAkvEGF�snl!y7 HywCIBAt�ívE?C NK� �Qk~Ñ ∀u ≥ 0 l(−uei)− 1 ≤ 0
Â =nl?t�B ai ≥ 0

N
� E��vJ»ywkmE¢FD>ACH>
�Gl?C l(α)− 1 < 0

Â BAkvtqF.C"EUx"km>{C ∑
i∈I

αi
ai
< 1

Â x"Cr�Gl?t�=�CH>{y7C"F.snC�x4kmEUx"pql?>AC N
� E!=�CHlnF.BAl?=?=�kvBACH> Â B×JLE?B.>{CHB{FD>AC"t�EUsn>{CIp�J�ím@HE?@">×JLp�t¤FD@�s�l!=?>Akvz?p�çHywC Â �Gl?C7�
I = {1, ..., n} k~Ñ n ∈ {1, ..., N} N
� kvt¤F E =

{
β ∈ RN |

n∑

i=1

βi
ai
≤ 1

} Â J}pqkv>AB E(Q) ⊂ E
N

� E�sn@"î?E?tqF R ∈ R[X1, ..., Xn]gén
=UJ}>r� R(X1, ..., Xn) = Q(X1, ..., Xn, 1, ..., 1)

N
� kvt¤F π : RN → Rn pëJ»=?>Akvå%C�x4FDtqkmE��Gl?t É (β1, ..., βN) JLBABDkox"tqC (β1, ..., βn)

N
π(H) JvsnywC"F

n∑

i=1

βi
ai

= 1 =�kvl?>
@��GlUJLFDtqkvE N
supp(R) = π(supp(Q)) snkvEUx E(R) = π(E(Q))

N E(Q) ⊂ E snkvEUx π(E(Q)) ⊂ π(E)
N

Æ J}>.JLt�pqpqCHl?>AB Â x"p�JLtq>ACHy7C"EGF Â π(E) =

{
(β1, ..., βn) ∈ Rn |

n∑

i=1

βi
ai
≤ 1

} N

� E�sn@"î?E?tqF T ∈ R[X1, ..., Xn]gén
=KJ}> T (x1, ..., xn) =

n∑

i=1

xaii
N

� CHy�JL>D�¢l?kmE?B.�Gl?CIyw Hy7CIpqkv>ABD�Gl?C P,Q ∈ R[X1, ..., XN ]
Â
T CHBAF�É»=?>{t�kv>At�sUJ}E?B R[X1, ..., XN ]gén

N
� �QCHB{F
=�kml?>.x"C4FAFDCI>DJ}tqBAkmE��Gl?CIp��QkvE*J��vJLtqF
t�E¢FD>Akosnl?t¤F R[X1, ..., XN ]gén

N
� E*J E(T ) ∩ Rn+ =

{
(β1, ..., βn) ∈ Rn+ |

n∑

i=1

βi
ai
≤ 1

} N
� Cr�Gl?t�=?>{@�x"ç�snCIy7kvEGFD>{C E(R) ∩ Rn+ ⊂ E(T ) ∩ Rn+

Â ím>×õ}x"C�Éw~ N u N Ù � kvE!CHE�sn@�snl?t¤F E(R) ⊂ E(T )
N

Á C Ù £«=�CH>{y7C"FhJLpqkm>{B�sæ��J�Á7>Ay7CH>
�Gl?C R(x1, ..., xn)� T (x1, ..., xn) ((x1, ..., xn) ∈ Jn)
N

P ∈ R+[X1, ..., XN ]gén
Â P (x)

Q(x)
−−−−−→
|x|→+∞
x∈JN

0 C"F α ∈ supp(P ) snkmE?x xα

Q(x)
−−−−−→
|x|→+∞
x∈JN

0 ú9CHEó=KJL>{FAtëx"l?pqtqCH>
kvE*J�� ∏n

i=1 x
αi
i

R(x1, ..., xn)
−−−−−−−−−−→
|(x1,...,xn)|→+∞

x1,...,xn≥1

0, xv�QCHB{F�Éwsntq>AC
∏n

i=1 x
αi
i∑n

i=1 xi
ai
−−−−−−−−−−→
|(x1,...,xn)|→+∞

x1,...,xn≥1

0

Æ kml?> x ≥ 1 ∀1 ≤ i ≤ n kvE¶=�kmBAC xi = x
1
ai
Â tqp���tqCHEGF ∏n

i=1 x
αi
ai

nx
−−−−→
x→+∞

0 C"F�s�kmEUx
n∑

i=1

αi
ai
< 1

Â x"CÐ�¢l?C

� �



E?kvl?B��¢kvl?p�tqkvE?B�sn@Hy7kvEGFA>ACH> N
?
� kvt�CHE¢F α ∈ supp(P ) C"F β ∈ RN+ N

α− β ∈ int(E(Q))− β = int(E(Q)− β) ⊂ int(E(Q))
N

� kvEUx supp(P )− RN+ ⊂ int(E(Q))
Â
int(E(Q)) @4F�JLEGF�x"kvEG�¢C4Ô�C Â tqpæ��tqCHEGF E(P ) ⊂ int(E(Q))

N
⇐=� E!BAl?=?=�kvBAC��Gl?C E(P ) ⊂ int(E(Q))

N
supp(P ) CHB{F
îUE?tæC"F.tqEUx"pql?B�sUJLE?B int(E(Q)) snkvEUx�t�pæC4ÔntqBAFAC ε > 0 FACHp
�GlnC7�

∀α ∈ supp(P ) α+ ε1 ∈ E(Q)

tqp�CHE�sn@Hx"kml?pqC E(Pxε1) ⊂ E(Q)
Â p�C Ù £,snkvE?E?C�J}pqkm>{B P (x)xε1 � Q(x) (x ∈ JN )

Â
sæ�ìkJÑ P

Q
(x) −−−−−→

|x|→+∞
x∈JN

0
N

^/��§a§¨� £ ; ° ; £ ;,<��?>N���Q�
P ∈ R[X1, ..., XN ]gén

�U�
ω ∈ ΩN Aç ���?F��Xc

P
���?�«H]C�èlC��)C�F�C ⇒ P ◦ ω ���?�«H]C�èlC��)C�F�C A

ÕrT�������� �
P (x) � P+(x) (x ∈ JN ) snkvEUx P (ω(x)) � P+(ω(x)) (x ∈ JN )

N
(P ◦ ω)(x) � (P+ ◦ ω)(x) (x ∈ JN ) snkvEUx Â ím>Dõvx"C�É»~ N ~ N Ù � Â (P ◦ ω)(x) � (P ◦ ω)+(x) (x ∈ JN )

N
� Cr�¢l?t�BAl?t¤F.E?kmlnB.BACH>×J�lnFDtqpqCr=�kvl?>.sn@Hy7kvEGFD>{CH>.~ N Ù N Ù |

^/��§a§¨� £ ; ° ; ° ;,<��?>N���Q�
P

�U�
Q ∈ R[X1, ..., XN ]gén A

` ����
�[][6���\�XO�
Q� ∀x ∈ JN P (x) > 0
�U�fO�
6�

P
�����fH]CNèlC���C�FEC g KV��>9�XO�
6�

Q
�)�à��B ������[6��� Aç ���?F��

PQ
������H]C�èlC���C�F�C A

ÕrT�������� �
kvE*J}=n=?p�t��Gl?C�~ N ~ N Ù � JLl�Ô�=�kvpqËoE?èmy7C"B P,Q x"Cr�Gl?tæÇÈkvl?>AE?t¤F ω1, ..., ωq ∈ ΩN

N
� l?=n=�kmBAkvE?B��Gl?C R = PQ BAkvtqF.EnkmE�sn@Hív@HE?@H>A@ N
?
� kvtqF 1 ≤ j ≤ q

N
� kvtqCHEGF α C"F β p�CHB
=?pql?B.ív>×JLEUs�@Hpq@Hy7CHEGFAB.>ACHBA=�C�x4FAtqÇÈB�snC supp(P ◦ ωj) C"F supp(Q ◦ ωj) N
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ím>DJ}EUs�@Hpq@HywCHEGF�snC supp(P ◦ ωj) snkvEUxw�
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ωj(J
N ) CHB{F
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∀x ∈ JN P (x) > 0 g
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αP
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(x) −−−−−→
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x∈JN

0 A
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ÕrT�������� �� kvt¤F S = supp(P )
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∑

α∈S
aαXα N

�.k}FDkvE?B dn = degXnP
Â kvE*J7JLp�kv>AB dn ≥ 1

N
� E!=?>{CHEUs α ∈ S FDCHp��Gl?C αn = dn

C"F |α| = max{|β| | β ∈ S, βn = dn}
N

� kvt¤F β ∈ S \ {α} N� t βn < dn
J}pqkv>AB ∂α(Xβ) = 0

N
� t βn = dn

J}pqkv>AB |β| ≤ |α| C"F β 6= α snkmE?x ∃i ∈ {1, ..., N} FDCHp��Gl?C βi < αi
Â sæ�Qk~Ñ ∂α(Xβ) = 0

N
� E�sn@�s�l?tqF�snCrx"C�x"t
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N
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� C ∂αP

P
(x) −−−−−→
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0 kmE�sn@�s�l?tqF.pqCr>{@HBAl?pqF×JLF��¢kvl?p�l N
ÕrT������������ £ ; � ;z� �
Jm£ � kmt¤F α ∈ NN \ {0} N
∂αP
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(x)� (∂αP )+

P+
(x) (x ∈ JN )

Â y�JLtqB (∂αP )+

P+
=
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∂P
∂xn
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∏
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∀x ∈ JN
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∏

i6=n xi
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P (x1, ..., 1, ..., xN)
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P (x1, ..., 1, ..., xN)

� E*J»snkmE?x7� ∀x ∈ JN
∂P
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(x) ≤ xn
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∂P
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(x1, ..., 1, ..., xN)
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∀x ∈ JN
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∂P
∂xn

P
(x)
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≤ (Cx−1
n )dxd−1

n

∂P
∂xn

P
(x1, ..., 1, ..., xN) = Cdx−1

n

∂P
∂xn

P
(x1, ..., 1, ..., xN)
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P ∈ R+[X1, ..., XN ] snkmE?xI=�kvl?> β ∈ NN kmE*J�� βn ≥ 1⇒ ∂βP (x)� ∂P

∂xn
(x) (x ∈ JN )

N
� Crx"Crx"C�x"t Â kvE*sn@�s�l?tqF��GlnC7� P CHB{F
�GË�=�kGCHp�pqtq=nFDt��Gl?C ⇐⇒ ∀n ∈ {1, ..., N}

∂P
∂xn

P
(x) −−−−−→

|x|→+∞
x∈JN

0
N

� E!E?k}FDC S = supp(P ) C"F P (X) =
∑

α∈S
aαXα N

� kvt¤F n ∈ {1, ..., N} NUÁ CIpqCHy7y7C�=?>A@�x"@�s�CHEGF.E?kml?B.snt¤F��
∂P
∂xn

P
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|x|→+∞
x∈JN

0 ⇐⇒
∂P
∂xn
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(x1, ..., 1, ..., xN) −−−−−−−−−−−−−→

|(x1,...,x̂n,...,xN )|→+∞
x1,...,x̂n,...,xN≥1

0

∂P

∂xn
(x) =

∑

α∈S
αn≥1

aααnxn
αn−1

∏

i∈{1,...,N}
i6=n

xi
αi snkvEUx ∂P

∂xn
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(x1, ..., 1, ..., xN) =

∑

α∈S
αn≥1

aααn

∏
i6=n xi

αi

P (x1, ..., 1, ..., xN)

N

∀α ∈ S aα > 0 snkvEUx7�
∂P
∂xn

P
(x) −−−−−→

|x|→+∞
x∈JN

0 BAt�C"F
BACHl?pqCHy7CHEGF.BAt ∀α ∈ S, αn ≥ 1⇒
∏

i6=n xi
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P (x1, ..., 1, ..., xN)
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|(x1,...,x̂n,...,xN )|→+∞

x1,...,x̂n,...,xN≥1

0.
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∏

i6=n xi
αi

P (x1, ..., 1, ..., xN)
−−−−−−−−−−−−−→
|(x1,...,x̂n,...,xN )|→+∞

x1,...,x̂n,...,xN≥1

0 ⇐⇒ (α1, ..., α̂n, ..., αN) ∈ int(E(P (X1, ..., 1, ..., XN))).
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(x) E?C,FACHEUsnC�=KJLBê�mCH>AB 0 �GlKJLEUs |x| −−−→

x∈JN
+∞ N

Á J7ÇÈkv>Ay�l?pqC�snC Á CHtqz?E?tqþ»sntqFÐ�Gl?C ∂α(PQ) = (∂αP )Q +
∑
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+
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eL��§ùRKT�À���� £ ; ¯ ; � ;=<Q>
P ∈ R[X1, ..., XN ]

}~C�F�>ëbd�7���
	 �~���?F��¼>@��}~C�F�>ëbd�
H0S A

Á J»>{@�x"t�=n>Ak��¢l?CrCHB{F.ÇüJ}l?BABAC7�
b=º���§«¤¬¢9� £ ; ¯ ; � ;98	�E[][6�R�����7�àO�
Q�

Pex = (X − Y )2X +X
}~C�F�>ëbd�

H0S A
∀x ≥ 1

∂P
∂y

P
(x, x+ 1) = −1

�U�fH]����D
P

���¼}~C�F�> bd�f[6���7�
��	 A
^/��§a§¨� £ ; ¯ ; £ ;,<6>

P ∈ R[X1, ..., XN ]
}~C�F�>ëb
�

H0S
�~����F��

P (x)� 1 (x ∈ JN ) A
ÕrT�������� �
BAt P CHB{F�x"kvE?B{F�JLEGF Â xv�QC"BAF.x"p�JLtq> N� E!BAl?=?=�kvBAC P EnkmE�x"kvE?BAF×J}E¢F úntqp�C4ÔntqB{FDC�J}pqkv>AB n FDCHp��Gl?C P sn@H=�C"EUsnCrC"ñ9C�x4FDt¤�¢CHywCHEGF�snC Xn

N
~ N ¡ N Ù ÇÈkvl?>AE?t¤F α ∈ NN FDCHp��Gl?C αn ≥ 1 C"F ∂αP BAkvtqF�x4kmE?B{F�JLEGF.C"F
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Y

Á JO>ACH=?>{@HBACHEGF�JWFDtqkvE tqEGFD@Hív>×JLp�CósnC Z � x"Ç�x×�KJL=?tqFA>ACYBDl?t¤�vJ}E¢F4£2E?kvl?B!x"kvEUsnl?tqF�Éý�¢kvl?pqkmtq>�=?>Akvp�kvE?ívCH>
�?kvpqkmy7kv>A=n�?të�¢l?CHy7CHEGF«x"C">{F�JLtqE?CHB-tqEGFD@Hív>×JLpqCHB NGÁ C.E?kWËGJ}l�s�Chx4CHB-tqEGFA@Hím>DJ}pqCHB-ÇüJ}t¤F-tqEGFACH>{�¢C"E?t�>�snCHB�ÇÈkvEUx4FDtqkmE?B
x"kvy7=?pqC4ÔnCHBÐsæ�ìl?E?C��vJ}>{tëJ}z?pqC�>A@HCHpqp�C�BAC�BDt¤FDlUJ}EGF�FDkvlnFDCHBÐs?J}E?Bhl?EnC»x4p�JLBABDC�EKJLFAl?>ACHpqpqC B N¾� C"FAFDC�x"pëJ}BABAC�ÇøJLtqFp��QkvznåÄC"F3s�C,E?kvFA>AC«=?>ACHy7tqçH>{C,=KJL>{FDtqC Nv� JLE?BðpëJÐsnC"l�Ônt�ç"y7C,=KJ}>(FDtqC,E?kvl?Bêsn@"îUE?tqBABDkvE?Bðp�C"BêtqEGFA@Hím>DJ}pqCHB Y Nv� JLE?BpëJ2FA>Akvt�BAtqçHy7C�=KJ}>(FDtqC»E?kvl?B�sn@Hy7kvEGFD>{kmE?B��Gl?C�BAkml?BÐp��Q�GË�=�k}FD�?ç"BDCwÊ � ÅöpqCHB�tqEGFD@Hív>×JLpqCHB Y BDC�=?>Akvp�kvE?ívCHEGF
�?kvpqkmy7kv>A=n�?të�¢l?CHy7CHEGFÐÉ CT NKÁ JwE?@�x4@HBDBAt¤FD@�snCrp��Q�GË�=�k}FD�nçHBDC�Ê � ÅÞC"BAFhx"kvEnîU>{y7@HC�=KJL>.p�CrÇøJLtqFh�Gl?Cr=�kvl?>
Pex

pqC7=?>Akvp�kvE?ívCHy7CHEGF�snC Y E��QCHB{Fr=KJ}BrÇÈkv>Dx"@"y7CHEGF��nkmpqkmywkm>{=?�?C N�� C"F�C4ÔnCHyw=?p�C7ÇüJ}t¤F�p��QkvznåÄC"F�snC7E?k}FD>{C
�¢lKJLFA>AtqçHy7CI=KJL>{FDtqC N

ô�# Ê Ó®� +,14��� ��� B
`vwlx�:y8z5�893): ° ; � ; � ;=ef�?
�F

r ∈ R �?�L[6���\�Xc
B(r) = {f : [r,+∞[→ C | ∃(fn)n∈N fn : [r,+∞[→ C C∞

�E�?F��)C��¼}~C�F�> bd�?�Q�
f0 = f

�U�
∀n ∈ N f ′n+1 = fn} A
B(r)

�����fDR�Z�?>GFE��KV���Q�"
��÷�\�?
l�X����[6�JD��^}���DU�i�?F�>N�R�+H]�
C[r,+∞[ A

^/��§a§¨� ° ; � ; � ;,<��?>N���Q�
r ∈ R ���

f ∈ B(r) Aç ���?F��Xc
ìEuª>Y�����~>9���i�¼
����¼
��6>NO�
Q�¼��
S>@�i�

(fn)n∈N
�?W
fn ∈ C[r,+∞[ �i�U�G���­O�
6�­c

? ∀n ∈ N fn
�����

C∞
���?F���C��

? f0 = f
? ∀n ∈ N f ′n+1 = fnðRu ∀n ∈ N fn ∈ B(r) A

ÕrT�������� �Ù £«BAkvtqCHEGF (fn)n∈N
C4F (gn)n∈N

x"kvEG�¢CHEUJ}EGF NM kvEGFD>{kmE?B
=KJL>
>A@�x4l?>A>AC"EUx"CrBAl?> n ≥ 0 �Gl?C fn = gn
N

� �QCHB{F.x"p�JLtq>.=�kvl?> n = 0
N

� tæp��QkvEòJ fn = gn
Â JLpqkm>{B��

¡ �



f ′′n+2 = f ′n+1 = fn = gn = g′n+1 = g′′n+2

N
f ′′n+2 = g′′n+2

snkvEUx fn+2 − gn+2
CHB{FÐl?E?C�Ç�kmEUx4FAt�kvEùJ�Á2E?C�BDl?> [r,+∞[

Â kv>hCHp�pqC�CHB{FÐz�kv>AE?@HC Â snkvEUx�CHpqp�C
CHB{F.x"kmEnBAF×J}E¢FDC Â snkvEUx�B�J»sn@H>At¤�¢@"CrCHB{F
Eol?pqp�C Â xv�ìCHB{FhÉwsntq>{C fn+1 − gn+1 = 0

Â sæ�Qk~Ñ fn+1 = gn+1

N
um£,x}�?CHB{F�x"pëJ}tq> N
Á C�pqCHy7y7C�BAl?t¤�vJ}E¢FÐE?C�BACH>DJ2=KJLBÐlnFAt�pqtqBA@�=KJL>hp�J2BAl?t¤FDC Â y�JLt�Bh>A@"=�kmEUsóÉ7l?E?C��Gl?CHB{FDtqkvEYEKJWFDl?>{CHp�pqC�BAl?>hpëJ
x"pëJLBABDC B(r)

N

^/��§a§¨� ° ; � ; £ ;,<��?>N���Q�
r ∈ R ���

f : [r,+∞[→ C Aç ���?F��n�\�?�Q��C�O�
S>G}~�~�����Q�@�Xc
>_u
f ∈ B(r) g>9>ku ∀n ∈ N ∃g : [r,+∞[→ C C∞

���?F���C��^�i�R�G���XO�
Q�
g(n) = f A

ÕrT�������� �
t�£ ⇒ tqtÈ£
tqp�BAl�ÁwF�snCI>ACHy2J}>A�Gl?CH>
�Gl?C f (n)

n = f
N

tqt�£ ⇒ t�£
=�kvl?>�FDkvlnF n ∈ N kvE�x×�?kvt�BAt¤F gn : [r,+∞[→ C C∞ z�kv>AE?@HC�FDCHpqp�Cr�Gl?C g(n)

n = f
N

(g′n+1)(n) = f = g
(n)
n

s�kmEUx ∃Pn ∈ C[X] snCrsnCHív>A@�J}l!=?pql?B n− 1 FACHp
�GlnC g′n+1 − gn = Pn
N

� E�EnkvFDC hn = <(gn) C4F Rn
p�Cr=�kvpqËoE?èmy7C�snC R[X] snkmEGF.pqCHBhx"kGCUÁ�x4t�CHE¢FDB�BAkmE¢F�pqCHB.=KJ}>(FDtqCHB�>{@HCHpqp�CHB�snCx"C"l�Ô�s�C Pn N �ïpæ�ot�CHE¢F h′n+1 − hn = Rn

N
� l?=n=�kmBAkvE?B Rn

E?kvE�x"kmE?B{F×J}EGF N� tæBAkmE�x"kGCUÁ�x"tqCHEGF�snkvy7tqEKJ}E¢F.CHBAF
B{FD>At�x4FACHy7CHEGF
=�kmBAt¤FDtqÇ Â JLp�kv>AB Rn(x) −−−−→
x→+∞

+∞ snkvEUx
h′n+1(x) −−−−→

x→+∞
+∞ =?l?tqB hn+1(x) −−−−→

x→+∞
+∞ Â x"C��¢l?t�CHB{F�J}z?BAl?>Ds�Cr=?l?tqBD�Gl?C hn+1

CHB{F.z�kv>AE?@HC N
� E!y7kvEGFA>ACIsnCryw Hy7Cr�GlnCIp�Crx"kGCUÁ�x"tqCHEGF�snkmywt�EKJLEGF�s�C Rn

E?CI=�CHlnF. "FD>{CIB{FD>{tëx4FACHy7CHEGF
E?@Hí¢JLFAt�Ç N� E*J�l?E?Crx"kmE¢FD>×J}snt�x4FDtqkmE Â snkvEUx Rn
CHB{F�x4kmE?B{F�JLEGF N

�ðE�>DJ}tqBAkmE?EUJ}EGF�snCIy�J}E?tqçH>{CrBAtqy7t�pëJLt�>{CrBAl?>
pqCHB.=KJL>{FDtqCHB.tqy�JLímtqEKJLtq>ACHB.kmE!y7kvEGFD>{Cr�Gl?C =(g′n+1 − gn) CHB{Fx"kvE?B{F�JLEGFDC N� E�x"kvEUx"pqlnF�snCrx"Cr�Gl?t�=n>A@�x"ç�snCr�Gl?C g′n+1 − gn CHB{F.l?E?CIÇÈkvEUx4FDtqkvE*x"kvE?B{F�JLEGFDC NÆ kml?>,FDkvlnF n kmE!=�kvBDC fn = g′n+1

N
� pqkv>ABr�
? fn

CHB{F C∞ z�kv>AE?@HC Â
? f0 = g′1 = f

Â
? f ′n+1 − fn = g′′n+2 − g′n+1 = (g′n+2 − gn+1)′ = 0

N
� E!CHE�x"kvEUx"pqlnF��Gl?C f ∈ B(r)

N
� kvE?E?kmE?B�s�CHl�ÔòC4Ô�CHy7=?pqCHB�snC�ÇüJ}ywt�pqpqCHB�snC�Ç�kmEUx4FAtqkmE?BIJL=?=KJ}>(FDCHEKJLEGFIÉ B(r)

