UNIFORM EBERLEIN SPACES AND THE FINITE AXIOM OF CHOICE
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ABSTRACT. We work in set-theory without choice ZF. Given a closed subset F of [0, 1]
which is a bounded subset of £1(I) (resp. such that F C ¢°(I)), we show that the countable