Â pqC�=?>{CHy7tqCH>hCHBAFhp��ìC4ÔnCHy7=?pqCé FÄËo=?të�¢l?C é Â pqCrsnCHl�Ô�t�çHywCrBACH>{�ot�>DJwsUJLE?B.pëJ»=n>ACHln�¢Crsnl�FA�?@Hkm>{çHy7C ��N

b=º���§«¤¬¢9� ° ; � ; ° ;=<1�?>G�
r ∈ R AìEu­<1�?>G�

f : [r,+∞[→ C
O�
S>��\�?>@�

C∞
�U�1[6C�F�>N��H?>PO�
Q�­H]�¼}~�~�Z��
�F¼KV��jl���6�)�^�6
7�9��� A ç �Z�?F��

f ∈ B(r) A
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ðRu­<1�?>P���Q�
α, β ∈ R �U�

a ∈ C A
` ����
�[][6���\�

β 6= 0,
α

β
/∈ Z �U� |a| 6= 1 A

ç ���?F��
f : [r,+∞[→ C

H]CYbI�7>N�f[7�?F
f(x) =

exp(iαx)

1− a exp(iβx)

������H]�?�7� B(r) A
ÕrT�������� �Ù £«pqCrsn@"�¢C"p�kv=?=�CHy7CHE¢F�CHE!BA@H>AtqCrsnCrÅUkvl?>AtqCH>.snC f snkmEnE?CrpqCr>{@HBAl?p¤F�JWF N
um£ ? x�JLB |a| < 1 �
f(x) = exp(iαx)

+∞∑

k=0

ak exp(ikβx) =
+∞∑

k=0

ak exp(i(α+ kβ)x)

� E!=�kvBAC�snkvEUx Â =�kvl?> n ∈ N Â fn(x) =
+∞∑

k=0

ak

(i(α+ kβ))n
exp(i(α+ kβ)x)

fn
CHB{F C∞ z�km>{E?@HC Â f ′n+1 = fn f0 = f úUsnkvEUx f ∈ B(r)

N
? x�JLB |a| > 1 �
f(x) =

a−1 exp(−iβx) exp(iαx)

a−1 exp(−iβx)− 1
= −a−1 exp(i(α− β)x)

1− a−1 exp(i(−β)x)
�Gl?t
CHB{FÐsUJLE?B B(r) =UJ}>.p�C�x�JLBh=?>{@4Ì

x"@HsnCHEGF N
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`vwlx�:y8z5�893): ° ; � ; � ;=<��?>N���Q�
Q,P1, ..., PT ∈ C[X1, ..., XN ]

�U�
0 ≤ N1 ≤ N A

` ����
�[][6���\�XO�
Q�Xc ∀t ∈ {1, ..., T} ∀x ∈ [−1, 1]N1 × JN−N1 Pt(x) /∈ R− A<��?>N���Q��H]��[��k
S�
f : [−1, 1]N1 → C

D��?�Q�@>G�6
Q�X�U�
fN1+1, ..., fN : [1,+∞[→ C

D����Q�Y>G�7
Q��� A
` �V[6���\�­c

Y (Q,P1, ..., PT ,fN1+1, ..., fN , f, s)

=

∫

[−1,1]N1×JN−N1

Q(x)

(
T∏

t=1

Pt(x)−st

)
f(x1, ..., xN1)

(
N∏

n=N1+1

fn(xn)

)
dx

^/��§a§¨� ° ; � ; � ;,<��?>N���Q�
Q,P1, ..., PT ∈ C[X1, ..., XN ]

�U�
0 ≤ N1 ≤ N A

` ����
�[][6���\�XO�
Q�Xc
��u ∀t ∈ {1, ..., T} �?�«�vc

? ∀x ∈ [−1, 1]N1 × JN−N1 Pt(x) /∈ R−
? |Pt(x)| � 1 (x ∈ [−1, 1]N1 × JN−N1)

�iu T∏

t=1

|Pt(x)| −−−−−−−−−−−→
|x|→+∞

x∈[−1,1]N1×JN−N1

+∞
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<��?>N���Q��H]��[��k
S�
f : [−1, 1]N1 → C

D��?�Q�@>G�6
Q�X�U�
fN1+1, ..., fN : [1,+∞[→ C

D����Q�Y>G�7
Q���X�U�����?F���C���� Aç ���?F�� ∃σ0 > 0
�i�R�+O�
Q�

s 7→ Y (Q,P1, ..., PT , fN1+1, ..., fN , f, s)
����>9���i�X�U�/�\��>@�/é7�~�Z�?KV�?F�[Qé��¼��
�F

{
s ∈ CT | ∀t ∈ [[1, T ]] σt > σ0

} A
ÕrT�������� �Ù £,xD�?kmt Ô!sæ�Ql?E ε NÒ >Dõvx4C�Éw~ N_�nN_� tqp�C4Ô�t�B{FDC ε > 0 FACHp
�Gl?Cw�
T∏

t=1

|Pt(x)| �
(

N∏

n=N1+1

xn

)ε

(x ∈ [−1, 1]N1 × JN−N1)

um£ Æ >ACHln�mCrsnCrp��ìC4ÔntqBAFACHEUx"CrsnC σ0

N
� kvt¤F σ0 ∈ R �¢l?CIp��ìkmE��vJwsn@4FDCH>Aywt�E?C">
=KJ}>�p�J�BDl?t¤FAC N� kvt¤F K x"kmy7=UJvx4F.snC CT tqEUx"pql?B�sUJ}EnB {s ∈ CT | ∀t ∈ [[1, T ]] σt > σ0}

N
?
� kvtqF t ∈ {1, ..., T} N
|Pt(x)| � 1 (x ∈ [−1, 1]N1 × JN−N1) snkvEUx ∃c > 0 FDCHp��Gl?C ∀x ∈ [−1, 1]N1 × JN−N1 |Pt(x)| ≥ c

N
∀x ∈ [−1, 1]N1 × JN−N1 c−1|Pt(x)| ≥ 1 snkvEUx7� σt > σ0 ⇒ (c−1|Pt(x)|)σt ≥ (c−1|Pt(x)|)σ0

N
� E!CHE�sn@Hsnl?tqF |Pt(x)|σt � |Pt(x)|σ0 (x ∈ [−1, 1]N1 × JN−N1 s ∈ K)

N
|Pt(x)st | = |Pt(x)|σt exp[−τt argPt(x)] s�kmEUxw�
|Pt(x)st | � |Pt(x)|σt (x ∈ [−1, 1]N1 × JN−N1 s ∈ K)

N
� Cr�Gl?t�=?>{@�x"ç�snCI=�CH>{y7C"F�snCrx"kvEUx"pql?>AC��¢l?C7� |Pt(x)−st| � |Pt(x)|−σ0

N

? �ïpæ��tqCHEGF.snkmEUxw�
T∏

t=1

Pt(x)−st �
(

T∏

t=1

|Pt(x)|
)−σ0

(x ∈ [−1, 1]N1 × JN−N1 s ∈ K)

� E!BAl?=?=�kvBAC�sn@HBAkv>Ay�JLtqB σ0 > 0
N

� pqkv>AB T∏

t=1

Pt(x)−st �
(

N∏

n=N1+1

xn

)−σ0ε

(x ∈ [−1, 1]N1 × JN−N1 s ∈ K)

� E!E?k}FDC q = max{degXn Q| N1 + 1 ≤ n ≤ N} � kmE!=�CHlnF.@"�otësnC"y7y7CHEGF
BDl?=n=�kmBACH> Q 6= 0 £ N� E*JwJ}pqkv>ABr�

Q(x)

(
T∏

t=1

Pt(x)−st

)
f(x1, ..., xN1)

N∏

n=N1+1

fn(xn)

�
(

N∏

n=N1+1

xn

)q−σ0ε

(x ∈ [−1, 1]N1 × JN−N1 s ∈ K)

� C�x"t
x"kvEUsnl?t¤FhÉ»ÇøJLtq>ACIpqC�xD�?kmt Ô�BDlntq�vJLEGF�� σ0 =
q + 2

ε
> 0

N
Á C�FD�?@"km>{çHy7C!í¢JL>×JLEGFDtqBAB�JLEGF7p��Q�?kvp�kvy7kv>A=?�?tqC�snC!Ç�kmEUx�FDtqkmE?B2sn@"îUEnt�CHB�ÉYp���JLtësnC!sæ�QtqEGFD@"ím>DJ}pqCHB7=�CH>Ay7C"F2s�C
x"kvEUx"pql?>AC N
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CT
� C"F{FDCI=KJL>{FAt�CICHB{F�x4kmE?B×J}x">A@HC�É�pëJ»=?>{CHln�¢Crsnl�FD�?@Hkv>Aç"y7CIBAl?tq�vJLEGF��

_à¹+wl3�T�á�§¨� ° ; � ;=<1��>N���Q�
Q,P1, ..., PT ∈ C[X1, ..., XN ]

�U�
N1 ∈ {0, ..., N} A` ����
�[][6���\�XO�
Q�Xc

��u ∀t ∈ {1, ..., T} �?�«�vc
? ∀x ∈ [−1, 1]N1 × JN−N1 Pt(x) /∈ R−
? |Pt(x)| � 1 (x ∈ [−1, 1]N1 × JN−N1)

�iu T∏

t=1

|Pt(x)| −−−−−−−−−−−→
|x|→+∞

x∈[−1,1]N1×JN−N1

+∞

Diu ∃ε0 > 0
�i�U��O�
Q��[6�?
SF

α ∈ {0}N1 × NN−N1
�U�
n ∈ {N1 + 1, ..., N} �?�«�vc

αn ≥ 1⇒ ∀t ∈ {1, ..., T} ∂
αPt
Pt

(x)� x−ε0n (x ∈ [−1, 1]N1 × JN−N1)<��?>N���Q��H]��[��k
S�
f : [−1, 1]N1 → C

D��?�Q�@>G�6
Q�X�U�
fN1+1, ..., fN ∈ B(1) Aç ���?F��Xc

Y (Q,P1, ..., PT , fN1+1, ..., fN , f, ·)
[6���E�\M�H]�¼
��L[�F������?��èl��KV���Q�y¹+3)¢93)§¨39T�¤y¹+� s

CT A
ÕrT��������
Ù £ Æ >ACHln�mCrsnCrp��ìC4ÔntqBAFACHEUx"Crsæ�Ql?E!=?>{kmpqkmEnímCHy7C"EGF��nkmpqkmywkm>{=?�?C�sUJLE?B
p�Crx�JLB N1 = 0

N
� E*J}snkv=nFDCr�Gl?CHp��Gl?CHB�x4kmEG�mCHEGFDtqkvE?B Â �mJLpëJ}z?pqCHB�snl?>DJ}EGF
p�J�=?>ACHln�mCrsnC�x4C"FAFDCI=KJL>{FAtqC7�
? kvE!snt�>DJ»�Gl��ìl?E?C�ÇÈkvEUx4FAt�kvE Y CHB{F.x"kvy�z?tqEKJ}tqBAkvE!CHEGFAt�ç">ACIsnCHB�ÇÈkvEUx4FDtqkvE?B Y1, ..., Yk

B��ìt�p¾C4ÔntqBAFACIsnCHB�ÇÈkvEUx�Ì
FAt�kvE?B λ, λ1, ..., λk : CT → C CHEGFAt�ç">ACHB�FDCHpqpqCHB��Gl?C Y = λ+

k∑

i=1

λiYi
N

? pqCHB.=�kvp¤Ë�E?èmywCHB P1, ..., PT
BAkvEGF
înÔn@HB
=�kvl?>�FDkvlnFDCIpëJ»=?>{CHln�¢C Â snkmE?xIkvE*J}z?>{çHímC

Y (Q,P1, .., PT , f1, ..., fN , ·) CHE Y (Q, f1, ..., fN , ·)
N

? B sn@HBAtqímE?C B(1)
N

Æ kvl?>�ÇüJ}ywt�pqtëJ}>{t�BACH>�pqCwpqC�x4FACHl?>rJH�¢C�x�pqC�FÄË�=�Cws�C7xHJ}p�x"l?pqB�É¶BAl?t¤��>AC Â E?kml?BIx"kvy7y7CHE%$"kvE?B�=KJ}>ÐÇøJLt�>{CwpëJ
=?>{CHln�¢CrsUJLE?B.lnE�x�J}B�FD>{çHB.=UJ}>(FDt�x"l?p�tqCH>r�
]4: �]º���§«¤¬¢9�ý¿I¤ T����1�)���y� T�wS ��y¢z5�R75L¤I3)� T

N = 1
�]5

T = 1
N

� kvtqCHEGFrsnkvEUx Q,P ∈ C[X] kJÑ P CHB{FIEnkmEùx"kmEnBAF×J}EGF�C"F��¢@H>{tqîUC ∀x ∈ [1,+∞[ P (x) /∈ R−
N
� kvt¤F�s�C

=?pql?B f ∈ B N� E��¢CHlnFhy7kvEGFA>ACH>h�¢l?C Y (Q, f, ·) sn@4îUE?t�C�=KJL> Y (Q, f, s) =

∫ +∞

1

Q(x)P (x)−sf(x)dx BAC�=n>Akvp�kvE?ívC
�?kvpqkmy7kv>A=n�?të�¢l?CHy7CHEGFhÉ C N

¡ �



� E!E?k}FDC p = degP C4F q = degQ
N

� E�x"kvE?B{F�JWFDCr�Gl?C Y (Q, f, ·) CHB{F.�?kvpqkmy7kv>A=?�nCrBAl?>
{
s ∈ C | σ > q + 1

p

} N
M kvEGFD>{kmE?Bh=KJL>Ð>{@�x"l?>{>ACHEUx"C�BAl?> m ≥ 0 �¢l?C ∀Q ∈ C[X] ∀f ∈ B Y (Q, f, ·) BAC�=?>AkvpqkmE?ívC��?kvp�kvy7kv>(Ì
=?�?t��Gl?C"y7CHEGFhÉ {s ∈ C | σ > q + 1−m

p

} N
?
� l!>DJ}E?í m = 0 pqCI>A@HBAl?p¤F�JWF.CHB{F�x"pëJLt�> N

?
� l?=?=�kvBDkvE?B.pqCI>A@HBAl?p¤F�JWF
��>DJ}t
J}l!>×JLE?í m N

f ∈ B snkvEUx»pqC»pqCHy7y7C � N Ù N u�JLBABDkox"tqC2É f l?E?C»BAl?t¤FDCwsnC»Ç�kmEUx�FDtqkmE?BrJ}=?=KJL>{FACHEKJ}E¢F�É B Â kvEóE?k}FDC f 1 pqC=?>{CHy7tqCH>�FDC">Ay7CIsnCrx"C"FAFACIBDl?t¤FDC NÒ >Dõvx4C�É»l?E?CItqEGFD@Hív>×JWFDtqkvE�=KJL>
=KJL>{FDtqCHB
kmE*J��

Y (Q, f, s) =
[
Q(x)P (x)−sf 1(x)

]x=+∞
x=1

−
∫ +∞

1

(
Q′(x)P (x)−s − sQ(x)P ′(x)P (x)−(s+1)

)
f 1(x)dx

� C�x"t�B��ì@�x">At¤F�� Y (Q, f, s) = −Q(1)P (1)−sf 1(1)− Y (Q′, f 1, s) + sY (QP ′, f 1, s+ 1)
N

Æ l?t�BD�GlnC degQ′ = q − 1
Â =KJ}>h�GË�=�k}FD�?ç"BDC»s�C�>A@�x"ln>A>ACHEUx4C Â Y (Q′, f 1, ·) BAC�=?>{kmpqkvE?ímC��?kvpqkmy7kv>A=?�?t��Gl?C�Ì

ywCHEGF�É {s ∈ C | σ > (q − 1) + 1−m
p

} N
Æ l?t�BD�GlnC deg(QP ′) = q+ p− 1

Â =KJ}>«�GË�=�k}FD�?çHBACIsnCÐ>{@�x"l?>{>ACHEUx"C Â s 7→ Y (QP ′, f 1, s+ 1) BDCÐ=?>{kmpqkvE?ímC
�?kvpqkmy7kv>A=n�?të�¢l?CHy7CHEGFhÉ {s ∈ C | σ > (q + p− 1) + 1−m

p
− 1

} N
� > (q − 1) + 1−m

p
=

(q + p− 1) + 1−m
p

− 1 =
q + 1− (m+ 1)

p

Â kmEóJ�snkmEUx�s�@Hy7kmE¢FD>A@�pqC�>A@�Ì
BAl?p¤F�JWFhJLl!>×JLE?í m+ 1

N
Æ JLBABDkvE?B
y�JLt�E¢FDCHEKJLEGFhÉ�p�J�=?>ACHln�mCI=?>Akv=?>ACHy7C"EGF�snt¤FDC7�?C"p�pqCrBACIÇøJLt¤F.=KJL>
>A@�x4l?>A>ACHE?x"CrBAl?> N N
Á �QC4ÔUJLy7CHEösnl¼=KJLBAB�JLívC*snl¼>×JLE?í N − 1 J}l¼>×JLE?í N =�CH>{y7C"F�snC!y7kvEGFD>{CH>wp�C!>A@HBAl?p¤F�JWF¶JLlö>DJ}E?í

N = 1
Â p�CI>{@HBDlnpqF×JLFhJLl!>×JLE?í é N = 0

é @"F×J}E¢F.@"��t�snCHEGF N
ÕrT����������¬� ¤ R6 \ HR6²Q���¬�öT[R�:�²

N − 1
RQ�öT[R�:+²

N
N

� E!BAl?=?=�kvBACrpqCI>A@HBAl?p¤F�JWF
��>×JLt JLl!>×JLE?í N − 1 C"F.p��QkvE!BAkml?�KJLt¤FDCr=n>Akvln�¢CH>
pqCI>A@HBAl?p¤F�JWFhJLl!>×JLE?í N N
Á J�=?>ACHln�mCICHB{F�sn@�x"kvl?=�@HCrCHE Ù |w@"F�JL=�CHB N
b=5�R6¤I� � �
BAkvt�C"EGF Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B

N
� pqkv>AB Y (Q, f1, ..., fN , s) CHB{F¶x"kvy�z?tqEKJ}tqBAkvE C"EGFDtqçH>AC*snC Y

(
∂Q

∂x1

, f1, ..., fN , s

) C"F¶snC�ÇÈkvEUx4FDtqkvE?B¶snl
F%Ë�=�C Y

(
Q
∂Pt
∂x1

, g1, ..., gN , s + et

) kJÑ t ∈ {1, ..., T} C"F g1, ..., gN ∈ B
N

¡ �



ÕrT�������������¢�¸Zw]5[R6¤I� � �
f1 ∈ B s�kmEUxrpqC�pqCHy7y7C � N Ù N u2J}BABAkox"t�C�É f1

l?E?CrBAl?tqFAC�snC�Ç�kmEUx�FDtqkmE?BÐJL=?=KJ}>(FDCHEKJLEGF�É B Â kvE*E?k}FDC f 1
1
pqC

=?>{CHy7tqCH>�FDC">Ay7CIsnCrx"C"FAFACIBDl?t¤FDC N

Y (Q, f1, ..., fN , s) =

∫

JN
Q(x)

T∏

t=1

Pt(x)−st
N∏

n=1

fn(xn)dx

=

∫

JN−1

{∫ +∞

1

Q(x)

(
T∏

t=1

Pt(x)−st

)
f1(x1)dx1

}
N∏

n=2

fn(xn)
N∏

n=2

dxn

Á �ìC4Ôn=?>ACHBABAtqkmE�C"EGFD>{C�J}xHx"kmpëJ}snCHB�CHB{F Â ív>×õ}x"C�É»l?E?CrtqEGFA@Hím>DJLFAt�kvE�=KJ}>
=KJL>{FAt�CHB.=KJL>
>×JL=?=�km>(FÐÉ x1
Â pëJ7snt¤ñ9@4Ì

>{CHEUx"CrsnC7�
[
Q(x)

(
T∏

t=1

Pt(x)−st

)
f 1

1 (x1)

]x1=+∞

x1=1

C"F.snC ∫ +∞

1

(
∂Q

∂x1

(x)
T∏

t=1

Pt(x)−st +Q(x)
T∑

t=1

(−st)
∂Pt
∂x1

(x)Pt(x)−(st+1)
∏

r 6=t
Pr(x)−sr

)
f1(x1)dx1

� E!CHE�sn@Hsnl?tqF��

Y (Q, f1, ..., fN , s) =−
∫

JN−1

Q(1, x2, ..., xN)

(
T∏

t=1

Pt(1, x2, ..., xN)−st

)
f 1

1 (1)
N∏

n=2

fn(xn)
N∏

n=2

dxn

− Y
(
∂Q

∂x1

, f1, ..., fN , s

)
+

T∑

t=1

stY

(
Q
∂Pt
∂x1

, f 1
1 , f2, ..., fN , s + et

)

Á CHBð=�kvpqËoE?èmywCHB3snC N−1 �mJL>AtëJLz?p�C"B P1(1, X2, ..., XN), ..., PT (1, X2, ..., XN) �¢@H>{tqî?CHEGFêpqCHBð�GË�=�k}FD�?çHBACHBJ}s*�?kox Â C"FÐsnkmE?x Â ím>Dõvx"C�É2p��Q�¢Ë�=�kvFA�?çHBAC»snC�>A@�x"l?>{>ACHEUx"C Â p�CrFDCH>AywC�sn@"îUE?t =KJL>hl?E?C�tqEGFA@Hím>DJ}pqC�BDl?> JN−1J}sny7C"F
l?E!=?>Akvp�kvE?ívCHy7CHEGF.�?kvpqkmy7kv>A=n�?C�É CT Â x"Cr�Gl?t�=�CH>{y7C"F�snCrx4kmEUx"pql?>{C N
b=5�R6¤I� � �
BAkvt�C"EGF Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B

N
� pqkv>ABÐ=�kvl?>hFAkmlnF d ≥ 1 Y (Q, f1, ..., fN , s) CHB{FIx"kvy�z?tqEKJLtqBDkvEYCHEGFDtqçH>{C»snC Y

(
∂dQ

∂xd1
, f1, ..., fN , s

) C"F
snCIÇ�kmEUx4FAtqkmE?B�snl�F%Ë�=�C7� Y

(
∂iQ

∂xi1

∂Pt
∂x1

, g1, ..., gN , s + et

) k~Ñ i ∈ N, t ∈ {1, ..., T} C"F g1, ..., gN ∈ B
N

ÕrT�������������¢�¸Zw]5[R6¤I� � ¿
pëJ»=n>ACHln�¢CIBACIÇøJLt¤F.=KJ}>�>A@�x"l?>{>ACHEUx4CrBAl?> d NÁ CI>DJ}E?í d = 1 >A@"BDl?p¤FAC�snCIp��Q@4F�JL=9C Ù NÁ C7=KJ}BAB×J}ívC�snC d É d + 1 BAC2ÇøJLt¤F�CHEOx"kvy�z?tqEKJLEGF�p�C2>{@HBAl?pqF×JLF�JLlý>×JLE?í d C"F�p��ì@"F�JL=�C Ù JL=?=?pqtë�¢l?@HC�JLl
=�kvp¤Ë�E?èmywC ∂dQ

∂xd1

N

� |



b=5�R6¤I� £ �
BAkvt�C"EGF Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B

N
� pqkv>AB�=�kvl?>3FAkmlnF n ∈ {1, ..., N} Y (Q, f1, ..., fN , s) CHB{F-x"kmy�z?t�EKJLtqBAkmE2CHEGFAt�çH>{C�snC.Ç�kmEUx4FAtqkmE?B-snl7F%Ë�=�C��
Y

(
∂iQ

∂xin

∂Pt
∂xn

, g1, ..., gN , s + et

) k~Ñ i ∈ N, t ∈ {1, ..., T} C"F g1, ..., gN ∈ B
N

ÕIT����1�)������¢�¸Zwl5�R6¤I� £ �
tqp�BAl�ÁwF.z?tqCHE�B@??>
snC�FD>×JLt¤FDCH>�p�Crx�JLB n = 1

N
Æ kml?>�kvznFDCHE?tq>
pqCr>{@HBAl?pqF×JLF
=�kml?> n = 1 tqp�BAl�ÁwF�sæ�ÃJ}=n=?p�t��Gl?CH>
p��ì@"F�JL=�C�uwJH�¢C�x d = degx1

Q+ 1
N

b=5�R6¤I� ° �
=�kvl?> n ∈ {1, ..., N},u ∈ NT C"F Q ∈ C[X1, ..., XN ]

Â kvE�sn@"îUE?t¤F Enu(Q) x"kmywy7Ch@"F�JLEGF,pqChBDkvl?B,CHBA=KJ}x"C�mC�x4FDkv>AtqCHp
snC C[X1, ..., XN ] CHEnímCHEUsn>{@r=KJL>
pqCHB.=�kvp¤Ë�E?èvy7CHB�snCIpëJ»ÇÈkv>Ay7C7�
∂βQ

n∏

k=1

∂|αk|+1Ptk
∂xαk∂xk

k~Ñ β ∈ NN ,α1, ...,αn ∈ NN C"F t1, ..., tn ∈ [[1, T ]] �m@H>At¤îUCHEGFr�
∀t ∈ [[1, T ]] ut = card{k ∈ [[1, n]] | tk = t} N�ïpæCHB{F�x"pëJ}tq>.�Gl?C n 6= |u| ⇒ Enu(Q) = {0} N� E!ÇüJ}t¤F.pqCHB�snC"l�Ô!kvz?BACH>{�vJWFDtqkmE?B
BAl?tq�vJLEGFDCHBr�

? Enu(Q) CHB{F.B{F�JLz?p�CI=KJL>.sn@H>{tq�vJWFDtqkmE N
? n ∈ {1, ..., N − 1}, t ∈ {1, ..., T} C"F Q ∈ C[X1, ..., XN ]⇒ ∂Pt

∂xn+1

Enu(Q) ⊂ En+1
u+et(Q)

N
b=5�R6¤I� ³ �
BAkvt�C"EGF n ∈ {1, ..., N} Â Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B

N
� pqkv>AB Y (Q, f1, ..., fN , s) CHBAF.x"kvy�z?tqEKJLt�BAkvE�CHEGFAt�ç">ACrsnCrÇ�kmEUx�FDtqkmE?B�snl�F%Ë�=�C7�
Y (R, g1, .., gN , s + u) kJÑ u ∈ NT , R ∈ Enu(Q) C"F g1, ..., gN ∈ B

N
ÕrT�������������¢�¸Zw]5[R6¤I� ³ �
pëJ»=n>ACHln�¢CIBACIÇøJLt¤F.=KJ}>�>A@�x"l?>{>ACHEUx4CrBAl?> n ∈ [[1, N ]]

N
Æ kml?> n = 1 x"C"p�J»>A@"BDlnpqFAC�snCIp��Q@4F�JL=�C�~ N� l?=n=�kmBAkvE?B.p�CI>{@HBDlnpqF×JLF
�o>×JLt JLl�>DJ}E?í n Â kJÑ n ∈ [[1, N − 1]]

N
Y (Q, f1, ..., fN , s) CHB{F.snkmEUxIx"kvy�z?tqEKJ}tqBAkmE!CHEGFDtqçH>{C�snCIÇ�kmEUx�FDtqkmE?B�s�l!F%Ë�=�C7�
Y (R, g1, ..., gN , s + u) k~Ñ u ∈ NT , R ∈ Enu(Q) C"F g1, .., gN ∈ B

N
Æ J}>�JLt�pqpqCHl?>AB Â =KJL>,p��Q@4F�JL=�CI~ Â Y (R, g1, ..., gN , s + u) CHBAF�x"kvy�z?tqEKJ}tqBAkvE�CHE¢FDtqçH>AC�snCÐÇÈkvEUx4FAt�kvE?B
snl¶F%Ë�=�C»�
Y

(
∂iR

∂xin+1

∂Pt
∂xn+1

, h1, ..., hN , s + u + et

) kJÑ i ∈ N, t ∈ {1, ..., T} C"F h1, ..., hN ∈ B
N

Ò >Dõvx4C«J}l�Ô�s�CHl�ÔrkmznBDC">{�vJLFAt�kvE?B§snC3p��ì@"F�JL=�C � ∂iR

∂xin+1

∂Pt
∂xn+1

∈ En+1
u+et(Q)

Â sæ�Qk~Ñ�pqC->{@HBAl?pqF×JLF§JLl�>×JLE?í n+1
N

� Ù



b=5�R6¤I� ¯ �
=�kvl?> u ∈ NT C"F Q ∈ C[X1, ..., XN ]

Â kvEáE?k}FDC Eu(Q) pqC�BAkvl?B»CHBA=KJ}x"C¶�¢C�x4FAkm>{t�C"p�snC C[X1, ..., XN ]

CHEnímCHEUsn>{@r=KJL>
pqCHB.=�kvp¤Ë�E?èvy7CHB�snCIpëJ»Ç�km>AywC7� ∂βQ
T∏

t=1

∏

k∈Ft
∂ft(k)Pt

k~Ñ®�
? β ∈ NN
? pqCHB Ft BAkmEGF.snCHB.=UJ}>(FDtqCHB
îUEnt�CHB�s�C N Â snt�B�å%kmtqEGFDC"B�snCHl�Ô�É»snCHl�Ô Â C"F��¢@H>{tqî�JLEGF |Ft| = ut
? ∀1 ≤ t ≤ T ft

CHBAF
l?E?CIÇÈkvEUx4FDtqkvE*snC Ft sUJ}E?B NN
? kvEO=�CHlnF7JLBABAk�x"tqCH>wJLl�Ô ft snCHB�=KJL>{FAt�C"B�îUE?tqCHB»snC N Â D1, ..., DN

snt�B�å%kmtqEGFDC"B»snCHl�ÔáÉ*s�CHl�ÔOC"F�FACHp�pqCHB
�¢l?C7�
∗ |D1| = ... = |DN |

Â
∗

N⊔

n=1

Dn =
T⊔

t=1

Ft

∗ 1 ≤ t ≤ T, 1 ≤ n ≤ N C"F k ∈ Dn ∩ Ft ⇒ ft(k) ∈ Nn−1 × N∗ × NN−n N
� CHy�JL>D�¢l?kmE?B.�Gl?C Eu(Q) CHB{F.B{F�JLz?p�CI=KJL>.sn@H>{tq�vJWFDtqkmE N
b=5�R6¤I� ¾ �
BAkvt�C"EGF u,v ∈ NT N� pqkv>ABr� R ∈ Eu(Q) C4F S ∈ Ev(R)⇒ S ∈ Eu+v(Q)

N
ÕrT�������������¢�¸Zw]5[R6¤I� ¾ �

S C"BAF
l?E?Crx"kmy�z?tqEKJ}tqBAkmE�pqtqE?@[JLt�>{C�snC�FDCH>{y7CHB.snCIpëJ»ÇÈkv>AywC7� ∂βR
T∏

t=1

∏

k∈F ′t

∂f
′
t(k)Pt

k~Ñ®�
β ∈ NN , |F ′t | = vt, f

′
t : F ′t → NN C"F D′1, ..., D′N BAkmEGF.x"kmywy7C�É�p��ì@"F�JL=�C �nN

R ∈ Eu(Q) s�kmEUx ∂βR ∈ Eu(Q) snkmE?x ∂βR CHB{F�x"kmy�z?t�EKJLtqBAkmEöpqtqE?@[J}tq>AC*snC�FDCH>{y7CHB2snC�pëJóÇÈkv>Ay7C®�
∂γQ

T∏

t=1

∏

k∈Ft
∂ft(k)Pt

k~Ñ γ ∈ NN , |Ft| = ut, ft : Ft → NN C"F D1, ..., DN
BAkvEGF�x"kvy7y7CrÉ»p��Q@"F×J}=�C �?N

� E!=�CHlnF.tqy7=�kvBACH>.�Gl?C ∀t, t′ Ft ∩ F ′t′ = ∅ NK� C�x4t�CHEGFD>DJ}tqE?C7�
∀n, t Dn ∩ F ′t = Ft ∩D′n = ∅ C"F ∀n, n′ Dn ∩D′n′ = ∅ NÆ kml?>
x"kvEUx"pql?>ACrtqp�E?kvl?B
BDl�Á7F�snC��mkmtq>.�GlnC7�
U A�B1C= ∂γQ

(
T∏

t=1

∏

k∈Ft
∂ft(k)Pt

)


T∏

t=1

∏

k∈F ′t

∂f
′
t(k)Pt


 CHB{F�sUJLE?B Eu+v(Q)

N
Æ kml?> 1 ≤ t ≤ T kmEósn@"î?E?tqF gt : Ft t F ′t → NN =UJ}>»� gt(k) = ft(k) BDt k ∈ Ft C"F gt(k) = f ′t(k) BAt
k ∈ F ′t

N

� u



�ïp¾��tqCHEGFhJLp�kv>AB.�Gl?C7� U = ∂γQ
T∏

t=1

∏

k∈FttF ′t

∂gt(k)Pt
N

� kvl?B.x"C"FAFACrÇ�km>{y7CIkvE��vJ��¢kvtq>.�Gl?C U ∈ Eu+v(Q)
N

?
Á CHB Ft t F ′t BAkvEGF.snt�B�åÄkvtqEGFDCHB�s�CHl�Ô�ÉwsnCHl�Ô�C"F ∀ 1 ≤ t ≤ T |Ft t F ′t | = ut + vt

N
?
Á CHB Dn tD′n BAkmE¢F�snt�B�åÄkvtqEGFDCHB�snCHl�ÔYÉ�snCHl�Ô Â

T⊔

t=1

(Ft t F ′t) =
N⊔

n=1

(Dn tD′n) C"F |D1 t D′1| = ... =

|DN tD′N |
?
� t k ∈ (Dn tD′n) ∩ (Ft t F ′t) = (Dn ∩ Ft) t (D′n ∩ F ′t)

Â JLpqkm>{B��
∗ BAkmt¤F k ∈ Dn ∩ Ft C"FhJ}pqkv>AB gt(k) = ft(k) ∈ Nn−1 × N∗ × NN−n Â
∗ BAkmt¤F k ∈ D′n ∩ F ′t C"FhJLpqkm>{B gt(k) = f ′t(k) ∈ Nn−1 × N∗ × NN−n N� E!CHE�x"kvEUx"pqlnF��Gl?CIp��ìkmE*J�z?t�C"E U ∈ Eu+v(Q)

N
b=5�R6¤I��� �
Q ∈ C[X1, ..., XN ] C"F u ∈ NT ⇒ ENu (Q) ⊂ Eu(Q)

N
ÕrT�������������¢�¸Zw]5[R6¤I��� �

kvE!=�kmBAC S = ∂βQ

N∏

k=1

∂|αk|+1Ptk
∂xαk∂xk

k~Ñ β ∈ NN ,α1, ...,αN ∈ NN C"F t1, ..., tN ∈ [[1, T ]] �¢@H>{tqîUC"EGF��
∀t ∈ {1, ..., T} ut = card{1 ≤ k ≤ N | tk = t} NÆ kml?>
x"kvEUx"pql?>ACrtqp�BAl�ÁwF�snCIy7kvEGFD>{CH>
�Gl?C S ∈ Eu(Q)

N
Æ kml?> t ∈ {1, ..., T} kmE!=�kvBAC Ft = {1 ≤ k ≤ N | tk = t} únkmE*J7JLpqkm>{B��Gl?C |Ft| = ut

N
� E�x"kvE?B{F�JWFDCr�Gl?CIpqCHB Ft BAkvEGF�snC"l�Ô*É»snCHl�Ô!sntqB�åÄkmtqEGFAB.C"F.�Gl?C

T⊔

t=1

Ft = [[1, N ]]
N

� E�sn@"î?E?tqF ft : Ft → NN =KJ}> ft(k) = αk + ek
N

� E!=�kvBAC Dn = {n} N� E�x"kvE?B{F�JWFDC�JLp�kv>ABr�
∗ |D1| = ... = |DN |

∗
N⊔

n=1

Dn = [[1, N ]]

∗ BAt k ∈ Dn ∩ Ft J}pqkm>{B k = n C"F.snkmEUx ft(k) = αn + en ∈ Nn−1 × N∗ × NN−n N

S = ∂βQ
T∏

t=1

∏

k∈Ft

∂|αk|+1Ptk
∂xαk∂xk

= ∂βQ
T∏

t=1

∏

k∈Ft
∂ft(k)Pt,

snkvEUx S ∈ Eu(Q)
N

b=5�R6¤I� ¿ �
BAkvt�C"EGF m ≥ 1

Â
Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B

N

� ~



� pqkv>AB Y (Q, f1, ..., fN , s) CHBAF.x"kvy�z?tqEKJLt�BAkvE�CHEGFAt�ç">ACrsnCrÇ�kmEUx�FDtqkmE?B�snl�F%Ë�=�C7�
Y (R, g1, ..., gN , s + u) k~Ñ u ∈ NT , |u| = mN,R ∈ Eu(Q) C"F g1, ..., gN ∈ B

N
ÕrT�������������¢�¸Zw]5[R6¤I� ¿ �
kvE!>×JLtqBDkvE?E?CI=KJ}>
>{@�x"l?>{>ACHEUx"CIBAl?> m ≥ 1

N
∗ =�kml?> m = 1 �
=KJL>êp��ì@"F�JL=�C�¡ Y (Q, f1, ..., fN , s) CHB{F-x"kvy�z?tqEKJLt�BAkvE7CHEGFDtqçH>AC
snC
Ç�kmEUx4FAt�kvE?B-s�lwF%Ë�=�C Y (R, g1, ..., gN , s+
u) k~Ñ u ∈ NT , R ∈ ENu (Q) C"F g1, ..., gN ∈ B

N
� Eö=�CHl�F�BDln=?=�kmBACH> |u| = N

� x�JL>7BDt |u| 6= N J}pqkv>AB ENu (Q) = {0} £ N3Á �Q@"F×J}=�C � s�kmE?E?C*snkvEUx�pqC
>{@HBAl?pqF×JLF N
∗ BDln=?=�kmBAkvE?B.pqCr>{@HBAl?pqF×JLF���>×JLt JLl!>×JLE?í m ≥ 1

N
Y (Q, f1, ..., fN , s) CHB{F.x"kmy�z?t�EKJLtqBAkmE�CHE¢FDtqçH>ACrsnCIÇÈkvEUx4FDtqkvE?B�snl�FÄËo=�C Y (R, g1, ..., gN , s + u) k~Ñ®�
u ∈ NT , |u| = mN,R ∈ Eu(Q) C"F g1, ..., gN ∈ B

N
Æ J}>«JLt�pqpqCHl?>AB Â pqC�>A@HBAl?p¤F�JWF«=�kvl?> m = 1 snkvE?E?CÐ�¢l?C Y (R, g1, ..., gN , s + u) CHB{F,x"kvy�z?tqEKJLt�BAkvE¶CHEGFAt�çH>{ChsnCÇ�kmEUx4FAt�kvE?B�snl�F%Ë�=�C Y (S, h1, ..., hN , s + u + v) kJÑ v ∈ NT , |v| = N,S ∈ Ev(R) C4F h1, ..., hN ∈ B

N
Á �ì@"F�JL=�C ¶ snkvE?E?C�JLpqkm>{B S ∈ Eu+v(Q)

Â y�JLt�B |u + v| = (m+ 1)N
Â s¾�Qk~Ñ�pqCI>A@HBAl?p¤F�JWFhJLl!>×J}Ení m+ 1

N
b=5�R6¤I� ��' ¿êV~3�:
Vl¢@�� �893�:
kvE�înÔnC Q ∈ C[X1, ..., XN ] C"F f1, ..., fN ∈ B åÄl?BD�Gl���É�p�J�îUE N� kvt¤F m ≥ 1

N
Æ J}>�p��Q@"F�JL=�C �

Y (Q, f1, ..., fN , s) CHB{F�x"kvy�z?tqEKJLt�BAkvE�CHEGFAt�çH>{CrsnCIÇÈkvEUx4FDtqkmE?B.snl�FÄË�=�C7�
Y (R, g1, ..., gN , s + u) k~Ñ u ∈ NT , |u| = mN,R ∈ Eu(Q) C"F g1, ..., gN ∈ B

N
R ∈ Eu(Q) s�kmEUx R B��Q@�x">{tqF��?x"kvy7y7CIlnE?C�x"kvy�znt�EKJLtqBDkvE�pqt�En@[J}tq>AC�s�CI=�kmp¤Ë�E?èvy7CHB�snCIpëJ»ÇÈkv>AywC7�
∂βQ

T∏

t=1

∏

k∈Ft
∂ft(k)Pt

J��mC�x β ∈ NN , |Ft| = ut, ft : Ft → NN C"F D1, ..., DN
x"kvy7ywC�É»p��Q@4F�J}=�C �?N

� E*JwJ}pqkv>AB ∀n ∈ [[1, N ]] |Dn| = m
N

� �



�ïp¾��tqCHEGF��
T∏

t=1

∏

k∈Ft
∂ft(k)Pt(x) =

T∏

t=1

N∏

n=1

∏

k∈Ft∩Dn
∂ft(k)Pt(x)

�
T∏

t=1

N∏

n=1

∏

k∈Ft∩Dn
x−ε0n Pt(x) (x ∈ JN )

�
T∏

t=1

N∏

n=1

(x−ε0n Pt(x))|Ft∩Dn| (x ∈ JN )

�
N∏

n=1

T∏

t=1

x−ε0|Ft∩Dn|n

T∏

t=1

N∏

n=1

Pt(x)|Ft∩Dn| (x ∈ JN )

�
N∏

n=1

x−ε0|Dn|n

T∏

t=1

Pt(x)|Ft| (x ∈ JN )

�
N∏

n=1

x−ε0mn

T∏

t=1

Pt(x)ut (x ∈ JN )

� E!=�kvBAC q = max{degXn Q | 1 ≤ n ≤ N} � kvE!=�CHlnF.@"��t�snCHy7y7C"EGF.BAl?=?=�kvBDCH> Q 6= 0 £ N� E!=�kvBAC p = max{degXn Pt | 1 ≤ n ≤ N 1 ≤ t ≤ T} N� kvt¤F a ∈ R �Gl?CIp��QkvE��mJ»sn@"FDC">Ay7tqE?CH>
=KJL>
pëJ»BAl?t¤FDC N� kvt¤F K x"kmy7=UJvx4F.snC CT tqEUx"pql?B�sUJ}EnB {s ∈ CT | ∀t ∈ [[1, T ]] σt > −a}
N

?
� kvtqF t ∈ {1, ..., T} N� kmywy7C,p�kv>ABêsnC�pëJh=?>ACHln�mC
snC,p��QC4ÔntqB{FDCHEUx"C
snC σ0

kmE»y7kmE¢FD>AC |Pt(x)−σt| � |Pt(x)|a (x ∈ JN s ∈ K)
N

� E!BAl?=?=�kvBAC�sn@HBAkv>Ay�JLtqB a > 0
Â JLpqkm>{B Pt(x)a �

(
N∏

n=1

xn

)pa

(x ∈ JN )
N

?
� CHB.tqE?@Hí¢J}pqt¤FD@HB.=?>{@�x"@�snCHEGFACHB.kvE*sn@�s�l?tqF�� Pt(x)−st �

(
N∏

n=1

xn

)pa

(x ∈ JN s ∈ K)
N

Æ kmBAkvE?B S = ∂βQ
T∏

t=1

∏

k∈Ft
∂ft(k)Pt

ú?CHE�x"kvy�z?tqEKJLEGF�x"Cr�Gl?tæ=?>A@�x"çHsnC Â tqpæ�ot�CHE¢FhJ}pqkv>ABr�

S(x)
T∏

t=1

Pt(x)−(st+ut) � ∂βQ(x)
N∏

n=1

x−ε0mn

T∏

t=1

Pt(x)ut
T∏

t=1

Pt(x)−(st+ut) (x ∈ JN s ∈ K)

�
(

N∏

n=1

xn

)q( N∏

n=1

xn

)−ε0m( N∏

n=1

xn

)Tpa

(x ∈ JN s ∈ K)

�
(

N∏

n=1

xn

)q+Tpa−ε0m

(x ∈ JN s ∈ K)

� ¡



� E!BAl?=?=�kvBAC�sn@HBAkv>Ay�JLtqB��Gl?C m >
q + 2

ε0

N
� E�xD�?kmtqBAtqF a =

ε0m− (q + 2)

Tp
úUx"CHx"t�CHB{F.z?tqCHE�B{FA>At�x4FDCHy7C"EGF
=�kmBAt¤FDtqÇ N

� Cr�Gl?t�=?>{@�x"ç�snCIy7kvEGFD>{Cr�Gl?C Y (S, g1, ..., gN , s + u) CHB{F.�?kvpqkmy7kv>A=?�nCrBAl?>r�
{
s ∈ CT | ∀t ∈ {1, ..., T} σt > −a

}
.

� E!CHE�sn@Hsnl?tqF��Gl?C Y (Q, f1, ..., fN , ·) =�kvBDBAç�snCIl?E!=?>Akvp�kvE?ívCHy7CHEGF.�?kvpqkmywkm>A=n�?C�É��
{

s ∈ CT | ∀t ∈ [[1, T ]] σt >
q + 2− ε0m

Tp

}
.

� C�x"t�@"F×J}E¢F
��>×JLtæ=�kml?>�FAkmlnF m >
q + 2

ε0

Â kmE!CHE�sn@�snl?t¤F��Gl?C7�
Y (Q, f1, ..., fN , ·) =�kvBDBAç�snCIl?E!=?>AkvpqkmE?ívCHy7CHE¢F��?kvpqkmy7kv>A=?�nC�É CT N

ô�#iô
Y (1, Pex, x 7→ eix, y 7→ e−iy, ·) ªY���
��Ý
��� ¦�� ªY·�1"�

� kmywy7CIp�Cry7kvEGFA>ACrp��QC�ÔnCHy7=?pqCrBDlntq�vJLEGF Â BDkvl?B.pëJwBACHl?pqCr�GË�=�k}FD�?çHBAC H0S
Â pqCr=?>Akvp�kvE?ívCHy7CHEGFhs�C Y E��QCHB{F

=KJLB�FDkvlvåÄkvl?>AB
�?kmpqkvy7kv>A=?�?C N

b=º���§«¤¬¢9� ° ; ° ; � ;98	�E[][6�R�����7�àO�
Q�
Pex(X,Y ) = (X − Y )2X +X

}~C�F�>ëbd�
H0S

KV�?>z��[6�������
	 A
` �aH]C@bI�6>@�

f1 : J → C
[6��F

f1(x) = eix
�U�
f2 : J → C

[6�?F
f2(y) = e−iy A

f1
���
f2

��[J[6�?F��Y>N���6�)���Q��s B(1) Aç ���?F��Xc
Y (1, P, f1, f2, ·)

[6�����\M�H]�¼
��L[�FE�~���?��è]��KV���6�"KLC�FE�?KV�?F�[Qé��­s
C g

1
�����
��B 
S�6>NO�
6�f[6ê~���XH?
ª[�FE�~������èl��KL���Q� g >Y�������I��>GK,[����­H]�¼FEC���>NH?
�C�èl�~�+s π

e
A

ÕrT�������� �
Æ J}>
sn@"îUE?t¤FDtqkvE Y (1, P, f1, f2, s) =

∫

J2

P (x, y)−sei(x−y) dxdy
N

� E!=�kvBAC Y1(s) =

∫

{(x,y) | 1<x<y}
P (x, y)−sei(x−y)dxdy

N
� kvt¤F f : ]1,+∞[×R∗+ → {(x, y) | 1 < x < y} sn@"î?E?t�Cr=UJ}> f(u, v) = (u, u+ v)

N
f CHB{F.lnE C1 sntqñ9@Hkvy7kv>A=?�?tqBAy7C�s�kmEGF
p�C�å{J}x"kvz?t�C"E!�mJLlnF.=KJL>{FAkmlnF 1

N
�ðE!lnFDtqp�tqB×JLEGF f Â kmE��mkmt¤F��Gl?C7� Y1(s) =

∫

]1,+∞[×R∗+
[(u− (u+ v))2u+ u]−sei(u−(u+v))dudv

� kvEUx Y1(s) =

∫ +∞

1

u−sdu

∫ +∞

0

(v2 + 1)−se−ivdv =
1

s− 1

∫ +∞

0

(v2 + 1)−se−ivdv

� E!=�kvBAC Y2(s) =

∫

{(x,y) | 1<y<x}
P (x, y)−sei(x−y)dxdy

N

�J�



� kvt¤F g : ]1,+∞[×R∗+ → {(x, y) | 1 < y < x} sn@"îUEnt�CI=KJ}> g(u, v) = (u+ v, u)
N

g CHB{F.l?E C1 sntqñ9@Hkvy7kv>A=?�?tqBAy7C�snkvEGF
p�C�å(Jvx"kvz?tqCHE!�vJ}lnF
=KJ}>(FDkvlnF −1
N

�ðE!lnFDtqp�tqB×JLEGF g Â kvE!�mkmt¤F��¢l?C2� Y2(s) =

∫

]1,+∞[×R∗+
[(u+ v − u)2(u+ v) + (u+ v)]−sei(u+v−u) dudv

sæ�Qk~Ñ®� Y2(s) =

∫

]1,+∞[×R∗+
(v2 + 1)−s(u+ v)−seivdudv

=

∫ +∞

0

(v2 + 1)−seiv
{∫ +∞

1

(u+ v)−sdu

}
dv

=

∫ +∞

0

(v2 + 1)−seiv
(1 + v)−s+1

s− 1
dv

=
1

s− 1

∫ +∞

0

(v2 + 1)−s(v + 1)−s+1eivdv

Æ kmBAkvE?B Y (s) =

∫ +∞

0

(v2 + 1)−se−ivdv +

∫ +∞

0

(v2 + 1)−s(v + 1)−s+1eivdv
N

Ò >Dõvx4C�J}l�FD�?@Hkv>Aç"y7Crsn@Hy7kvEGFD>{@I=?>A@Hx"@�snCHy7y7C"EGF Â Y J}sny7C"F
l?E!=?>AkvpqkmE?ívCHy7CHEGF.�nkmpqkmywkm>{=?�?C�É C N� E*J Y (1, P, f1, f2, s) =
1

s− 1
Y (s)

Â kvE��mJ»snkmE?xrx×�?CH>Ax×�?CH>.É»@"�vJ}pql?CH> Y (1)
N

Y (1) =

∫ +∞

0

(v2 + 1)−1e−ivdv +

∫ +∞

0

(v2 + 1)−1eivdv =

∫ +∞

−∞
(v2 + 1)−1eivdv� �QCHB{F-l?E?CÐJL=?=?pqtëx�JWFDtqkvE�x"pëJ}BABAtë�¢l?CÐsnl2FA�?@Hkv>AçHy7ChsnCHB->{@HBAtësnlnB,snC�y7kvEGFA>ACH>-�Gl?C�x"C"FAFAChsnCH>AE?tqçH>{ChtqEGFA@Hím>DJ}pqC

�vJLlnF π
e

Â sæ�Qk~Ñ!pqCr>{@HBAl?pqF×JLF N

�l¶



Â Ã ��Ä à9ã�Ý!Û D

þ ã4Éµ��Û � É Ä Ý�Ç � Ç�â<; Û¼Ü Û¼â¨ã ��Ûöä ävÿÞÝ�à�Ûöä
Z

õ7# Ê Î ��� ���H��������+-��������	�¯��
��+«����� E
� J}E?B.x"C"FAFACI=KJ}>(FDtqCrkvE!@"F×J}z?pqt¤F��Gl?CHp��Gl?CHB.=?>{km=?>{t�@"FA@HB.BAtqy7=?pqCHB�snl�snkvy�JLtqE?C�snCrx"kvEG�¢C">AívCHEUx"C�snC Z N

`vwlx�:y8z5�893): ³ ; � ; � ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} ∀x ∈ JN Pt(x) > 0 A

` �V[6���\�­c C(Q,P1, ..., PT ) =
{

(σ1, ..., σT ) ∈ RT | Z(Q,P1, ..., PT ,1, σ1, ..., σT )
D��?�6}~��F�èl� } A

Á Crsnkmy2J}tqE?C�s�Crx"kmEG�mCH>AívCHEUx"CrsnC Z E?Crsn@H=�CHEUs�=KJ}B.snC µ �
eL��§ùRKT�À���� ³ ; � ; � ;=<Q> g H]�f[)�k
S� g µ ��[][7�?FU�@>N���Q��s

TN g �~����F��à�?�a�|c
Z(Q,P1, ..., PT ,µ, s1, ..., sT )

D����6}~��FNèl� ⇔ (σ1, ..., σT ) ∈ C(Q,P1, ..., PT ) A
ÕrT�3�¤�3� �895�893): ³ ; � ; £ ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} ∀x ∈ JN Pt(x) > 0 Aç ���?F�� C(Q,P1, ..., PT )

�����fD��?�7}~���S� A
ÕrT�������� �� kvtqCHEGF σ,σ′ ∈ C(Q,P1, ..., PT ) C"F λ ∈ [0, 1]

N
Å�t ÔnkvE?B m ∈ N∗N C4F.=�kmBAkvE?B at = Pt(m)−1 Â tqpæ��tqCHEGFhJLpqkm>{B��

T∏

t=1

Pt(m)−(λσt+(1−λ)σ′t) =
T∏

t=1

a
λσt+(1−λ)σ′t
t =

(
T∏

t=1

aσtt

)λ( T∏

t=1

a
σ′t
t

)1−λ

�ðE!lnFDtqp�tqB×JLEGF.p��ìt�En@HíGJLpqtqFA@ aλb1−λ ≤ λa+ (1− λ)b
Â �vJLp�JLz?pqCr=�kvl?> a, b > 0 C"F λ ∈ [0, 1]

Â kmE��¢kvt¤F��GlnC2�
(

T∏

t=1

aσtt

)λ( T∏

t=1

a
σ′t
t

)1−λ

≤ λ

T∏

t=1

aσtt + (1− λ)

T∏

t=1

a
σ′t
t

�J�



� E�x"kvEUx"pqlnF�snCrx"Cr�Gl?t�=n>A@�x"ç�snCr�Gl?C λσ + (1− λ)σ′ ∈ C(Q,P1, ..., PT )
N

^/��§a§¨� ³ ; � ; ° ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} Pt(x)� 1 (x ∈ JN ) A<��?>@�

u ∈ RT+ Aç ���?F��Xc C(Q,P1, ..., PT ) + u ⊂ C(Q,P1, ..., PT ) A
ÕrT�������� �
xv�ìCHB{F�x"pëJLt�> N

co3�T�3)¢@¢ÈRQ8ÈT�� ³ ; � ; ³ ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} Pt(x)� 1 (x ∈ JN ) A<��?>@�

u ∈ R∗T+ Aç ���?F��Xc C(Q,P1, ..., PT ) + u ⊂ int(C(Q,P1, ..., PT )) A
ÕrT�������� �
x"C"p�Jws�@�x"kml?pqC�snl!pqCHy7y7Cr¡ N Ù N � N

ÕrT�3�¤�3� �895�893): ³ ; � ; ¯ ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} Pt(x)� 1 (x ∈ JN ) A<��?>@�

1 ≤ T0 ≤ T A
` ����
�[][6���\�XO�
Q� T0∏

t=1

Pt(x) −−−−→
x→+∞
x∈JN

+∞ A
<��?>@�

σT0+1, ..., σT ∈ R Aç ���?F��Xc
>@�����~>9���i�

σ0 ∈ R
�i�R�+O�
Q�­c

σ1, ..., σT0 ≥ σ0 ⇒ (σ0, ..., σT0, σT0+1, ..., σT ) ∈ int(C(Q,P1, ..., PT )) A
ÕrT�������� �
� kvt¤F σ0 ∈ R FACHp��Gl?C T0∏

t=1

Pt(x)σ0−1

T∏

t=T0+1

Pt(x)σt−1 �
(

N∏

n=1

xn

)2

(x ∈ JN )
N

� pqkv>AB (σ0, ..., σ0, σT0+1, ..., σT )− 1 ∈ C(Q,P1, ..., PT )
N

Á Crx"kv>Akvpqp�JLtq>AC�¡ N Ù N ¡�=�CH>Ay7C"F�J}pqkm>{B.snC�x"kvEUx"pql?>AC N

ÕrT�3�¤�3� �895�893): ³ ; � ; ¾ ;
<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�i�R���XO�
Q� ∀t ∈ {1, ..., T} Pt(x)� 1 (x ∈ JN ) A<��?>@�

µ ∈ TN Aç ���?F��
Z(Q,P1, ..., PT ,µ, ·)

�����Ié7�~����KV�?F�[Qé7�n��
�F
int(C(Q,P1, ..., PT )) + iRT A

�J�



eL��§ùRKT�À���� ³ ; � ;z�1;
int(C(Q,P1, ..., PT ))+ iRT

������D��?�6}~���S�{H]�?��D{D��?�7�����S� ó �?�o[6��
�F�F��XH]�?�)DI[6��FR�Z��F
�\���7�à�?KV��>�è�
�>@��CªH�
ª[QF��~�Z�?��èl��KL���Q�/KVC�FE�?KL�?Fi[6é7�­H]�

Z(Q,P1, ..., PT ,µ, ·)
qP��>�>Y������>9���i�GF u A

ÕrT�������� �
Jm£ M kvEGFD>{kmEnB �Gl?Cê=�kvl?> C x"kmy7=UJvx4F�t�EUx"pql?B s?J}E?B int(C(Q,P1, ..., PT ))

Â
Z(Q,P1, ..., PT ,µ, ·) x"kvEG�¢CH>{ímCE?kv>Ay2J}pqCHy7CHE¢F.BAl?> C N� kvt¤F σ ∈ C úKJLp�kv>AB
tqp�C4ÔntqB{FDC ε > 0 FDCHp��Gl?C σ − ε1 ∈ C(Q,P1, ..., PT )
N

Æ J}>��GË�=�k}FD�?çHBAC ∃c ∈]0, 1[ FDC"p
�Gl?C ∀t ∈ {1, ..., T} ∀x ∈ JN Pt(x) ≥ c
N

� kvt¤F 1 ≤ t ≤ T
N

Æ kml?> u ∈]0, 2ε[N C"F m ∈ N∗N kmE*J��
Pt(m)−ut ≤ c−ut C"F c−ut ≤ c−2ε ú?C"F.snkmEUx Pt(m)−ut ≤ c−2ε N� E�sn@�s�l?tqF�snCrx"Cr�Glnt�=?>A@�x4ç�snC��Gl?C7�

|Q(m)|
T∏

t=1

Pt(m)−(σt−ε+ut) � |Q(m)|
T∏

t=1

Pt(m)−(σt−ε) (m ∈ N∗N ,u ∈]0, 2ε[N )

� C�x"t�tqy7=?pqt��Gl?C��¢l?C Z(Q,P1, ..., PT ,µ, ·) x"kvEG�¢CH>{ímCIE?kv>Ay�JLp�C"y7CHEGF.BAl?> σ − ε1+]0, 2ε[N
N

Æ kml?>�FDkvlnF σ ∈ C kvE J¶FD>Akvln�¢@7l?E®kvln�¢CH>{F�snC RN x"kvEGFDCHEUJ}EGF σ C"FrBDl?>Ip�C��¢l?CHp�tqpêË®J!x4kmEG�mCH>AívCHEUx"C
E?kv>Ay2J}pqC3ú C @"F�JLEGF�x"kvy7=KJ}x4F Â tqpæË�Jwx"kvEG�mCH>AívCHEUx"CrE?kv>Ay�JLpqCIBDln> C Nz�£ � kvEUx"pql?BAtqkmE N� E�sn@"î?E?tqF p : CN → RN =UJ}> p(σ + iτ ) = σ

N
� kvt¤F K l?E�x"kmyw=KJvx4F.snC int(C(Q,P1, ..., PT )) + iRT

N
p(K) CHB{F,JLp�kv>AB�l?E�x"kvy7=KJ}x4F«snC int(C(Q,P1, ..., PT )) úm=KJL>«Jm£ðtqpUË7Jrx"kvEG�¢CH>{ímCHE?x"C�E?kv>Ay2J}pqC.BAl?> p(K)

Â
kvE!CHE�sn@�snl?t¤F.p�J»x"kmE¢�¢CH>AívCHEUx"CIE?km>{y�JLp�CIBAl?> K N
� C2p�J�x4kmEG�mCH>AívCHEUx"C�BAl?>IFDkvlnF�x"kmyw=KJvx4F�tqEUx"pql?B�sUJLE?B int(C(Q,P1, ..., PT )) + iRT kvE s�@�snl?t¤F�p��Q�?kvp�kLÌ
ywkm>A=n�?t�CIBAl?> int(C(Q,P1, ..., PT )) + iRT

N

¶ |



õ7#�Ò ������°L��	�� ¦�1"������	���ª�	��
���.��� �I���"��� �H��� ��¯�	���1"�
g4365�R75�893): ³ ; � ; � ; ` �V[6���\�

0 = (0, ..., 0) ∈ NT A<6>
γ : [a, b]→ C g �?�aH]C@bI�6>@�

γ− : [a, b]→ C
[6��F

γ−(x) = γ(a+ b− x) A
^/��§a§¨� ³ ; � ; � ;,ef�?
SF

ε > 0
���aH]C@bI�6>@��c

λε :

[
3

2
,+∞

[
→ C

[7�?F
λε(x) = x+ iε

�U�
ωε :

[
3

2
,+∞

[
→ C

[6�?F
ωε(x) = x− iε A<��?>@�

k ∈ [[2,+∞[[ A
` ���)���i�­c

λε,k = λε|[ 3
2
,k+ 1

2
]

���
ωε,k = ωε|[ 3

2
,k+ 1

2
] A

` �aH]C@bI�6>@�
γε,k : [−1, 1]→ C

[6��F
γε,k(x) = k +

1

2
+ iεx A

` ���)���i�
Rε,k =

[
3

2
, k +

1

2

]
+ i[−ε, ε] A

` �aH]C@bI�6>@�
e : C→ C

[6�?F
e(z) = exp(2iπz) A<��?>@�

f : U → C
é��~���?KL�?F�[Qé7�­��W

U
�����"
��«�?
�}~��FU�I��>GK,[�����KL���Q�fD����6�����S�XH]�

C
D��?�Q�i���)�?�Q�

Rε,k A
ç ���?F��Xc k∑

m=2

f(m) =

∫

γ−ε,1

f(z)

e(z)− 1
dz +

∫

ωε,k

f(z)

e(z)− 1
dz +

∫

γε,k

f(z)

e(z)− 1
dz +

∫

λ−ε,k

f(z)

e(z)− 1
dz A

+ε

−ε

3
2

γε,1

ωε,k

k + 1
2

γε,k

y

1 2 k k + 1 x0

λε,k

ÕrT�������� �
kvE�sn@"îUE?t¤F g =UJ}> g(z) =

f(z)

e(z)− 1

Â
g CHB{F
y7@H>Akvy7kv>A=?�?CIBAl?> U N

Æ kml?> m ∈ [[2, k]] Res(g,m) =
f(m)

e′(m)
=
f(m)

2iπ

N[Á C3>A@HBAl?p¤F�JWF�sn@�x4kml?pqC-snkvEUx�snlIFD�n@Hkm>{çHy7C�snCHB >{@HBAtësnl?B N

¶ Ù



ÕrT�3�¤�3� �895�893): ³ ; � ; £ ;^<1�?>N���Q�
ε > 0 g k ∈ [[2,+∞[[

�U�
U


�� �?
�}~��FU�n��>GK$[)����KV���6�­D����6�����S�÷H]�
CD����Q�i�������Q�

Rε,k A<��?>@�
f : UN → C

é��~���?KL�?F�[Qé7� Aef�?
�F
τ ∈ SN

�?�«H]CYbI�7>@�
fτ : UN → C

[6�?F
fτ (z1, ..., zN) = f(zτ(1), ..., zτ(N))<��?
S�àD����XD��?�)H?>@�Y>P�?�7� ∑

m∈[[2,k]]N

f(m)
�����/
����n�\�?KXKV�­HJ�

4N
�i��F�KV���àH]�à���	TR�?F�KV�Xc

∫

(γ−ε,1)N1×(λ−ε,k)N2×(ωε,k)N3×(γε,k)N4

fτ (z1, ..., zN)
N∏

n=1

1

e(zn)− 1
dz

�?W
N1, N2, N3, N4 ∈ N

}~C�F�>ëb
���Q�
N1 +N2 +N3 +N4 = N

�U�
τ ∈ SN A

ÕrT�������� �
CHpqpqCrBACIÇøJLt¤F.=KJL>
>A@�x"l?>{>ACHEUx4CrBAl?> N C"E�t¤FD@H>DJ}E¢F.p�CIpqCHy7ywC�¡ N u N u N

õ7#tÜ 57��¦���1¢­ Ï�µ¶ªY�I�yÏvÝ
�
� ; Î $IH�1"�
�º�
��	§�"�
�
Z

��� ª�	���1"����¯��
��� Ï���1"�Ð�
� ��	 ª�Ï��RÌ7¦���� �
�»�¬´

CT
Á �Qkvz?å%C"F�snCrx"C"FAFACI=KJ}>(FDtqCICHBAF.snCI=?>Akvln�¢CH>�p�C�FA�?@Hkv>AçHy7C ��N
Á CIp�C"y7y7CIBAl?t¤�mJLEGF.B��QtqE?BA=?tq>ACrsnCIp��ÃJ}EKJLpqkmívl?CrBAC�FD>{kmln�vJLEGF�sUJLE?BoÚÃu � ÛïN

^/��§a§¨� ³ ; £ ; � ;,<��?>N���Q�
P ∈ R[X1, ..., XN ]

�U�
ε0 > 0

�i�R���XO�
6�­c
>_u ∀x ∈ JN P (x) > 0>9>ku ∀α ∈ NN , αn ≥ 1⇒ ∂αP (x)� x−ε0n P (x) (x ∈ JN ) Aç ���?F��¼>Y�����~>z���i�

ε > 0
�i�R��O�
6�­c

>RB u
x ∈ JN �U�

y ∈ [−2ε, 2ε]N ⇒ <(P (x + iy)) ≥ 1

2
P (x)>9>\B u ∀α ∈ NN , αn ≥ 1⇒ ∂αP (x + iy)� x−ε0n P (x) (x ∈ JN y ∈ [−2ε, 2ε]N) A

ÕrT�������� �
kvE!E?k}FDC p = deg(P )

N
Á J�ÇÈkv>Ay�l?pqCrsnC � JHË�pqkm>�B��Q@�x">{tqF��

P (x + iy) =
∑

|α|≤p

(iy)α

α!
∂αP (x) = P (x) +

∑

0<|α|≤p

(iy)α

α!
∂αP (x).

� CIp��Q�GËo=9k}FD�nçHBDCItqtÈ£-kmE�sn@�snl?t¤F��Gl��ìt�p�C�ÔntqBAFAC c > 0 FACHp
�Gl?C7�
∀α ∈ NN \ {0} ∀x ∈ JN |∂αP (x)| ≤ cP (x).

¶ u



� E!=�kvBAC A = c
∑

0<|α|≤p

1

α!

N

Å�t ÔnkvE?B 0 < ε ≤ 1

2

N
� E*J�� y ∈ [−2ε, 2ε]N α 6= 0⇒ |yα| ≤ 2ε

N
� Crx"Cr�Gl?tæ=?>A@�x"çHsnCrkvE*sn@Hsnl?tqF�� ∀x ∈ JN ∀y ∈ [−2ε, 2ε]N |P (x + iy)− P (x)| ≤ 2εAP (x)� E!=�kvBAC ε =

1

4A+ 2
únkmE*JwJ}pqkv>AB�� ∀x ∈ JN ∀y ∈ [−2ε, 2ε]N |P (x + iy)− P (x)| ≤ 1

2
P (x)

N
�ïp¾��tqCHEGF��
<(P (x + iy)) = P (x) + <(P (x + iy)− P (x)) ≥ P (x)− |P (x + iy))− P (x)| ≥ 1

2
P (x)� kvt¤F α ∈ NN FDCHp��Gl?C αn ≥ 1

Nn� pqkm>ABr�

(∂αP )(x + iy)) =
∑

|β|≤p

(iy)β

β!
∂α+βP (x)� x−ε0n P (x) (x ∈ JN y ∈ [−2ε, 2ε]N)

^/��§a§¨� ³ ; £ ; � ;
N∗N

[6��
��/�\��[6�?F��Y>@�@>N�?�6����F­HJ�à���¡KL�?�6>PM�F��n��
�>9}~�?�Q�i�Xc
N∗N =

C⊔

c=1

Ac
�?W ∀c Ac �����fH]�o���=TU�?F�KV� N∏

n=1

Bn

��}~��D
Bn = {1} �?


Bn = [[2,+∞[[ A
ÕrT�������� �
CHpqpqCrBACIÇøJLt¤F.=KJL>
>A@�x"l?>{>ACHEUx4CrBAl?> N ≥ 1

N
� �vJ}E¢F�snCI=?>Akvln�¢CH>�p�C�FA�?@Hkv>AçHy7C ��Â >×JL=?=�CHpqkmEnB�CHE!p��ì@HE?kmEUx4@2�

_à¹+wl3�T�á�§¨�ò\÷;=<1�?>N���6�
Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
? P1, ..., PT

}~C�F�>ëbd���Q���
��	 g
?

T∏

t=1

Pt(x) −−−−→
x→+∞
x∈JN

+∞ A
<��?>@�fH]��[��k
l�

µ ∈ (T \ {1})N Aç ���?F��
Z(Q,P1, ..., PT ,µ, ·)

[6���E�\M�H]�¼
��L[�F������?��èl��KV���Q�Ié7�~�Z�?KV�?F�[Qé7�Xs
CT A

ÕrT��������ý¿
pëJ»=n>ACHln�¢CIBACrsn@�x"kvy7=�kvBACrCHE*u�@"F�JL=�CHB N
b=5�R6¤I� � �
s 7→ Z∗(s) A�B2C=

∑

m∈[[2,+∞[[N

µmQ(m)

T∏

t=1

Pt(m)−st =�kmBABAç�snCIl?E!=?>Akvp�kvE?ívCHy7CHEGF.�?kvp�kvy7kv>A=?�?C�É CT N
ÕrT�������������¢�¸Zw]5[R6¤I� � �

¶ ~



Á CHB
�GË�=�kvFA�?çHBACHB.=�CH>{y7C"F{FDCHEGF�s�Crx×�?kvt�BAtq> ε0 > 0 FDCHp��Gl?C7�
?

T∏

t=1

Pt(x)�
(

N∏

n=1

xn

)ε0

(x ∈ JN )

? α ∈ NN αn ≥ 1⇒ ∂αPt
Pt

(x)� x−ε0n (x ∈ JN )
N

�ïp
CHB{F¶x"pëJ}tq>��Gl��ìt�p
C4ÔntqBAFAC σo > 0 FDCHp.�Gl?C�BAt σ1, ..., σT > σ0

Â JLpqkm>{B Z∗(s) x"kvEG�mCH>AívC N«� EöBAC�=?pëJvx"C
sn@"BDkv>Ay�JLtqB�s?J}E?B
l?E�FDCHp�snkmy2J}tqE?C N
Æ kml?> n ∈ {1, ..., N} Â kvE!@�x">At¤F µn = eiθn kJÑ θn ∈ R \ 2πZ

N?� �¢C�xIx4C"FAFDCIE?k}F�JWFDtqkvE�kvE*J��
∑

m∈[[2,+∞[[N

µmQ(m)
T∏

t=1

Pt(m)−st =
∑

m∈[[2,+∞[[N

Q(m)
N∏

n=1

eiθnmn
T∏

t=1

Pt(m)−st

Æ kml?> t ∈ [[1, T ]] kvE*J}=n=?p�t��Gl?CrpqCIpqCHy7y7C�¡ N ~ N Ù É Pt Â x"Cr�Gl?tæÇÈkvl?>AE?t¤F εt > 0
N

� E!=�kvBAC ε = min{εt | 1 ≤ t ≤ T} Â ε CHB{FhJLpqkm>{B
înÔ�@r=�kvl?>�FDkvlnFDCIpëJ�=?>ACHln�mC N
Æ kml?> s ∈ CN Â kvE�sn@"îUE?t¤F fs : (]1,+∞[+i]− 2ε, 2ε[)N → C =UJ}> fs(z) = Q(z)

T∏

t=1

Pt(z)−st
N∏

n=1

eiθnzn
N

Ò >Dõvx4C�J}l�x×�?kvt¤Ô!snC ε x"C�x"t
J»l?E!BACHE?B
C"F fs
CHB{F.�?kvp�kvy7kv>A=?�?C N

Æ kml?> k ∈ [[2,+∞[[ kvEòJ�� ∑

m∈[[2,k]]N

Q(m)

N∏

n=1

eiθnmn
T∏

t=1

Pt(m)−st =
∑

m∈[[2,k]]N

fs(m)

Rε,k ⊂]1,+∞[+i] − 2ε, 2ε[ s�kmEUx�kmEY=�CHlnFrJL=?=?pqtë�¢l?CH>�pëJ�=?>{km=�kvBAtqFAt�kvE®¡ N u N ~�É fs

Â x"C»�Gl?t§=�CH>{y7C"F
sæ�ì@�x">Atq>AC ∑

m∈[[2,k]]N

fs(m) x4kmy7ywC!l?E?C�BDkvy7y7C!snC 4N tqEGFD@Hív>×JLpqCHB N-� EÞ�vJóB��ìk�xHx"l?=�C">2snC�x"CHpqp�C"B2=�kvl?>
pqCHBD�Gl?CHpqpqCHB τ = Id[[1,N ]]

Â pqCHBhJLlnFD>{CHB
BDCÐFD>×JLt¤FDCH>×JLtqCHEGF.C4ÔUJ}x4FDC"y7CHEGF�snCIpëJ»y7 "y7CIy�JLE?tqçH>AC N� E!BACIpqt�ywtqFAC�s�kmEUxrÉws�CHB.C4Ô�=?>ACHBABAt�kvE?B�snCIpëJ»Ç�km>{y7C7�
∫

(γ−ε,1)N1×(λ−ε,k)N2×(ωε,k)N3×(γε,k)N4

Q(z)
T∏

t=1

Pt(z)−st
N∏

n=1

exp(iθnzn)

e(zn)− 1
dz

BAkvtqF
CHEUx"kv>AC7�

(−1)N1+N2

∫

(γε,1)N1×(λε,k)N2×(ωε,k)N3×(γε,k)N4

Q(z)

T∏

t=1

Pt(z)−st
N∏

n=1

exp(iθnzn)

e(zn)− 1
dz

k~Ñ N1, N2, N3, N4 ∈ N �¢@H>{tqî?CHEGF N1 +N2 +N3 +N4 = N
N

� t N4 ≥ 1 C4F�BAt σ1, ..., σT
BAkvEGF�JLBABACHþ�ím>DJ}EUsnB Â kvEöy7kmE¢FD>AC!=KJL>�x"kvEG�¢CH>{ímCHEUx4Còsnkvy7t�En@HCò�¢l?C*x"C"FAFAC

C4Ô�=?>ACHBABAt�kvE�FDCHEUs��¢CH>{B 0 �¢lKJ}EUs k FACHEUs��¢CH>AB +∞ N
� t N4 = 0 C"F
BDt σ1, ..., σT

BDkvEGF�JLBDBACHþ�ím>DJ}EUsnB Â kmE�y7kmE¢FD>AC�=KJL>.x"kvEG�mCH>AívCHEUx"Crsnkmywt�E?@"Cr�Gl?C Â p�kv>ABD�Gl?C kFACHEUs��¢CH>{B +∞ Â x"C"FAFACrC4Ô�=?>ACHBABAtqkmE�FDCHEUs��¢C">ABr�

Y N1,N2,N3(s) A�B1C= (−1)N1+N2

∫

(γε,1)N1×(λε)N2×(ωε)N3

Q(z)

T∏

t=1

Pt(z)−st
N∏

n=1

exp(iθnzn)

e(zn)− 1
dz

¶ �



� E7JhsnkvEUx«y7kmE¢FD>A@,�Gl��ìt�pnC�ÔntqBAFAC r > 0 FDCHpn�Gl?C,BAl?> {s ∈ CT | σ1, ..., σT > r} Z∗ CHB{FêlnE?C�x"kmy�z?t�EKJLtqBAkmEpqtqE?@[J}tq>{C�sæ�QtqEGFD@"ím>DJ}pqCHB�snCIpëJ»ÇÈkv>Ay7C Y N1,N2,N3 É»=�CH>{y�lnF�JWFDtqkvE�=?>{çHB N
Æ kml?>�x"kvEUx"pql?>AC-tqpoE?kvl?B�BAl�Á7F§snkvEUx-snC-y7kvEGFD>{CH>��Gl?C Y N1,N2,N3 =�kvBABAç�snC-l?E�=?>AkvpqkmE?ívCHy7CHE¢F§�?kmpqkvy7kv>A=?�?CÉ CT N

?
Æ kvl?> 1 ≤ n ≤ N1

kvE*s�@"îUE?t¤F fn : [−1, 1]→ C J}tqE?BAt3�
fn(x) =

exp(iθnγε,1(x))

e(γε,1(x))− 1
=

exp(iθn(3
2

+ iεx))

exp(2iπ(3
2

+ iεx))− 1
= − exp

(
3

2
iθn

)
exp(−εθnx)

exp(−2πεx) + 1
fn

CHB{F
y�J}Ent�Ç�CHBAFACHy7CHEGF.x"kmE¢FDtqEol?C N
?
Æ kvl?> N1 + 1 ≤ n ≤ N1 +N2

kmE�sn@"îUEntqF fn :

[
3

2
,+∞

[
→ C JLtqE?BAt3�

fn(x) =
exp(iθnλε(x))

e(λε(x))− 1
=

exp(iθn(x+ iε))

exp(2iπ(x+ iε))− 1
= − exp(−εθn)

exp(iθnx)

1− exp(−2πε) exp(i2πx)
θn
2π

/∈ Z snkmEUx � �mkmtq>
p��QC�ÔnCHy7=?pqC � N Ù N � £ fn ∈ B
(

3

2

) N

?
Æ kvl?> N1 +N2 + 1 ≤ n ≤ N kmE�sn@4îUE?tqF fn :

[
3

2
,+∞

[
→ C JLtqE?BDtê�

fn(x) =
exp(iθnωε(x))

e(ωε(x))− 1
=

exp(iθn(x− iε))
exp(2iπ(x− iε))− 1

= − exp(εθn)
exp(iθnx)

1− exp(2πε) exp(i2πx)
θn
2π

/∈ Z snkmEUx � �mkmtq>
p��QC�ÔnCHy7=?pqC � N Ù N � £ fn ∈ B
(

3

2

) N
Æ kml?> P ∈ C[X1, ..., XN ] C"F N1, N2, N3

s�CrBAkvy7y7C N Â kvE*sn@"î?E?tqF PN1,N2,N3 ∈ C[X1, ..., XN ] =KJL>r�
PN1,N2,N3(x) = P (γε,1(x1), ..., γε,1(xN1), λε(xN1+1), ..., λε(xN1+N2), ωε(xN1+N2+1), ..., ωε(xN))

= P

(
3

2
+ iεx1, ...,

3

2
+ iεxN1 , xN1+1 + iε, ..., xN1+N2 + iε, xN1+N2+1 − iε, ..., xN − iε

)

M l?E?t�snC�x4CHB.E?k}F�JWFDtqkvE?B Â kmE�x"kvE?B{F�JWFDCr�Gl?C7�

Y N1,N2,N3(s) = (−1)N1+N2(iε)N1

∫

[−1,1]N1×[ 3
2
,+∞[N−N1

QN1,N2,N3(x)
T∏

t=1

PN1,N2,N3
t (x)−st

N∏

n=1

fn(xn)dx

�ïpKE?kml?B-BAl�Á7F-y�J}tqEGFACHEKJ}E¢F,snC.�¢@H>At¤îUCH>�p�CHB-�GË�=�k}FD�?çHBACHB«snl2FD�?@Hkv>AçHywC � ��l�JLl¶x×�KJ}=ntqFA>ACÐ¡¢£êí¢JL>×JLEGFDtqBAB×J}EGF
p��QC�Ônt�B{FACHEUx"Chsæ�Ql?E2=?>AkvpqkmE?ívCHy7CHE¢F«�?kvp�kvy7kv>A=?�?C�=�kvl?>�J � tëx4t Â kmE¶JL=?=?p�t��Gl?C�pqC.FA�?@Hkm>{çHy7C.CHE¶�Gl?CHB{FAt�kvE�BAl?>
[−1, 1]N1 ×

[
3

2
,+∞

[N−N1 C"FhEnkmE*BDl?> [−1, 1]N1 × JN−N1
Â x"C��¢l?t E?C�=�kvBAC�x"pëJ}tq>ACHywCHEGFIJLlUx"l?Eò=n>AkLÌ

z?pqçHy7C[£ N
∗ f : [−1, 1]N1 → C sn@"îUE?tqCr=UJ}> f(x1, ..., xN1) =

N1∏

n=1

fn(xn) CHB{F.x"pëJ}tq>ACHywCHEGF�x"kvEGFDtqEol?C N

∗ � E*Jwsn@{å(É���l��Gl?C fN1+1, ..., fN ∈ B
(

3

2

) N

¶ ¡



∗ PN1,N2,N3
t (x) = Pt

((
3

2
, ...,

3

2
, xN1+1, ..., xN

)
+ i(εx1, ..., εxN1, ε, ..., ε,−ε, ...,−ε)

)

kv>
kvE*Jwsn@"FACH>Ay7tqE?@ ε ív>×õvx4C�JLl!pqCHy7y7C�¡ N ~ N Ù Â snkvEUxw�
∀x ∈ [−1, 1]N1 × JN−N1 <

(
PN1,N2,N3
t (x1, ..., xN)

)
≥ 1

2
Pt

(
3

2
, ...,

3

2
, xN1+1, ..., xN

)

� E�sn@�s�l?tqF�snCrx"C�x"t
�¢l?C ∀x ∈ [−1, 1]N1 ×
[

3

2
,+∞

[N−N1 kvEòJ��
? <

(
PN1,N2,N3
t (x)

)
> 0

?
∣∣∣PN1,N2,N3

t (x)
∣∣∣ ≥ 1

2
Pt

(
3

2
, ...,

3

2
, xN1+1, ..., xN

)

� Crx"C"F{FDCrsnCH>{E?t�çH>{CrtqE?@Hí¢J}pqt¤FD@ Â kmE�sn@�snl?t¤F
FDkvlnFDCIBAl?t¤FDC7�
∣∣∣PN1,N2,N3

t (x)
∣∣∣� 1

(
x ∈ [−1, 1]N1 ×

[
3

2
,+∞

[N−N1
)

C"F ∀x ∈ [−1, 1]N1 ×
[

3

2
,+∞

[N−N1 T∏

t=1

∣∣∣PN1,N2,N3
t (x)

∣∣∣ ≥
(

1

2

)T T∏

t=1

Pt

(
3

2
, ...,

3

2
, xN1+1, ..., xN

)

�ïp¾��tqCHEGF��
T∏

t=1

∣∣∣PN1,N2,N3
t (x)

∣∣∣�
(

N∏

n=N1+1

xn

)ε0 (
x ∈ [−1, 1]N1 ×

[
3

2
,+∞

[N−N1
)

� t α ∈ {0}N1 × NN−N1 C"F N1 + 1 ≤ n ≤ N BDkvEGF
FACHpqB��GlnC αn ≥ 1
Â J}pqkv>ABr�

∂αPN1,N2,N3
t (x) = (∂αPt)

(
3

2
+ iεx1, ...,

3

2
+ iεxN1 , xN1+1 + iε, ..., xN1+N2 + iε, xN1+N2+1 − iε, ..., xN − iε

)

� x−ε0n Pt

(
3

2
, ...,

3

2
, xN1+1, ..., xN

) (
x ∈ [−1, 1]N1 ×

[
3

2
,+∞

[N−N1
)

� x−ε0n

∣∣∣PN1,N2,N3
t (x)

∣∣∣
(

x ∈ [−1, 1]N1 ×
[

3

2
,+∞

[N−N1
)

� tqE?BAtêB��ÃJvx×�?ç4�¢CHEGFIp�CHBI�m@H>At¤îKx�JWFDtqkmEnB�snCHBr�¢Ë�=�kvFA�?çHBACHB�snlóFD�?@Hkv>AçHywC � ��lýJLl®x×�KJL=?tqFA>AC2¡¢£hí¢JL>×JLEGFDtqBAB×J}EGF
p��QC�Ônt�B{FACHEUx"C�snl!=?>{kmpqkvE?ímC"y7CHEGF.�?kmpqkvy7kv>A=?�?CrsnC7J Â x"Cr�Gl?t¾FDC">Ay7tqE?CIpëJ»=?>ACHln�mCrsnCIp��Q@"F�JL=�C Ù N
b=5�R6¤I� � ¿ðVJ3): Vl¢@�� �893):�N
� E��vJ»ywkmE¢FD>ACH>�pqC�FD�?@Hkv>AçHy7C � =KJ}>�>A@�x"l?>{>ACHEUx"CIBAl?> N ≥ 1

N
?
Æ kvl?> N = 1

Â tqp�BAl�Á7F.sæ�Q@�x">{t�>{C2�

Z(Q,P1, ..., PT , µ, s) = µQ(1)
T∏

t=1

Pt(1)−st +
∑

m≥2

µmQ(m)
T∏

t=1

Pt(m)−st

Á �ì@"F�JL=�C Ù =�CH>AywC"FhJLp�kv>AB.snCrx"kmEUx4p�l?>{C N
?
� t pqCr>A@HBAl?p¤F�JWFhCHB{F.��>DJ}t�=�kml?>
FDkvlnF n x4kmy7=?>{tqB�CHEGFD>{C 1 C"F N − 1

Â JLp�kv>AB�ív>×õ}x"C�JLl*pqCHy7ywC�¡ N ~ N uwC"FhÉ
p��Q@4F�J}=�C Ù Â kvE!�mkmt¤F��¢l��Qtqp�CHB{F
�o>×J}tæ=�kvl?> N N

¶��



õ7#iô
Z(1, Pex,−1,−1, ·) ªY���
��Ý
����¦�� ªó·�1"��#

Á C2FA�?@Hkv>AçHy7C � =�CHlnF�B���JH�¢@">ACH>rÇøJ}loÔýBAt P �m@H>At¤îUC2E?kvEO=?pql?B»Ê � Å Â y�JLt�B�BACHl?pqCHy7CHEGF H0S
N§� �QCHB{F

p��QkvznåÄC"F�snCIp��QC4ÔnC"y7=?pqCrBAl?t¤�mJLEGF��

ÕrT�3�¤�3� �895�893): ³ ; ° ; � ;
8f��[][7�R���?�7�àO�
6�
Pex(X,Y ) = (X − Y )2X +X

}~C�F�> bd�
H0S

KL�?>9��[7���7���
	 Aç ���?F��Xc
Z(1, Pex,−1,−1, ·) [7�����\M�H]�¼
S�V[�FE�~���?�Sèl��KV���6�"KLC�F���KV�?F�[Qé7�Xs

C A
1

�����
��B 
S�6>NO�
6�f[6ê~���XH?
ª[�FE�~������èl��KL���Q� g >Y�������I��>GK,[����­H]�¼FEC���>NH?
 π

sinh(π)
A

eL��§ùRKT�À���� ³ ; ° ; � ; π

sinh(π)

�������YFE�?�7�\D����)H]�?�Q� A q � �R�Z��H]C�D���
7���¡H]�ª��B >G��H]Ci[7����H]�?�)D��L�~� è]C���F�>NO�
Q�¡H]�
π�U�

eπ
u A

ÕrT�������������¢�R«¤�T�3�¤I3� �8z5�893�: �� l?>×JLEGF.x"C"FAFACr=n>ACHln�¢C Â kmE!=�kvBAC Z = Z(1, P,−1,−1, ·) N

Z(s) =
∑

m,n≥1

(−1)m(−1)n[(m− n)2m+m]−s

=
∑

m,n≥1

(−1)m−nm−s[(m− n)2 + 1]−s

=
∑

1≤m≤n
(−1)m−nm−s[(m− n)2 + 1]−s +

∑

1≤n<m
(−1)m−nm−s[(m− n)2 + 1]−s

�ðE!=�kmB×JLEGF n = m+ u sUJ}E?B
pëJ»=?>AC"y7t�ç">ACIBAkmywy7CIC"F m = n+ u sUJLE?B.pëJwsnC"l�Ônt�ç"y7C Â kvE!kmznFAt�CHE¢F��
Z(s) =

∑

m≥1
u≥0

(−1)um−s(u2 + 1)−s +
∑

n,u≥1

(−1)u(n+ u)−s(u2 + 1)−s

= ζ(s)
∑

u≥0

(−1)u(u2 + 1)−s +
∑

u≥1

(−1)u(u2 + 1)−s
∑

n≥1

(n+ u)−s

= ζ(s)
∑

u≥0

(−1)u(u2 + 1)−s +
∑

u≥1

(−1)u(u2 + 1)−s
[
ζ(s)−

∑

1≤k≤u
k−s
]

= ζ(s)
∑

u∈Z
(−1)u(u2 + 1)−s −

∑

1≤k≤u
(−1)u(u2 + 1)−sk−s

= ζ(s)
∑

u∈Z
(−1)u(u2 + 1)−s −

∑

k≥1
l≥0

(−1)k+l[(k + l)2 + 1]−sk−s

= ζ(s)
∑

u∈Z
(−1)u(u2 + 1)−s −

∑

k,l≥1

(−1)k+l[(k + l)2 + 1]−sk−s −
∑

k≥1

(−1)k(k2 + 1)−sk−s

¶J¶



Á CHB.�GlKJWFD>{CIkmz?BACH>(�mJWFDtqkvE?B.BAl?t¤�mJLEGFACHB.=�CH>AywC"FAFACHEGF�snCrx"kvEUx"pql?>AC7�
∗ xv�QCHB{F.l?EnC�JL=?=?pqtëxHJLFAt�kvE*x"p�JLBABAtë�¢l?C�snl�FD�?@Hkv>Aç"y7CrsnCHB
>A@HBAt�snl?B�snCIy7kvEGFA>ACH>�p��ì@HíGJLpqtqFA@

∑

u∈Z
(−1)u(u2 + 1)−1 =

π

sinh(π)
,

∗ pqC�FD�?@Hkv>AçHywC � =�CH>{y7C"F-sæ�ÃJ?Á7>Ay7CH>3�Gl?C s 7→∑

u∈Z
(−1)u(u2 +1)−s BAC.=n>Akvp�kvE?ívC.�?kmpqkvy7km>{=?�?t��Gl?CHy7CHE¢F

É C Â
∗ pqC�FD�?@Hkv>Aç"y7C � =�CH>{y7C"F,sæ��J�Á2>{y7CH>«�Gl?C s 7→∑

k,l≥1

(−1)k+l[(k+ l)2 + 1]−sk−s BDC�=?>AkvpqkmE?ívCh�?kmpqkvy7km>ÄÌ
=?�?t��Gl?C"y7CHEGFhÉ C Â
∗ pqChFD�?@Hkv>Aç"y7C � =�CH>AywC"F
s¾��J�Á2>AywCH>,�Gl?C s 7→∑

k≥1

(−1)k(k2 + 1)−sk−s BACÐ=?>{kmpqkvE?ímCÐ�?kvp�kvy7kv>A=?�?t��Gl?C4Ì
ywCHEGF�É C N

¶��



Â Ã ��Ä à9ã�Ý!Û K

L Û¼Ü Ü Û � M~ÿöß Ã � â<;�Û Û ã # � � Û(É�Ý*ä � ÉON � P É Ä·� Û ã�ä
� MvÛ¼â¨ã�àæÛ¼Ý�ä â´ÿ=; � ã�à5Q�ä ��Û

Z
Û ã � Û

Y

û�# Ê Ó®��+«���¬��� E
ÕrT�3�¤�3� �895�893): ¯ ; � ; � ;,<��?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ]
�U�

1 ≤ T0 ≤ T − 1 A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	
�iu T0∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q��H]��[��k
S�

µ ∈ (T \ {1})N �U�
k1, ..., kT ∈ N Aç ���?F��Xc

Z(Q;P1, ..., PT ;µ;−k1, ...,−kT ) = Z

(
Q

T∏

t=T0+1

Pt
kt;P1, ..., PT0 ;µ;−k1, ...,−kT0

)

ÕrT�������� �� E�sn@"î?E?tqF f : CT0 → C =KJL> f(s1, ..., sT0) = Z(Q;P1, ..., PT ;µ; s1, ..., sT0;−kT0+1, ...,−kT )
N

f CHB{F.�nkmpqkmywkm>{=?�?C NÆ J}>�pëJ»=?>{km=�kvBDt¤FAt�kvEò¡ N Ù N_� tqp�C4ÔntqB{FDC σ0 ∈ R FDCHp��Gl?CI=�kvl?> σ1, ..., σT0 ≥ σ0
kvEòJLt¤F��

Z(Q;P1, ..., PT ;µ; s1, ..., sT0;−kT0+1, ...,−kT ) =
∑

m∈N∗N
µmQ(m)

T0∏

t=1

Pt(m)−st
T∏

t=T0+1

Pt(m)kt

� E�sn@"î?E?tqF g : CT0 → C =KJ}> g(s1, ..., sT0) = Z

(
Q

T∏

t=T0+1

Pt
kt ;P1, ..., PT0;µ; s1, ..., sT0

) N
g CHB{F.�?kvpqkmy7kv>A=n�?C NÆ J}>�pëJ»=?>{km=�kvBDt¤FAt�kvEò¡ N Ù N_� tqp�C4ÔntqB{FDC σ′0 ∈ R FDCHp��Gl?CI=�kvl?> σ1, ..., σT0 ≥ σ′0

kvEòJLt¤F��

Z

(
Q

T∏

t=T0+1

Pt
kt;P1, ..., PT0;µ; s1, ..., sT0

)
=

∑

m∈N∗N
µmQ(m)

T∏

t=T0+1

Pt
kt

T0∏

t=1

Pt(m)−st

¶��



� E�x"kvE?B{F�JWFDCI�¢l?C�=�kvl?> σ1, ..., σT0 ≥ max(σ0, σ
′
0) kvE�J f(s1, ..., sT0) = g(s1, ..., sT0) úo=KJ}>,=?>{kmpqkvE?ímC4ÌywCHEGF�J}EKJLp¤ËoFDt��Gl?CrkvE!CHE�sn@�snl?t¤F��Gl?C f = g

N
�ðE!=KJ}>(FDt�x"l?pqt�CH> f(−k1, ...,−kT0) = g(−k1, ...,−kT0)

Â x"Cr�Gl?t�C"BAF
C4ÔUJ}x4FDCHy7CHE¢F.pqCr>{@HBAl?pqF×JLF��¢kvl?p�l N

^/��§a§¨���"¸ZwoV~¹�R�:+²Q�Q;
<��?>N���Q�

P1, ..., PT , Q1, ..., QT ′ ∈ R[X1, ..., XN ]
�U�
Q ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
? P1, ..., PT , Q1, ..., QT ′

}�C�F�> bd���Q�����
	
?

T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞

?
T ′∏

t=1

Qt(x) −−−−−→
|x|→+∞
x∈JN

+∞
<��?>N���Q��H]��[��k
S�

µ ∈ (T \ {1})N �U�
k1, ..., kT , l1, ..., lT ′ ∈ N Aç ���?F��Xc

Z

(
Q

T ′∏

t=1

Qt
`t ;P1, ..., PT ;µ;−k1, ...,−kT

)
= Z

(
Q

T∏

t=1

Pt
kt ;Q1, ..., QT ′ ;µ;−`1, ...,−`T ′

)

ÕrT�������� �Á J�=?>{km=�kvBAtqFAt�kvE �?N Ù N Ù =�CH>Ay7C"F�sæ�ÃJ?Á7>Ay7C">,�Gl?CÐpqCHB��GlKJLEGFDt¤FD@"B�x"kvE?BDt�sn@H>{@HCHB�BAkvEGF«FDkvlnFDCHB,snCHl�Ô¶@Hí¢J}pqCHB
É��
Z(Q;P1, ..., PT , Q1, ..., QT ′ ;µ;−k1, ...,−kT ,−`1, ...,−`T ′)

N

^/��§a§¨� ¯ ; � ; � ;,<��?>N���Q�
Q ∈ R[X1, ..., XN ]

�U�
µ ∈ (T \ {1})N A

` ���)���i�
Q =

∑

α∈S
aαXα A

ç ���?F��Xc
Z(Q;X1, ..., XN ;µ; 0, ..., 0) =

∑

α∈S
aα

N∏

n=1

ζµn(−αn)

ÕrT�������� �

� |



BAt σ1, ..., σN
BAkmE¢F.BAl�Á7B�JLy7y7C"EGF
ím>DJ}EUsnB
kmE*J��

Z(Q;X1, ..., XN ;µ, s) = Z

(∑

α∈S
aαXα;X1, ..., XN ;µ; s

)

=
∑

α∈S
aαZ(Xα;X1, ..., XN ;µ; s)

=
∑

α∈S
aα

∑

m∈N∗N
µmmα

N∏

n=1

m−snn

=
∑

α∈S
aα

∑

m1,...,mN≥1

N∏

n=1

µmnn mαn−sn
n

=
∑

α∈S
aα

N∏

n=1

∑

mn≥1

µmnn mαn−sn
n

=
∑

α∈S
aα

N∏

n=1

ζµn(sn − αn)

Æ J}>�=?>AkvpqkmE?ívCHy7CHE¢FhJ}EKJLp¤ËoFDt��Gl?C Â kvEòJ»snkmEUxw�

∀s ∈ CN Z(Q;X1, ..., XN ;µ, s) =
∑

α∈S
aα

N∏

n=1

ζµn(sn − αn)

�ïpæBDl�Á7F
y�J}tqEGFACHEKJ}E¢F�snCIÇøJLt�>{C s = 0 sUJLE?B�x"C"F{FDCI@Hí¢J}pqt¤FD@r=�kvl?>
kvznFDCHE?tq>
p�CI>{@HBAl?p¤F�JWF�x×�?CH>Ax×�?@ N
�.kvl?B.BAkvy7y7CHB�y�J}tqEGFACHEKJ}E¢F.CHE!y7CHBAl?>ACIsnCrywkmEGFA>ACH>�pqCIFA�?@Hkv>AçHy7C�À NK� JL=?=�CHp�kvE?B.CHE!p��ì@HE?kvEUx"@2�

_à¹+wl3�T�á�§¨�ò¹|;=<��?>N���6�
Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q�

k1, ..., kT ∈ N Ad` �������i�
Q

T∏

t=1

P kt
t =

∑

α∈S
aαXα A

<��?>@�fH]��[��k
l�
µ ∈ (T \ {1})N Aç ���?F��Xc

Z(Q;P1, ..., PT ;µ;−k1, ...,−kT ) =
∑

α∈S
aα

N∏

n=1

ζµn(−αn)

� Ù



ÕrT��������ý¿

Z(Q;P1, ..., PT ;µ;−k1, ...,−kT ) = Z

(
Q

N∏

n=1

X0
n;P1, ..., PT ;µ;−k1, ...,−kT

)

ív>×õ}x"C�J}l!pqCHy7ywCrsæ�Q@Hx×�KJ}EnímC = Z

(
Q

T∏

t=1

P kt
t ;X1, ..., XN ;µ; 0, ..., 0

)

ím>Dõvx"C�JLl!p�CHywy7C �nN Ù N u =
∑

α∈S
aα

N∏

n=1

ζµn(−αn)

co3�T�3)¢@¢ÈRQ8ÈT�� ¯ ; � ; £ ;=<1�?>G�
K


��÷�\�?
S�àD��?F�[Q�XHJ�
R A<��?>N���Q�

Q,P1, ..., PT ∈ K[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q��H]��[��k
S�

k1, ..., kT ∈ N
�U�
µ ∈ (T \ {1})N Aç ���?F��Xc

Z(Q;P1, ..., PT ;µ;−k1, ...,−kT ) ∈ K(µ1, ..., µN)ÕrT�������� �� CHpëJwsn@�x"kvl?pqC�snl�FD�?@Hkv>AçHywC�À C4F�snl!pqCHy7y7C � � �Gl?tæBACH>×J»sn@Hy7kvEGFD>{@rsUJ}E?B
pqCI=?>Ak�xD�KJ}tqE*xD�KJ}=ntqFA>ACW£ N

û�#�Ò Ó®��+«���¬���
Y

Á C�=?>{t�EUx4t�=�C�snlápqCHy7y7C�sæ�Q@Hx×�KJ}EnímC�ÇÈkvEUx4FAt�kvE?E?C!J}l?BABAt«=�kml?> Y �§l?E?C�sn@Hy�JL>Dx×�?C¶CHE FAkmlnF»=�kvtqEGFDB
BAtqy7tqp�JLtq>ACHB�Éwx"Cr�Gl?CIE?kvl?BhJH�¢kvE?B
ÇøJLtqF
=�kml?> Z =�CH>Ay7C"F.snCrywkmE¢FD>ACH>�pqC�FD�?@Hkv>AçHy7C � BAl?t¤�mJLEGF��
_à¹+wl3�T�á�§¨�ùcL;=<1�?>N���Q�

Q,P1, ..., PT ∈ R[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	 g
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q�

k1, ..., kT ∈ N Ad` �������i�
Q

T∏

t=1

P kt
t =

∑

α∈S
aαXα A

<��?>N���Q��H]��[��k
S�
f1, ..., fN ∈ B(1) Aç ���?F��Xc

Y (Q;P1, ..., PT ; f1, ..., fN ;−k1, ...,−kT ) =
∑

α∈S
aα

N∏

n=1

Y (1, X, fn,−αn)
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S�àD��?F�[Q�XHJ�
R A<��?>N���Q�

Q,P1, ..., PT ∈ K[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�����
	 g
�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>N���Q�

k1, ..., kT ∈ N Ad` �������i�
Q

T∏

t=1

P kt
t =

∑

α∈S
aαXα A

` �aH]C@bI�6>@�
f : R→ C

[7�?F
f(x) = eix Aç ���?F��Xc

Y (Q;P1, ..., PT ; f, ..., f ;−k1, ...,−kT ) ∈ K(i, ei).

ÕrT��������ý¿
�ol�pqC�FA�?@Hkm>{çHy7C �hÂ tqp�BAl�Á7F.snCIy7kmE¢FD>ACH>
�GlnC ∀k ∈ N Y (1, X, f,−k) ∈ K(i, ei)

N
Æ kmBAkvE?B Y = Y (1, X, f, ·) N�� t σ > 1 kvE*J��

Y (s) =

∫ +∞

1

x−seixdx

=

[
x−s

1

i
eix
]x=+∞

x=1

−
∫ +∞

1

(−s)x−s−1 1

i
eixdx

= iei − isY (s+ 1)

Æ JL>
=n>AkmpqkvE?ímC"y7CHEGFhJ}EUJ}p¤ËoFDt��Gl?C Â kvE!CHE�sn@�snl?t¤F ∀s ∈ C Y (s) = iei − isY (s+ 1)
N

� E�sn@�s�l?tqF
FAkmlnF.sæ��JLz�km>As�snCrx"C�x4t
�Gl?C Y (0) = iei
N

Æ J}>�>A@�x4l?>A>ACHE?x"CrkvE!y7kmE¢FD>AC�CHE?BAl?t¤FDCIB.�Gl?C ∀k ∈ N Y (−k) ∈ K(i, ei)
N
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S���¼��
�>G�i�­H]�¼���?KL��F����XD��?K,[������S��� A
` �V[6���\�

Z(s) =

+∞∑

m=1

am
ms

�U�d��B ������
�[J[6���\�XO�
"B >Y�����~>9�����
s ∈ C �i�R��O�
Q�­D��U�Y�i�¼�RC�F�>P�­D��?�6}~��F�èl� A

ø FEù]D��XsvD��U�P�i�nélj�[6�?�@é7M��\� g �?�L[6��
���H]CYbI�7>GF
f : R∗+ → C

[7�?FXc
f(x) =

+∞∑

m=1

ame
−mx A

` �¨��
�[][6���\�¡O�
"B >@�����~>9���i�à
����à��
S>@�i�
(ck)k∈N

H]�LD��?K,[������l���X�i�U�G���LO�
6� g [6�?
SF­�i��
��
K ∈ N∗ g �?�r�?>G�,�?


}~��>9��>G�)�\èl�­HJ�
0

c
f(x) =

K−1∑

k=0

ckx
k +O(xK) A

ç ���?F��Xc
Z

�\�f[�FE�~������èl�né7�~����KV�?F�[Qél>PO�
Q��KL���Q�fs
C

�U� ∀k ∈ N Z(−k) = (−1)kk!ck A
�.kvl?BÐJLl?>AkvE?B�z�C"BDkvtqEòsnCHB.E?kmy�z?>ACHB�snC � FAt�>{p�tqE?í�snCrBAC�x"kmE?snC�CHBA=�ç�x"C N�� J}=?=�CHpqkvE?BhC"E�FAkmlnF�sæ��JLz�kv>Ds

pëJws�@"îUE?t¤FDtqkmEý�
`vwlx�:y8z5�893): ¾ ; � ; � ;=<��?>N���Q�

k, ` ∈ N Aef�?FªH]CYb��6>@�Y>P�?�a���à�)�?KV��FE�¡HJ�o<��Y>9FR�k>9��è�H]�o�\�ED��?��Hh����[6M�D��|qt�����\�\D�>NC¡s
(k, `)

uh�����f�Z�à���?KL��F��ªH]�=[6��FU�Y>G�
�Y>P�?�7�à���

`
[6��FU�@>N���XH�B 
��a���7�\��KL�R���­s

k
CR�ZC�KV���6�@� A � �U�f���6�Y>N��F¼�����Y
SF��U�������/�����iC

S(k, `) A
b=º���§«¤¬¢9� ¾ ; � ; £ ;

S(0, 0) = 1 ó [6��
�F
k ∈ N S(k, k) = 1 ó ��>

0 ≤ k < `
�~�Z�?F��

S(k, `) = 0 A
� EI�vJ,y�JLtqEGFDCHEUJ}EGF
>×JL=?=�CHpqCH> �¢l?CHp��Gl?CHB
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@Hp�@HywCHEGF�JLtq>ACHB snC3x"CHB
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^/��§a§¨� ¾ ; � ; ° ; ∀k ∈ N ∀` ∈ N∗ S(k + 1, `) = `S(k, `) + S(k, `− 1) A

^/��§a§¨� ¾ ; � ; ³ ;,ef�?
SF^�i�?
S�
k, ` ∈ N �?�«�vc

S(k, `) =
1

`!

∑̀

j=0

(−1)`−j
(
`

j

)
jk A

^/��§a§¨� ¾ ; � ; ¯ ;,<��?>@�
g : R∗+ → C

H]�XDR�������\�
C∞ Ad` �aH]CYb��6>@�

f : R→ C
[6��F

f = g ◦ exp A
ç ���?F���[6�?
SF^�i�?
��

k ∈ N ���a�vc ∀x ∈ R f (k)(x) =
k∑

`=0

S(k, `)e`xg(`)(ex) A
ÕrT�������� �
CHpqpqCrBACIÇøJLt¤F.=KJL>
>A@�x"l?>{>ACHEUx4CrBAl?> k ∈ N N
?
Æ kvl?> k = 0 x"CHpëJwsn@�x"kvl?pqC�snC S(0, 0) = 1

N
?
� t�p��ÃJ}BABACH>{FAt�kvE�CHB{F���>×JLtqC�JLl!>×JLE?í k Â JLp�kv>AB
=�kml?>�FAkml�F x ∈ R kvEòJ��

f (k+1)(x) =
k∑

`=0

S(k, `)
(
`e`xg(`)(ex) + e`xexg(`+1)(ex)

)

=
k∑

`=0

S(k, `)`e`xg(`)(ex) +
k+1∑

`=1

S(k, `− 1)e`xg(`)(ex)

S(k, k + 1) = 0 snkvEUxw�

f (k+1)(x) =
k+1∑

`=1

[`S(k, `) + S(k, `− 1)] e`xg(`)(ex)

=
k+1∑

`=1

S(k + 1, `)e`xg(`)(ex)

=
k+1∑

`=0

S(k + 1, `)e`xg(`)(ex)

x"Cr�¢l?tæFDCH>{y7tqE?CIpëJ»>A@Hx"l?>A>AC"EUx"C N
�.kvl?B.=�kvln�¢kvE?B.y2J}tqEGFDC"EKJ}EGF
=?>Akvln�¢CH>�p�CIpqCHy7y7C � snkmE¢F.E?kvl?B.>×JL=?=�CHpqkvE?B�p��ì@HE?kmEUx4@2�

^/��§a§¨�ò\÷;,<1��>@�
µ ∈ T \ {1} A

ç ���?F���[6�?
SF^�i�?
��
k ∈ N ���a�vc

ζµ(−k) =
(−1)kµ

1− µ
k∑

`=0

`!S(k, `)

(µ− 1)`
A

ÕrT�������� �
∀x > 0

+∞∑

m=1

µme−mx =

+∞∑

m=1

(
µe−x

)m
= µe−x

1

1− µe−x =
µ

ex − µ
� ¡



� E�sn@"î?E?tqF f : R→ C =KJ}> f(x) =
µ

ex − µ
C4F g : R∗+ → C =KJ}> g(y) =

µ

y − µ
N

g CHB{F C∞ C4F f = g ◦ exp snkvEUx ¶�N Ù N�� B���JL=?=?pqt��Gl?CrC"F�snkvE?E?C7�

∀x ∈ R f (k)(x) =

k∑

`=0

S(k, `)e`xg(`)(ex).

∀y ∈ R∗+ g(y) = −µ 1

µ− y
snkvEUx7� ∀` ∈ N ∀y ∈ R∗+ g(`)(y) = −µ `!

(µ− y)`+1

N
� Crx"Cr�Gl?tæ=?>A@�x"çHsnCrkvE*sn@Hsnl?tqF��¢l?C7� f (k)(0) =

k∑

`=0

S(k, `)

(
−µ `!

(µ− 1)`+1

) Â
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S������KV��FE�f[�FE��KX>N��F A

` �­b+�S�^
���KV�?F�[Qél>z��KV�XH]�­D��?F�[Q�àH]�
C

HJ�?�7�
Cp g >Y�)�\��FE�­�\�?
S�������Q�i���)H?
�H]�?�7�^�����XC�D�F�>@�@
�FE��� A<��?>N���Q�

Q,P1, ..., PT ∈ Z[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�
HDF g

�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ g
Diu ∀t ∈ {1, ..., T} ∀j ∈ ZN p - Pt(j) A<��?>@�

µ ∈ (T \ {1})N A
` ����
�[][6���\�XO�
Q� ∀n ∈ {1, ..., N} |1− µn|p > p−

1
p−1 A<��?>@�

r ∈ {0, ..., p− 1}T Aç ���?F��¼>Y�����~>z���i�
Zr
p(Q,P1, ..., PT ,µ, ·) : ZpT → Cp

D����Q�Y>G�6
6�o�i�R�9���­O�
6�­c
∀k ∈ NT }~C�F�>ëbd�?�6� ∀t ∈ {1, ..., T} kt ≡ rt mod (p− 1) g �?�a�?>@��c

Zr
p(Q,P1, ..., PT ,µ,−k) = Z(Q,P1, ..., PT ,µ,−k).

ÕrT����������¬� 5�¹+wl3�T�á�§¨�ò` �
BAkvtqF k ∈ NT N¢� E»E?k}FDC Sk

p�C,BAl?=?=�kv>{F3snC Q
T∏

t=1

P kt
t

Nm� kmt¤F (aα)α∈Sk

FACHp�pqC��Gl?C ∑
α∈Sk

aαXα = Q
T∏

t=1

P kt
t

N

Á C�FA�?@Hkm>{çHy7C�ÀÖsnt¤F��Gl?C Z(Q,P1, ..., PT ,µ,−k) =
∑

α∈Sk

aα

N∏

n=1

ζµn(−αn)
N
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� E!lnFAt�pqtqBACrpqCrpqCHy7ywC ��N

Z(Q,P1, ..., PT ,µ,−k) =
∑

α∈Sk

[
aα

N∏

n=1

(
(−1)αnµn

1− µn

αn∑

`n=0

`n!S(αn, `n)

(µn − 1)`n

)]

=
∑

α∈Sk

[
aα(−1)|α|

µ1

(1− µ)1

N∏

n=1

(
αn∑

`n=0

`n!S(αn, `n)

(µn − 1)`n

)]

=
µ1

(1− µ)1

∑

α∈Sk

[
(−1)|α|aα

N∏

n=1

∑

`n≤αn

`n!S(αn, `n)

(µn − 1)`n

]

=
µ1

(1− µ)1

∑

α∈Sk

[
(−1)|α|aα

∑

`≤α

N∏

n=1

`n!S(αn, `n)

(µn − 1)`n

]

=
µ1

(1− µ)1

∑

α∈Sk

[
(−1)|α|aα

∑

`≤α

(
`!

(µ− 1)`

N∏

n=1

S(αn, `n)

)]

=
µ1

(1− µ)1

∑

α∈Sk

[∑

`≤α

(
(−1)|α|aα

`!

(µ− 1)`

N∏

n=1

S(αn, `n)

)]

Æ kml?> ` ∈ NN Â kmE!E?k}FDC Z`(−k) =
∑

α∈Sk
α≥`
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(−1)|α|aα

`!

(µ− 1)`

N∏

n=1

S(αn, `n)

) N
Á J�ÇøJLy7t�pqpqC (Z`(−k))`∈NN

CHB{F.=?>{CHBD�Gl?CIEol?pqp�C Â =?p�l?B
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{` ∈ NN | ∃α ∈ Sk, α ≥ `}

Â �Gl?tæCHB{F�x"pëJLt�>{CHy7CHEGF.l?E?CI=KJL>{FAt�C�îUE?tqCrsnC NN N� Crx"Cr�Gl?tæ=?>A@�x"çHsnCrkvE*sn@Hsnl?tqF��¢l?C Z(Q,P1, ..., PT ,µ,−k) =
µ1

(1− µ)1

∑

`∈NN
Z`(−k)

N

�.k}FDkvE?B.�Gl?C |Z`(−k)|p ≤
N∏

n=1

|`n!|p
|µn − 1|`np

Â x"C�x"t�E?kvl?B.BACH>DJ»lnFAt�pqCI=?pql?B
F�JL>Ds N
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Â kvE*J�� Z`(−k) =
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α∈Sk
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(−1)|α|aα

N∏

n=1
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Z`(−k) =
`!

(µ− 1)`

∑

α∈Sk

(
(−1)|α|aα

N∏

n=1

S(αn, `n)

)

=
`!

(µ− 1)`

∑

α∈Sk

{
(−1)|α|aα

N∏

n=1
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1

`n!

`n∑

jn=0

(
(−1)`n−jn

(
`n
jn

)
jαnn
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= (1− µ)−`
∑

α∈Sk
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(−1)|α|aα

N∏

n=1
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`n∑

jn=0

(
(−1)jn

(
`n
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jαnn
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= (1− µ)−`
∑

α∈Sk



(−1)|α|aα

∑

j∈∏N
n=1{0,...,`n}
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N∏

n=1

(
(−1)jn

(
`n
jn

)
jαnn

)]
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= (1− µ)−`
∑

j∈∏N
n=1{0,...,`n}
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N∏

n=1
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(−1)jn

(
`n
jn

)] ∑

α∈Sk

[
(−1)|α|aα

N∏

n=1

jαnn
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= (1− µ)−`
∑

j∈∏N
n=1{0,...,`n}
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N∏

n=1
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(−1)jn

(
`n
jn

)] ∑

α∈Sk

[
aα

N∏

n=1

(−jn)αn
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= (1− µ)−`
∑

j∈∏N
n=1{0,...,`n}

{
(−1)|j|

(
`

j

)
Q(−j)

T∏

t=1

Pt(−j)kt

}

Æ kml?> x ∈ Z∗p kvE!E?kvFAC w(x) pqC � CHt�x×�?yXW?pqpqCH>.snC x C"F 〈x〉 =
x

w(x)

N
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j
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Q(−j)

T∏

t=1

w (Pt(−j))rt 〈Pt(−j)〉−st

� kvt¤F k ∈ NT �m@H>At¤î�JLEGF ∀t ∈ {1, ..., T} kt ≡ rt mod (p− 1)
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N∏
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N∏
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� kvt¤F n ∈ {1, ..., N} NKM kvEGFD>{kmE?B.�Gl?C |`!|p
|µn − 1|`p
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0
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�FE��� A<��?>N���Q�
Q,P1, ..., PT ∈ Z[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�
HDF g

�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ g

` �V[6���\�­c
Z̃(Q;P1, ..., PT ;µ; s) =

∑

m∈N∗N
∀t∈{1,...,T} p-Pt(m)

µmQ(m)
T∏

t=1

Pt(m)−st .

<��?>@�
µ ∈ (T \ {1})N A

` ����
�[][6���\�XO�
Q� ∀n ∈ {1, ..., N} |1− µn|p > p−
1

p(p−1) A<��?>@�
r ∈ {0, ..., p− 1}T Aç ���?F��¼>Y�����~>z���i�

Zr
p(Q,P1, ..., PT ,µ, ·) : ZpT → Cp

D����Q�Y>G�6
6�o�i�R�9���­O�
6�­c
∀k ∈ NT }~C�F�>ëbd�?�6� ∀t ∈ {1, ..., T} kt ≡ rt mod (p− 1) g �?�a�?>@��c

Z̃r
p(Q,P1, ..., PT ,µ,−k) = Z̃(Q,P1, ..., PT ,µ,−k).

�J�



ÕrT����������¬�öVJ3�T�3)¢@¢�R�8ÈT��Y\ �

Z̃(Q;P1, ..., PT ;µ; s) =
∑

m∈N∗N
∀t∈{1,...,T} p-Pt(m)

µmQ(m)
T∏

t=1

Pt(m)−st

=
∑

u∈{1,...,p}N

∑

m∈N∗N
∀t∈{1,...,T} p-Pt(m)
∀n mn≡un mod (p)

µmQ(m)
T∏

t=1

Pt(m)−st

=
∑

u∈{1,...,p}N

∑

m∈NN
∀t∈{1,...,T} p-Pt(u+pm)

µu+pmQ(u + pm)

T∏

t=1

Pt(u + pm)−st

=
∑

u∈{1,...,p}N

∑

m∈NN
∀t∈{1,...,T} p-Pt(u)

µu+pmQ(u + pm)
T∏

t=1

Pt(u + pm)−st

=
∑

u∈{1,...,p}N
∀t∈{1,...,T} p-Pt(u)

µu
∑

m∈NN
(µp)mQ(u + pm)

T∏

t=1

Pt(u + pm)−st

�ïp,BAl�Á7F2JLp�kv>AB7snC�y7kvEGFA>ACH>w�Gl?C ∀n ∈ {1, ..., N} |1 − µn
p|p > p−

1
p−1 =�kvl?>w=�kvln�¢kvt�>7J}=?=?pqt��Gl?CH>wpqC

FA�?@Hkm>{çHy7C ��NUÁ CIpqCHy7ywCIBDl?t¤�vJ}E¢F.=�CH>AywC"F�snCrx"kvEUx"pql?>AC2�

^/��§a§¨� ¾ ; � ; � ;,<��?>@�
x ∈ Cp Aç ���?F��Xc |x− 1|p > p−
1
p−1 ⇒ |xp − 1|p = (|x− 1|p)p A

ÕrT��������ý¿
kvE!=�kmBAC z = x− 1

N
� E*J��

xp − 1 = (z + 1)p − 1

=

p∑

k=1

(
p

k

)
zk

= z

(
p−1∑

k=1

(
p

k

)
zk−1 + zp−1

)

�ðE�snt�B{FAt�E?ívlKJLEGF�snCHl�Ô!x�JLB�� |z|p ≥ 1 C"F |z|p ≤ 1
Â kvE�x"kvE?B{F�JLFACr�Gl?C7�

∀k ∈ {1, ..., p− 1}
∣∣∣∣
(
p

k

)
zk−1

∣∣∣∣
p

<
∣∣zp−1

∣∣
p

ú?kvE�sn@�snl?t¤F�snCrx"C�x"t
�GlnC7�

� |



∣∣∣∣∣

p−1∑

k=1

(
p

k

)
zk−1 + zp−1

∣∣∣∣∣
p

=
∣∣zp−1

∣∣
p

ú?pqCI>A@HBAl?p¤F�JWF�sn@�x"kvl?pqC�snCrx"C"FAFACIÇÈkv>Ay�l?pqC N
� l�x"kvl?>AB.snCIpëJ»=?>ACHln�mC�s�l�FD�?@Hkv>AçHy7C � E?kvl?BhJH�¢kvE?B�J}lnBDBAt�ywkmEGFA>A@IpëJ�=?>Akv=�kmBAt¤FDtqkmE!BDl?t¤�vJ}E¢FDC7�

ÕrT�3�¤�3� �895�893): \÷;,<��?>N���Q�
Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�Xc
��u
P1, ..., PT

}�C�F�> bd���Q�
HDF g

�iu T∏

t=1

Pt(x) −−−−−→
|x|→+∞
x∈JN

+∞ A
<��?>@�

µ ∈ (T \ {1})N Aç ���?F���[6�?
SF^�i�?
��
k ∈ NN ���a�vc

Z(Q,P1, ..., PT ,µ,−k) =
µ1

(1− µ)1

∑

`∈NN

1

(1− µ)`

∑

j∈∏N
n=1{0,...,`n}

{
(−1)|j|

(
`

j

)
Q(−j)

T∏

t=1

Pt(−j)kt

}

TU�?F�KX
7�Z�­H]�?�7�^���]O�
6�R�G���o���ª�\�?KXKV�¼��
�F
`

���������XTR�?>@�/
����¼�R�?K­KL�"bI�7>N� A

� Ù
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� MvÛ¼â¨ã�àæÛ¼Ý�ä â´ÿ=; � ã�à5Q�ä ��Û ä|ÿÞÝ*àæÛöä

Z

Á C.z?lnF-snC.x"C�xD�KJ}=?t¤FA>AC.CHB{F-snC.=?>{kmln�mCH>3pqC
FD�?@Hkv>Aç"y7Ch� Â E?kmlnB�lnFDtqp�tqBAkvE?B-l?EnC.y7@"FA�?k�snC.snC�sn@�xHJ}pëJ}ívC N
�.kvl?B
=?>{k�x"@�snkvE?B.CHE�FD>{kmtqB
@"F�JL=�CHB��Ù £�=KJL>wBAkmlUx4t�=�@�sUJ}ívkvímt��Gl?C!E?kvl?BwFD>DJ}t¤FDkvE?B7sæ��JLz�km>AsÞpqC!x�J}BwFA>AçHBw=KJL>{FAtëx"l?pqtqCH>7k~Ñ¼x×�KJ}�Gl?C Pt C"BAFwl?E?CÇ�km>{y7C�J�Á2E?Crsn@H=�CHEUsUJLEGF�snC�FDkvlnFDCHB
pqCHB
�vJL>AtëJ}znp�CHB N
um£ � kvl?B�p��ì�GË�=�k}FD�?çHBACwsæ�ì�GË�=�kGCHp�pqtq=nFDt�x"t¤FD@!�9E?kvl?B�>AC"FA>Akvln�¢kvE?BIsnC»y2J}E?tqçH>AC�tqEUsn@H=�CHEUsUJLEGFDC � C"F�CHEY=KJ}>(FDt Ì
x"lnp�tqCH>�B×JLE?B�>ACH=?>{@HBACHEGF�JWFDtqkmE�tqEGFA@Hím>DJ}pqCW£-pqCÐFD�?@"km>{çHy7C ��Â C4F
E?kvl?B
sn@Hy7kvEGFD>{kmE?B,CHE?BAl?tqFAC�p�CÐFA�?@Hkv>AçHy7CI� N
~¢£��ðEOlnFDtqp�tqB×JLEGF»pqC2FD�?@Hkv>AçHywC�ÀºC"F�p�C2FA�?@Hkm>{çHy7C��SsUJLE?B�pqC¶x�J}B��GË�=�kGCHpqp�tq=nFDt��Gl?C Â E?kvl?B�=?>{kml��¢kmEnB�pqC
FA�?@Hkm>{çHy7C��¼sUJ}E?B�FDkvlnFDCIB×J�ím@HE?@">×J}pqt¤FD@ N

[ # Ê \ ��¦���� �®­(¦�� +-��� ª���	
���H+,¦�1H�"��	 Þ 1"� +«��� ���
� °L��	�� �.� �^] ���
�
����ªY�
�!������� ��� ����¦�� �
�¬1"�
�¸����	§�"��³!1"�
�

�.kvl?BhJLpqp�kvE?B.=?>{kmln�mCH>
pëJ»=?>Akv=�kmBAt¤FDtqkvE�BAl?t¤�mJLEGFDC Â x�J}B
=KJL>{FDt�x"l?pqtqCH>�snl�x"kv>Akvpqp�JLtq>AC�À N

ÕrT�3�¤�3� �895�893): �1; � ; � ;,<��?>N���Q�
µ ∈ (T \ {1})N �U�

P1, ..., PT ∈ R[X1, ..., XN ] A
` ����
�[][6���\�XO�
Q�

P1, ..., PT
�\���Q�fH]���/TR��F�KL���X���r�����àH]Ci[7����H]�?�6�fH]�^�i�?
��i���o�Z���¼}~�?F�>N�]�U����� A

` ����
�[][6���\�XO�
Q� ∀t ∈ {1, ..., T} ∀x ∈ JN Pt(x) > 0 A
` �V[6���\�

Z(µ, ·) = Z(1, P1, ..., PT ,µ, ·) A<��?>@�
a ∈ NN A�` �,[6���\�

E(a) = {m ∈ N∗N |m � a+1} =
{
m ∈ N∗N | ∃n ∈ {1, ..., N} mn ≤ an

} A
` �V[6���\�­c

Za
N−1(µ, s) =

∑

m∈E(a)

µm

T∏

t=1

Pt(m)−st A
� ���?>GFE��KL���Q�

Za
N−1

[7��
��d�6B C�D�F�>GFE�LD��?KXKV�X
S���LD��?KV��>9���?>9�R�?� �k>G�)C��?>GFE�fb��6>N�LH]��TR����DU�Y>N���7�
Z

�����\��D�>PC����
sLH]����TU�?F�KL���o���r�����os

N − 1
}��?F�>P�]�R�����^�U�dH]Ci[6���)H]�?�Q�
�Yæ$��DU�@>G}~��KL���Q�
H]�àD����

N − 1
}~�?F�>N�]�R�Z��� g �U�
H]�

TU�?��DU�Y>P�?�7��[Q
�>9���\����D���� Aef�?
�F^���?
��
t ∈ {1, ..., T} ���V[6���\�­c

δt = Pt(X + a)− Pt(X) A δt ∈ R A
� u



ç ���?F���[6�?
SF^�i�?
��
k ∈ NT �?�«�V���ªF��R�Z���Y>N������
�>9}~�?�Q�i�Xc

(1− µa)Z(µ,−k) = µa
∑

0<u≤k

δµ
(

k

u

)
Z (µ,−k + u) + Za

N−1(µ,−k)

� �vJ}E¢F�snCI=KJLBDBACH>.É»pëJ»=?>ACHl��¢C Â ÇüJ}tqBAkmE?B�FDkvlnF�sæ�ÃJ}z�kv>Ds�l?E?CI=�C"FDt¤FDCI>ACHy2J}>A�Gl?C7�

eL��§ùRKT�À�������; � ; � ;=<Q>
P (X1, ..., XN) = c0 +

N∑

n=1

cnXn

�����/
����/TR�?F�KV�­��� �)�­s|D����2�±D�>N���6�@�nF�C��R��� g
�~�Z�?F��n�\�?�6�fC�O�
S>G}~�~�����Q�@�Xc
>_u ∀x ∈ JN P (x) > 0 ó
>9>ku ∀n ∈ {1, ..., N} cn ≥ 0

�U�
c0 +

N∑

n=1

cn > 0 A
ÕrT�������� �
x"kvy7y7C"E%$"kmE?B
=KJL>�înÔnC"> σ0

FDCHp��Gl?CIBAt σ1, ..., σT > σ0

Â J}pqkv>AB Z(1, P1, ..., PT ,µ, s) x"kvEG�¢CH>{ímC N
� t σ1, .., σT > σ0

Â JLp�kv>ABr�

Z(µ, s) =
∑

m∈N∗N
µm

T∏

t=1

Pt(m)−st

=
∑

m≥a+1

µm

T∏

t=1

Pt(m)−st + Za
N−1(s)

= µa
∑

m∈N∗N
µm

T∏

t=1

Pt(m + a)−st + Za
N−1(s)

U ∈ N CHB{F
înÔn@ N� E�sntqBD=�kvBAC�snC gU : C× C\]−∞,−1]→ C �?kvp�kvy7kv>A=?�?CIC"F
�¢@">At¤î�J}E¢F��
∀s ∈ C ∀z ∈ C\]−∞,−1] (1 + z)s =

U∑

u=0

(
s

u

)
zu + zU+1gU(s, z)

N
∀k ∈ N �¢@H>{tqî�JLEGF k ≥ U C4F ∀s ∈ C\]−∞,−1] kvE*J gU(k, z) = 0

N
Æ kml?> t ∈ {1, ..., T} C"F m ∈ N∗N Â kvE�sn@"îUE?t¤F Ht,m,U : C→ C =KJL>r�

Ht,m,U(st) =
U∑

ut=0

(−st
ut

)
δutt Pt(m)−ut

Æ kml?>,FDkvlnF t ∈ {1, ..., T} kvE!=�kmBAC7� δt = Pt(X + a)− Pt(X)
Â JLtqE?BAt δt ∈ R+

N

� ~



M l?E?t
snCrx"CHB
E?k}F�JWFDtqkmE?B Â =�kvl?>�FDkvlnF t ∈ {1, ..., T} Â kmE*J��
Pt(m + a)−st = [Pt(m) + δt]

−st

= Pt(m)−st
[
1 + δtPt(m)−1

]−st

= Pt(m)−st
[
Ht,m,U(st) + δU+1

t Pt(m)−(U+1)gU
(
−st, δtPt(m)−1

)]

Æ kvl?> x1, ..., xT , y1, ..., yT ∈ R
Â kvE*J�� T∏

t=1

(xt + yt) =
∑

ε∈{0,1}T

T∏

t=1

x1−εt
t yεtt

Â snkvEUxw�

T∏

t=1

Pt(m + a)−st =
∑

ε∈{0,1}T
δ(U+1)ε

T∏

t=1

Ht,m,U (st)
1−εtPt(m)−st−εt(U+1)gU

(
−st, δtPt(m)−1

)εt

Æ kvl?> m ∈ N∗N C"F ε ∈ {0, 1}T kvE�sn@"îUE?t¤F fm,U,ε : CT → C =KJL>
pëJ»ÇÈkv>Ay�l?pqCIBAl?t¤�vJ}E¢FDC7�

δ(U+1)ε
T∏

t=1

Ht,m,U(st)
1−εtPt(m)−st−εt(U+1)gU

(
−st, δtPt(m)−1

)εt

Æ kvl?>�FAkml?B m C"F s kmE*J»snkmEUxw�
T∏

t=1

Pt(m + a)−st =
∑

ε∈{0,1}T
fm,U,ε(s)

N
� E�sn@"î?E?tqF ZU(µ, ·) =UJ}>
pëJ»Ç�km>{y�l?pqCIBDlntq�vJLEGFDC7�

ZU(µ, s) =
∑

ε∈{0,1}T \{0}

∑

m∈N∗N
µmfm,U,ε(s)

�ïpvCHB{F
ÇøJ}x"tqp�C3snCð�¢kvt�>
�¢l?C ZU(µ, s) C4ÔntqB{FDCêC"F�CHBAF��?kmpqkvy7kv>A=?�?CêBAl?>
{

s ∈ CN |
T∑

t=1

σt > −(U + 1) + 2N

} N
� � kvy7y7CIsæ�Q�KJLz?t¤FDlUsnCIkmE!y7kvEGFD>{CIpëJwx"kvEG�¢C">AívCHEUx"CrE?kv>Ay2J}pqCIBDln>�FDkvlnF�x"kvy7=KJ}x4F NqN�N £� t σ1, ..., σT > σ0

kmE*J��
Z(µ, s) = µa

∑

m∈N∗N
µm

∑

ε∈{0,1}T \{0}
fm,U,ε(s) + Za

N−1(s)

snkvEUx�p�kv>ABD�GlnC σ1, ..., σT > σ0
�

Z(µ, s) = µa
∑

m∈N∗N
µmfm,U,0(s) + µaZU(µ, s) + Za

N−1(s)

� �



Æ JL>.s�@"îUE?t¤FDtqkmE fm,U,0(s) =
T∏

t=1

Ht,m,U (st)Pt(m)−st snkmEUxw�

fm,U,0(s) =
T∏

t=1

U∑

ut=0

(−st
ut

)
δutt Pt(m)−(st+ut)

=
∑

0≤u1,...,ut≤U

T∏

t=1

(−st
ut

)
δutt Pt(m)−(st+ut)

=
∑

u∈{0,...,U}T

(−s

u

)
δu

T∏

t=1

Pt(m)−(st+ut)

sæ�ìkJÑ Â =�kml?>�FAkmlnF s FDCHp��Gl?C σ1, .., σT > σ0
Â kmE*J��

∑

m∈N∗N
µmfm,U,0(s) =

∑

m∈N∗N
µm

∑

u∈{0,...,U}T
δu

(−s

u

) T∏

t=1

Pt(m)−(st+ut)

=
∑

u∈{0,...,U}T
δu

(−s

u

) ∑

m∈N∗N
µm

T∏

t=1

Pt(m)−(st+ut)

=
∑

u∈{0,...,U}T
δu

(−s

u

)
Z (µ, s + u)

CHE�x4kmy�znt�EKJLEGF.pqCHB
>A@HBAl?p¤F�JWFDB
=?>A@�x"@�s�CHEGFDB Â tqpæ��tqCHEGF��

Z(Q,µ, s) = µa
∑

u∈{0,...,U}T
δu

(−s

u

)
Z (µ, s + u) + µaZU(µ, s) + Za

N−1(s)

kvE!CHE�FDtq>ACIpëJ»Ç�km>{y�l?pqCIBDlntq�vJLEGFDC7�

(1− µa)Z(µ, s) =µa
∑

u∈{0,...,U}T \{0}

(−s

u

)
Z (µ, s + u)

+ Za
N−1(s) + µaZU(µ, s)

� E�x"kvEUx"p�l�F�CHE!BACIBAkmln�mCHEKJ}E¢F��Gl?C ZU(µ, s) C�ÔntqBAFACrC4F.CHB{F.�?kvpqkmy7kv>A=?�nCrBAl?>{
s ∈ CN |

T∑

t=1

σt > −(U + 1) + 2N

} N
Á CI=?>{kmpqkvE?ímCHywCHEGF.�?kvp�kvy7kv>A=?�?CIB[�ìkmznFAtqCHEGF.=KJL>
>A@Hx"l?>A>AC"EUx"C NÆ kml?>�kvznFDCHEnt�>
pëJ�>ACHpëJLFAt�kvE*J}E?EnkmEUx"@HCrsUJLE?B.pëJ�=?>Akv=�kmBAt¤FDtqkmE Â tqp�BAl�ÁwF.snCIÇøJLt�>{C s = −k sUJ}E?B
pëJ»Ç�km>{y�l?pqC
@"F×J}z?pqtqCrC"F.snCI>ACHy�JL>D�¢l?CH>.�¢l?C ZU(µ,−k) = 0 CHE!=?>{CHEKJ}E¢F U > k1, ..., kT

N
� C�x"tæFACH>Ay7tqE?CIpëJ»=?>{CHln�¢C N

� ¡



[ #�Ò Ó®��+«��� Ï�µ�ªY�7�.1H1"�"ª¶�§�RÌ7¦��
_à¹+wl3�T�á�§¨���1; � ;=<1��>N���Q�

µ ∈ (T \ {1})N �U�
Q,P1, ..., PT ∈ R[X1, ..., XN ] A

` ����
�[][6���\�XO�
Q�
P1, ..., PT

�\���Q�/élj�[6���R�G�_>k[)�Y>PO�
Q���X���fO�
"B >Y�_�¼���n�\�?�Q�1[6���^���?
S�àD��?�7���i���Q�@� Aç ���?F��
Z(Q,P1, ..., PT ,µ, ·)

[6���E�\M�H]�¼
��L[�F������?��èl��KV���Q�Ié7�~�Z�?KV�?F�[Qé7�Xs
CT A<��?>@�

a ∈ NN A�` �,[6���\�
E(a) = {m ∈ N∗N |m � a+1} =

{
m ∈ N∗N | ∃n ∈ {1, ..., N} mn ≤ an

} A
` �V[6���\�­c

Za
N−1(s) =

∑

m∈E(a)

µmQ(m)
T∏

t=1

Pt(m)−st A
� ���?>GFE��KL���Q�

Za
N−1

[7��
��d�6B C�D�F�>GFE�LD��?KXKV�X
S���LD��?KV��>9���?>9�R�?� �k>G�)C��?>GFE�fb��6>N�LH]��TR����DU�Y>N���7�
Z

�����\��D�>PC����
s|H]���d[6�~�kj��)ê?KV���{élj�[7���R�G�k>_[)�Y>NO�
6���Xs

N − 1
}~�?F�>N�]�U�����X�U��H]�/TR�?��DU�@>N�?�7��[Q
�>9���R�?��D���� Aef�?
�F

P ∈ R[X1, ..., XN ] g �?�aHJCYbI�6>G�
∆P ∈ R[X1, ..., XN ]

[6�?FXc
∆P (X) = P (X + a)− P (X) Aç ���?F���[6�?
SF^�i�?
��

k ∈ NT �?�«�V���ªF��R�Z���Y>N������
�>9}~�?�Q�i�Xc

(1− µa)Z(Q,P1, ..., PT ,µ,−k) =µa
∑

0<u≤k

(
k

u

)
Z

(
Q(X + a)

T∏

t=1

(∆Pt)
ut, P1, ..., PT ,µ,−k + u

)

+ µaZ(∆Q,P1, ..., PT ,µ,−k) + Za
N−1(−k)

eL��§ùRKT�À����V�1; � ; � ; � ���1TR�?F�K­
������¬[6��F�KV���P�i���Q��
��4D��~��D�
���[6�?FfFEC�D�
�F�FE����D�� g ���4�Yæ$�U��>Y�S��
0� ��H]�$D�é7�?>9��>9F
a ∈ NN �i�R�+O�
Q�

µa 6= 1
q�[�FE����H?FE��[6�?FX���S��K,[����

a = en
�?W
n ∈ [[1, N ]] A

ÕrT�������� �� kmywy7CHE%$"kvE?B
=KJ}>�î�ÔnCH> σ0
FACHp
�Gl?CIBAt σ1, ..., σT > σ0

J}pqkv>AB Z(Q,P1, ..., PT ,µ, s) x"kmEG�mCH>AívC N� E�înÔ�C�J}l?BABAt ε > 0 FACHp
�Gl?C ∀t ∈ {1, ..., T} kmE*JLtqFr� ∀α ∈ NN \ {0} ∂αP
P

(x)� x−ε1 (x ∈ JN )
N

b=5�R6¤I� � �?k~Ñ!p��ìkmE!@"F�JLz?pqtqF.lnE?CrÇ�km>{y�l?pqCIE?kvFA@HC �`_ £ N
ÕrT�������������¢�¸Zw]5[R6¤I� � �
x"kvy7y7C"E%$"kmE?B
=KJL>�J}snkm=nFACH>
l?E?CIE?k}F�JLFAtqkmE®�
P1, ..., PT

BDkvEGFæînÔn@HB
sUJ}E?BæFDkvlnFDCêpëJ,=?>{CHln�¢C Â kmEIE?k}FDC">×J�snkvEUx Z(Q,µ, ·) JLlIp�tqCHl�s�C Z(Q,P1, ..., PT ,µ, ·)
N

M l?E?tqB�snCrx4C"FAFDCIE?k}F�JWFDtqkvE�=�kvl?>�FDkvlnF s FACHp
�Gl?C σ1, ..., σT > σ0
kvE*J��

Z(Q,µ, s) =
∑

m∈N∗N
µmQ(m)

T∏

t=1

Pt(m)−st

=
∑

m≥a+1

µmQ(m)

T∏

t=1

Pt(m)−st + Za
N−1(s)

= µa
∑

m∈N∗N
µmQ(m + a)

T∏

t=1

Pt(m + a)−st + Za
N−1(s)

�J�



U ∈ N CHB{F
înÔn@�åÄl?BD�Glæ��É»pëJ�îUE�snCIp��Q@"F×J}=�C N
� E�sntqBD=�kvBAC�snC gU : C× C\]−∞,−1]→ C �?kvp�kvy7kv>A=?�?CIC"F
�¢@">At¤î�J}E¢F��

∀s ∈ C ∀z ∈ C\]−∞,−1] (1 + z)s =
U∑

u=0

(
s

u

)
zu + zU+1gU(s, z)

N
∀k ∈ N �¢@H>{tqî�JLEGF k ≥ U C4F ∀z ∈ C\]−∞,−1]

Â
gU(k, z) = 0

N
Æ kml?> t ∈ {1, ..., T} C"F m ∈ N∗N Â kvE�sn@"îUE?t¤F Ht,m,U : C→ C =KJL>r�

Ht,m,U (st) =
U∑

ut=0

(−st
ut

)
∆t(m)utPt(m)−ut

Æ kml?>,FDkvlnF t ∈ {1, ..., T} kvE!=�kmBAC7� ∆t = ∆Pt
N

M l?E?t
snCrx"CHB
E?k}F�JWFDtqkmE?B Â =�kvl?>�FDkvlnF t ∈ {1, ..., T} Â kmE*J��
Pt(m + a)−st = [Pt(m) + ∆t(m)]−st

= Pt(m)−st
[
1 + ∆t(m)Pt(m)−1

]−st

= Pt(m)−st
[
Ht,m,U (st) + ∆t(m)U+1Pt(m)−(U+1)gU

(
−st,∆t(m)Pt(m)−1

)]

Æ kvl?> x1, ..., xT , y1, ..., yT ∈ R
Â kvE*J T∏

t=1

(xt + yt) =
∑

ε∈{0,1}T

T∏

t=1

x1−εt
t yεtt

Â snkmE?x7�

T∏

t=1

Pt(m+a)−st =
∑

ε∈{0,1}T

T∏

t=1

Ht,m,U(st)
1−εt∆t(m)εt(U+1)Pt(m)−st−εt(U+1)gU

(
−st,∆t(m)Pt(m)−1

)εt

Æ kvl?> m ∈ N∗N C"F ε ∈ {0, 1}T kvE�sn@"îUE?t¤F fm,U,ε : CT → C =KJL>
pëJ»ÇÈkv>Ay�l?pqCIBAl?t¤�vJ}E¢FDC7�

fm,U,ε(s) =
T∏

t=1

Ht,m,U(st)
1−εt∆t(m)εt(U+1)Pt(m)−st−εt(U+1)gU

(
−st,∆t(m)Pt(m)−1

)εt

Æ kml?>,FDkvl?B m C"F s kvE*JwsnkvEUxw�
T∏

t=1

Pt(m + a)−st =
∑

ε∈{0,1}T
fm,U,ε(s)

N
� E�sn@"î?E?tqF ZU(Q,µ, ·) =UJ}>
pëJ»Ç�km>{y�l?pqCIBDlntq�vJLEGFDC7�

ZU(Q,µ, s) =
∑

ε∈{0,1}T \{0}

∑

m∈N∗N
µmQ(m + a)fm,U,ε(s)

� E*�¢C">A>×J�É2p��Q@4F�JL=�Cwu��Gl?C�=�kvl?> U BDl�Á2B×J}ywy7CHEGFhím>DJ}EUs ZU(Q,µ, ·) C4ÔntqBAFAC�C"FÐCHB{FÐ�?kvp�kvy7kv>A=?�?C�BDln>
σ1, .., σT > σ0

Â kvE!BAl?=?=�kmBACrsnkmEUxIsn@HBAkv>Ay�JLtqB��Gl?C U CHB{F
BDl�Á7B×J}y7ywCHEGF
ím>DJ}E?s N
ZU(Q,µ, s) =

∑

m∈N∗N
µmQ(m + a)

∑

ε∈{0,1}T \{0}
fm,U,ε(s)

�l¶



snkvEUxw�
Z(Q,µ, s) = µa

∑

m∈N∗N
µmQ(m + a)fm,U,0(s) + µaZU(Q,µ, s) + Za

N−1(s)

Æ JL>.s�@"îUE?t¤FDtqkmE fm,U,0(s) =
T∏

t=1

Ht,m,U (st)Pt(m)−st snkmEUxw�

fm,U,0(s) =
T∏

t=1

U∑

ut=0

(−st
ut

)
∆t(m)utPt(m)−(st+ut)

=
∑

0≤u1,...,ut≤U

T∏

t=1

(−st
ut

)
∆t(m)utPt(m)−(st+ut)

=
∑

u∈{0,...,U}T

(−s

u

) T∏

t=1

∆t(m)utPt(m)−(st+ut)

sæ�ìkJÑ Â =�kml?>�FAkmlnF s FDCHp��Gl?C σ1, .., σT > σ0

Â kmE*J��
∑

m∈N∗N
µmQ(m + a)fm,U,0(s) =

∑

m∈N∗N
µmQ(m + a)

∑

u∈{0,...,U}T

(−s

u

) T∏

t=1

∆t(m)utPt(m)−(st+ut)

=
∑

u∈{0,...,U}T

(−s

u

) ∑

m∈N∗N
µmQ(m + a)

T∏

t=1

∆t(m)utPt(m)−(st+ut)

=
∑

u∈{0,...,U}T

(−s

u

)
Z

(
Q(X + a)

T∏

t=1

∆ut
t ,µ, s + u

)

CHE�x4kmy�znt�EKJLEGF.pqCHB
>A@HBAl?p¤F�JWFDB
=?>A@�x"@�s�CHEGFDB Â tqpæ��tqCHEGF��

Z(Q,µ, s) = µa
∑

u∈{0,...,U}T

(−s

u

)
Z

(
Q(X + a)

T∏

t=1

∆ut
t ,µ, s + u

)
+ µaZU(Q,µ, s) + Za

N−1(s)

kvE!CHE�FDtq>ACIpëJ»Ç�km>{y�l?pqC �`_ £«BAl?t¤�mJLEGFAC2�

(∗) (1− µa)Z(Q,µ, s) =µa
∑

u∈{0,...,U}T \{0}

(−s

u

)
Z

(
Q(X + a)

T∏

t=1

∆ut
t ,µ, s + u

)

+ µaZ(∆Q,µ, s) + Za
N−1(s) + µaZU(Q,µ, s)

b=5�R6¤I� � � Æ kvl?>.FDkvlnF a ∈ R+
tqp C4ÔntqB{FDC U ∈ N FDCHp �Gl?C ZU(Q,µ, ·) C4ÔntqBAFAC�C4FhBAkmt¤Fh�?kvp�kvy7kv>A=?�?C�BDln>{

s ∈ CT | ∀t ∈ {1, ..., T} σt > −a
} N

ÕrT�������������¢�¸Zw]5[R6¤I� � �
BAkvtqF a ∈ R+

N
�J�



� kvt¤F K l?E�x"kmyw=KJvx4F.snC CT tqEUx"pql?B�sUJLE?B {s ∈ CT | ∀t ∈ {1, ..., T} σt > −a} N
?
� kvtqF 1 ≤ t ≤ T

N
Pt(x)� 1 (x ∈ JN ) snkvEUx ∃c > 0 FACHp
�Gl?C ∀x ∈ JN Pt(x) ≥ c

N
∀x ∈ JN c−1Pt(x) ≥ 1 snkvEUxw� σt > −a⇒ ∀x ∈ JN (c−1Pt(x))

σt ≥ (c−1Pt(x))
−a N� E�CHE�sn@�snl?t¤F Pt(x)σt � Pt(x)−a (x ∈ JN s ∈ K)

Â C"FðsnkvEUx�� Pt(x)−st � Pt(x)a (x ∈ JN s ∈ K)
N

Æ kmBAkvE?B p = max{degXn Pt | 1 ≤ n ≤ N 1 ≤ t ≤ T} N� E!BAl?=?=�kvBAC�sn@HBAkv>Ay�JLtqB a > 0
Â JLpqkm>{B Pt(x)a � xpa1 (x ∈ JN )

N
� CHB
t�En@HíGJLpqtqFA@HB.=?>A@�x"@�s�CHEGFDCHB.kvE�sn@�snl?t¤F�� Pt(x)−st � xpa1 (x ∈ JN s ∈ K)

N
� kvtqF U ∈ N∗ N

Æ J}>�sn@"îUE?t¤FDtqkvE Ht,m,U (s) =
U∑

ut=0

(−st
ut

)(
∆t(m)

Pt(m)

)ut Â snkvEUx2p��Q�¢Ë�=�koCHpqpqt�=�FDt�x"tqFA@�snC Pt tqy7=?pqtë�¢l?C¶�GlnC
Ht,m,U(s)� 1 (m ∈ N∗N , s ∈ K)

N
�ïpæC4ÔntqBAFACIl?E�x"kmyw=KJvx4F.snC ]− 1,+∞[ x"kvEGFDC"EKJ}EGF
FAkml?B
pqCHB ∆t(m)

Pt(m)
k~Ñ m sn@Hx">At¤F N∗N snkvEUxw�

gU
(
−st,∆t(m)Pt(m)−1

)εt � 1 (m ∈ N∗N , s ∈ K)

ív>×õ}x"C�É»pëJ»ÇÈkv>Ay�l?p�CIsnC � J�Ëop�kv>
C"F�J}l�x×�?kvt Ô!snC ε kvE*J�� ∆t(m)

Pt(m)
�m−ε1 (m ∈ N∗N)

N
� C�x"Cr�¢l?t�=?>A@Hx"ç�snCrkvE�sn@�snl?t¤F��Gl?CIp��QkvEòJ�l?E?tqÇÈkvy7@Hy7CHEGF
CHE m ∈ N∗N C"F s ∈ K �

Ht,m,U(s)1−εt
(

∆t(m)

Pt(m)

)εt(U+1)

Pt(m)−stgU
(
−st,∆t(m)Pt(m)−1

)εt �mpa1m−εεt(U+1)1 N

?
Æ JL>.s�@"îUE?t¤FDtqkmE

fm,U,ε(s) =
T∏

t=1

Ht,m,U (s)1−εt
(

∆t(m)

Pt(m)

)εt(U+1)

Pt(m)−stgU
(
−st,∆t(m)Pt(m)−1

)εt

=?l?tqB×�¢l?C ε 6= 0
Â tqpæ�ot�CHE¢F�� fm,U,ε(s)�mTpa1m−ε(U+1)1 (m ∈ N∗N)

N
� E!=�kvBAC q = max{degXn Q | 1 ≤ n ≤ N} � kvE!=�CHlnF.@"��t�snCHy7y7C"EGF.BAl?=?=�kvBDCH> Q 6= 0 £ N� E�x"kvE?B{F�JWFDC Q(m + a)fm,U,ε(s)�m(q+Tpa−ε(U+1))1 (m ∈ N∗N )

N
Æ kml?>
�Gl?C U x"kvEG��tqCHE?E?C Â tqp�E?kvl?B.BAl�ÁwF�snkvEUxIsæ��JH�¢kvt�> q + Tpa− ε(U + 1) ≤ −2

N
� E*J}snkv=nFDCrsnkmE?x U ∈ N FDCHp��Gl?C U ≥ q + Tpa+ 2

ε

N
co3):�����:�5�893): �
kvEYJ}snkm=�FDC�l?E?C�x"kvEG�¢CHEGFAt�kvE Â �vJLpëJ}z?pqC�å%l?BD�Gl���ÉwpëJwîUEòsnC�x"C4FAFDCr=?>ACHln�mC N¾� kvt¤F a ∈ R+

N9� Eòsntq>×J7�Gl��Ql?EnC
Ç�kmEUx4FAt�kvE Y CHBAF.x"kvy�z?tqEKJ}tqBAkvE�CHEGFDtqçH>{C�åÄl?BD�Gl���É −a s�CHB.ÇÈkvEUx4FAt�kvE?B Y1, ..., Yk

B��Qtqp�C4Ô�t�B{FAC7�
? snC"B.ÇÈkvEUx4FDtqkvE?B λ1, ..., λk : CT → C CHE¢FDtqçH>ACHB Â
? l?EnCrÇ�kmEUx4FAt�kvE λ : {s ∈ CT | ∀t ∈ {1, ..., T} σt > −a} → C �?kmpqkvy7kv>A=?�?C Â

FACHp�pqCHB.�Gl?C Y = λ+

k∑

i=1

λiYi
N

�J�



]4:+����wlx�:�895�893): �]5V�y:+�òT���§ùRKT�À���� �
=�kvl?> u ∈ NT C"F Q ∈ R[X1, ..., XN ]

Â kvEáE?k}FDC Eu(Q) pqC�BAkvl?B»CHBA=KJ}x"C¶�¢C�x4FAkm>{t�C"p�snC R[X1, ..., XN ]

CHEnímCHEUsn>{@r=KJL>
pqCHB.=�kvp¤Ë�E?èvy7CHB�snCIpëJ»Ç�km>AywC7� ∂βQ
T∏

t=1

∏

k∈Ft
∂ft(k)Pt

k~Ñ®�
? β ∈ NN Â
? pqCHB Ft BAkvEGF�snCHB
=KJL>{FDtqCHB�îUE?tqCHB�snC N �¢@H>At¤î�JLEGF |Ft| = ut

Â
? ∀t ∈ [[1, T ]] ft

CHB{F
l?E?CIÇÈkmEUx�FDtqkmE�snC Ft sUJLE?B NN \ {0} N� E!>{CHy�JL>D�Gl?CI�Gl?C Eu(Q) CHB{F.B{F�JLz?p�CI=KJL>.sn@H>{tq�vJWFDtqkmE N
� kvy7y7C"E%$"kmE?BIpëJ¶=?>ACHl��¢C7snC»p��QC4ÔntqB{FDCHEUx4C2snló=?>Akvp�kvE?ívCHy7CHEGFI�?kvp�kvy7kv>A=?�?C NæÁ J�=n>ACHln�¢C»BACwÇøJLt¤FI=KJ}>

>{@�x"l?>A>{CHEUx"CIBAl?> N �� E�x"kvE?B{F�JWFDCH>DJw�Gl?CIpqCI=KJ}BAB×JLímCrsnl!>×JLE?í N JLl�>DJ}E?í N − 1 =?>{kmln�mCIp�CI>A@HBAl?p¤F�JWF.=�kvl?> N = 1
N

� E!BAl?=?=�kvBAC�sn@HBAkv>Ay�JLtqB.pqCI>A@HBAl?p¤F�JWFhJ}l!>DJ}Ení N − 1
NK� kmt¤F N ≥ 1

N
b=5�R6¤I� £ �
BAkvt�C"EGF Q ∈ R[X1, ..., XN ] C"F a ∈ R+

N
� pqkv>AB Z(Q,µ, s) CHB{Fwx"kmy�z?tqEKJ}tqBAkmEÞCHE¢FDtqçH>AC�åÄl?BD�Gl��ÃÉ −a snC�ÇÈkvEUx4FDtqkmEnB7snl FÄË�=�C Z(R,µ, s + u) k~Ñ
u ∈ NN \ {0} C"F R ∈ Eu(Q)

N
ÕrT�������������¢�¸Zw]5[R6¤I� £ �
kvE��vJ»y7kvEGFD>{CH>�=KJ}>�>A@�x"l?>{>ACHEUx"CIBAl?> d ∈ N �GlnCrBAt degQ < d J}pqkv>AB
p�CI>A@HBAl?p¤F�JWF.CHB{F���>×JLt NÆ kml?> d = 0 xv�ìCHB{F�x"pëJ}tq> N� l?=n=�kmBAkvE?B.p�CI>{@HBDlnpqF×JLF
�o>×JLt�=�kvl?> d ≥ 1

N
� kvt¤F Q ∈ R[X1, ..., XN ] FDCHp��Gl?C degQ < d+ 1

N
Ò >Dõvx4C�É»p��Q@"F×J}=�C�u Â kmE�înÔnC U FACHp
�¢l?C ZU(Q,µ, ·) BDkvt¤F.�?kmpqkvy7km>{=?�?CIBAl?>

{s ∈ CT | ∀t ∈ {1, ..., T} σt > −a}
� E��vJ»l�FDtqp�tqBACH>
pëJ»ÇÈkv>Ay�l?pqC �`_ £-@"F�JLz?p�tqC�É»p��Q@"F�JL=�C Ù N
deg ∆Q < d snkvEUx Â =KJ}>3�GË�=�k}FD�?çHBAC�snC.>A@�x4l?>A>ACHE?x"C Z(∆Q,µ, s) CHB{F«x4kmy�znt�EKJLtqBDkvE2CHEGFDtqçH>AC3å%l?BD�Gl���É −asnCIÇ�kmEUx4FAtqkmE?B�snl�F%Ë�=�C Z(R,µ, s + u) k~Ñ u ∈ NN \ {0} C"F R ∈ Eu(∆Q)

N
� pëJ}tq>ACHy7C"EGF Eu(∆Q) ⊂ Eu(Q)

N
� kvt¤F u ∈ {0, ..., U}T \ {0} N
Ò >Dõvx4C�É»pëJ»ÇÈkv>Ay�l?p�CrsnC � J�Ë�pqkv> Â tqp�C"BAF
ÇøJvx4t�pqC�snC��mkmtq>.�¢l?C Q(X + a)

T∏

t=1

∆ut
t ∈ Eu(Q)

N
Ò >Dõvx4C�É»p��Q�GËo=�kvFD�nçHBDCrsnCI>A@�x"l?>{>ACHEUx4C ZN−1

=�kvBDBAç�snCIl?E!=?>AkvpqkmE?ívCHy7CHE¢F.�?kmpqkvy7km>{=?�?C�É CT N� kvEUxIpëJ»Ç�km>{y�l?pqC �`_ £«@"F×J}z?pqtqC�É�p��ì@"F�JL=�C Ù snkmEnE?CrpqCI>A@HBAl?p¤F�JWF N
b=5�R6¤I� ° ¿

R ∈ Eu(Q) C"F S ∈ Ev(R)⇒ S ∈ Eu+v(Q)
N

ÕrT�������������¢�¸Zw]5[R6¤I� ° �

Ù |v|



S C"BAF
l?E?Crx"kmy�z?tqEKJ}tqBAkmE�pqtqE?@[JLt�>{C�snC�FDCH>{y7CHB.snCIpëJ»ÇÈkv>AywC ∂βR
T∏

t=1

∏

k∈F ′t

∂f
′
t(k)Pt

k~Ñ®�
β ∈ NN , |F ′t | = vt, f

′
t : F

′
t → NN \ {0} BAkmEGF.x"kvy7y7C�É�p��ì@"F�JL=�C � N

R ∈ Eu(Q) snkmEUx ∂βR ∈ Eu(Q) snkmEUx ∂βR C"BAF!x"kmy�z?tqEKJ}tqBAkmE pqt�E?@[JLtq>AC®snCYFACH>Ay7C"B!snCópëJ ÇÈkv>Ay7C
∂γQ

T∏

t=1

∏

k∈Ft
∂ft(k)Pt

k~Ñ γ ∈ NN , |Ft| = ut, ft : Ft → NN \ {0} BAkvEGF�x"kvy7y7CrÉ»p��Q@"F×J}=�C � N
� E!=�CHlnF.tqy7=�kmBACH>.�¢l?C ∀t, t′ ∈ {1, ..., T} Ft ∩ F ′t′ = ∅ N
Æ kvl?>.x"kvEUx"pql?>ACIt�pæE?kmlnB.BAl�Á7F.snC��¢kvt�>
�Gl?C7�

U A�B1C= ∂γQ

(
T∏

t=1

∏

k∈Ft
∂ft(k)Pt

)


T∏

t=1

∏

k∈F ′t

∂f
′
t(k)Pt


 CHB{F�sUJLE?B Eu+v(Q)

N
Æ kml?> t ∈ {1, ..., T} kmE�sn@"îUEntqF gt : Ft t F ′t → NN \ {0} =KJ}>I�

gt(k) = ft(k) BAt k ∈ Ft Â
gt(k) = f ′t(k) BDt k ∈ F ′t N

�ïpU��t�C"EGF�J}pqkv>AB,�¢l?C�� U = ∂γQ
T∏

t=1

∏

k∈FttF ′t

∂gt(k)Pt
Nn� kvl?B,x4C"FAFDC�Ç�km>{y7C�kmE¶x4kmE?B{F�JWFDCh�Gl?C U ∈ Eu+v(Q)

Â
CHE!C4ñ¾C"F
p�CHB Ft t F ′t BDkvEGF.snt�B�åÄkvtqEGFDCHB.snCHl�Ô�ÉwsnC"l�Ô!C4F ∀t ∈ [[1, T ]] |Ft t F ′t | = ut + vt

N
b=5�R6¤I� ³ �� kvtqCHEGF Q ∈ R[X1, ..., XN ]

Â
a ∈ R C"F b ∈ N∗ N� pqkv>AB Z(Q,µ, s) CHB{Fwx"kmy�z?tqEKJ}tqBAkmEÞCHE¢FDtqçH>AC�åÄl?BD�Gl��ÃÉ −a snC�ÇÈkvEUx4FDtqkmEnB7snl FÄË�=�C Z(R,µ, s + u) k~Ñ

u ∈ NN �m@H>At¤îUC |u| ≥ b C"F R ∈ Eu(Q)
N

ÕrT�������������¢�¸Zw]5[R6¤I� ³ �
kvE!=?>Akox"ç�snCI=KJ}>�>A@�x"l?>{>ACHEUx"CIBAl?> b ∈ N∗ NÆ kml?> b = 1

Â x"CHpëJ»>A@HBAl?p¤FDCrsnCIp��Q@"F�JL=�C�~ NÁ �ì@"F�JL=�C � x"kvy�z?tqE?@HC�J��mC�x�p�CI>{@HBDlnpqF×JLFhJLl!>×JLE?í 1 =�CH>AywC"F�snCI=KJLBDBACH>.snC b É b+ 1
N

`v�oT?:y89áoT��÷wl5�R6¤I�ý¿ðVJ3): Vl¢@�� �893): �
BAkvt�C"EGF Q ∈ R[X1, ..., XN ] C"F a ∈ R N� E!BAkvl?�KJ}t¤FACry7kvEGFD>{CH>
�Gl?C Z(Q,µ, ·) BACI=?>AkvpqkmE?ívCr�nkmpqkmywkm>{=?�?të�¢l?CHy7CHEGF3åÄl?BD�Glæ��É −a N� kvt¤F b ∈ N �Gl?CIp��QkvE!�vJws�@"FDCH>{y7t�E?C">
=KJL>
p�J�BDlntqFAC NÁ �ì@"F�JL=�Cr¡�=�CH>{y7C"F
sæ��J�Á2>{y7CH>��Gl?C Z(Q,µ, s) CHB{F
x"kmy�z?t�EKJLtqBAkmE�CHEGFDtqçH>{C�å%l?BD�Gl���É −a snC�ÇÈkvEUx4FAt�kvE?B.snlF%Ë�=�C Z(R,µ, s + u) k~Ñ u ∈ NN �m@H>At¤îUC |u| ≥ b C"F R ∈ Eu(Q)

N
� kvtqCHEGF u ∈ NN �¢@">At¤î�J}EGF |u| ≥ b C"F R ∈ Eu(Q)

N
R B��ì@�x">At¤F R = ∂βQ
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kJÑ®�
? β ∈ NN Â
? pqCHB Ft BAkvEGF�snCHB
=KJL>{FDtqCHB�îUE?tqCHB�snC N �¢@H>At¤î�JLEGF |Ft| = ut
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? ∀t ∈ [[1, T ]] ft
CHB{F
l?E?CIÇÈkmEUx�FDtqkmE�snC Ft sUJLE?B NN \ {0} N

∏T
t=1

∏
k∈Ft ∂

ft(k)Pt∏T
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∏

k∈Ft
m−ε1 (m ∈ N∗N)

�
T∏

t=1

m−εut1 (m ∈ N∗N )

�m−ε|u|1 (m ∈ N∗N )

�m−εb1 (m ∈ N∗N)

� kvt¤F K l?E�x"kmyw=KJvx4F.snC CT tqEUx"pql?B�sUJLE?B {s ∈ CT | ∀t ∈ {1, ..., T} σt > −a} N
� kmywy7C�É�p��ì@"F�JL=�C�u Â kvE*J�� R

T∏

t=1

Pt(m)−st �mq1+Tpa1 (m ∈ N∗N s ∈ K)
N

� E!CHE�sn@Hsnl?tqF ∂βQ
T∏

t=1

Pt(m)−(st+ut) �m(q+Tpa−εb)1 (m ∈ N∗N s ∈ K)
N

� E*J}snkv=nFDC b ∈ N FDCHp
�¢l?C b ≥ q + Tpa+ 2

ε

N
� pqkv>AB Z(R,µ, s + u) CHB{F
�?kmpqkvy7kv>A=?�?CrBAl?> {s ∈ CT | ∀t ∈ {1, ..., T} σt > −a} C4F.kvEòJ�îUE?t NÆ kml?>�kvznFDCHE?tq>Ip�J¶>ACHpëJLFAt�kvEýJ}E?E?kvEUx"@HC2s?J}E?BIp�C»FA�?@Hkm>{çHy7C Â tqpêBAl�ÁwF�snCwÇüJ}tq>AC s = −k sUJLE?BIp�J�Ç�km>{y�l?pqC�a_ £-@"F�JLz?pqt�C�É»p��Q@"F×J}=�C Ù C"F.snCI>ACHy2J}>D�¢l?CH>.�¢l?C ZU(Q,µ,−k) = 0 CHE!=?>{CHEKJ}E¢F U > k1, ..., kT

N
� C�x"tæFACH>Ay7tqE?CIpëJ»=?>{CHln�¢C N

[ #tÜ Ó®��+«��� ; Î $
� kvt�CHE¢F µ ∈ T \ {1} C"F k ∈ N∗N înÔn@HB NK� kmt¤F d ∈ N înÔn@ N� E!=�kvBAC Rd[X1, ..., XN ] p��ìCHE?BACHy�z?pqCrsnCHB.=�kvp¤Ë�E?èvy7CHBhÉ»x"koCUÁ2x"tqCHEGFDB.>{@HCHpqB.C"F.snCrsnCHím>{@�JLl!=?pql?B d N� kvt¤F D = card{α ∈ N∗N | |α| ≤ N} N� kvt¤F φ : RD → Rd[X1, ..., XN ] sn@"î?E?t�Cr=UJ}>r� A = (α)|α|≤d 7→ φ(A) =

∑

|α|≤d
aαxα

N
� �QCHB{F
l?E!t�BAkvy7kv>A=?�?tqBAy7Crsæ�QCHBA=KJ}x"CHB
�¢C�x�FDkv>AtqCHp�B N� ��JL=?>Aç"BrpqCwFA�?@Hkm>{çHy7C2À Â kvE®B×JLtqF��Glæ�Qtqp3C�Ônt�B{FAC7l?Eù=�kmp¤Ë�E?èvy7C G ∈ R[X1, ..., XN(D+1)]

FACHp3�Gl?Cw=�kvl?>
FAkmlnF B,A1, ..., AT ∈ RD Z(φ(B);φ(A1), ..., φ(AT );µ;−k) = G(B,A1, ..., AT )

N
�ïp¾CHB{F
J}lnBDBAt¾x"pëJ}tq>�sæ��JL=?>AçHB,pqChFD�?@"km>{çHy7CIÀ �GlnCÐBAt¾kvE�BACÐpqt�ywtqFACIÉ�snCHB,=�kvp¤Ë�E?èvy7CHB
snC�snC"ím>A@IJLl�=?pql?B
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d J��mC�x P1, .., PT
�¢@H>At¤î�JLEGF HDF Â pëJ»>AC"p�JWFDtqkvE�BAl?tq�vJLEGFDC Â �¢l?CIp��ìkmE!BAkvl?�KJ}t¤FDCI@"F�JLz?pqt�>r�

(1− µ`)Z(Q;P1, ..., PT ;µ;−k) =µ`
∑

0<u≤k

(
k

u

)
Z

(
Q(X + `)

T∏

t=1

(∆Pt)
ut ;P1, ..., PT ;µ;−k + u

)

+ µ`Z(∆Q;P1, ..., PT ;µ;−k) + Z`N−1(−k)

CHB{FI@��¢l?tq�vJLp�C"EGFDC2É¶l?E?Cw>{CHp�JWFDtqkvE®snlóF%Ë�=�C G1(B,A1, ..., AT ) = G2(B,A1, ..., AT )
� kJÑ B = φ−1(Q)C"F ∀t At = φ−1(Pt)

£
JH�¢C�x G1, G2 ∈ R[X1, ..., XN(D+1)]
E?C�sn@H=�C"EUsUJ}E¢FÐ�Gl?C�s�C k, d C"F µ C"Fhx"km>{>ACHB(Ì

=�kvEUsUJLEGF.>ACHBA=�C�x4FAtq�mCHy7CHEGFhJLl!y7CHy�z?>ACIsnC�sn>{kmt¤FDCIC"F�Éwx"C"p�l?t
snCIí¢J}lUxD�?C N
�ïpæCHB{F.ÇøJ}x"tqp�CrsnCI�mkmtq>.J}l?BABAt
�Gl?CIBAt A ∈ R∗D+ JLpqkm>{B φ(A) CHB{F
�GË�=�koC"p�pqtq=nFDt��Gl?CrE?kmE�x"kvE?B{F�JLEGF NÁ C.>A@HBAl?p¤F�JWF«snC.p�JIBAC�x4FAtqkmE�=?>{@�x"@�snCHE¢FDC�tqy7=?pqt��Gl?CÐJLp�kv>AB-�Gl?C.=�kml?> B ∈ RD Â C"F-=�kvl?>3FDkvlnF A1, ..., AT ∈
R∗D+

Â
G1(B,A1, ..., AT ) = G2(B,A1, ..., AT )

Nð� kmywy7C G1
C"F G2

BAkvEGF»s�CHB�=�kmp¤Ë�E?èvy7CHB Â JLp�kv>AB�x"C�x"t
tqy7=?pqt��Gl?C��¢l?C G1 = G2

N
Á �ì@��Gl?t¤�mJLpqCHEUx"Cr=?>{@�x"@�snCHEGFAC�JLtqE?BDt
�¢l?CIp�C�FD�n@Hkm>{çHy7C��¼=�CH>{y7C"F�J}pqkm>{B�snCrx"kvEUx"pql?>AC N
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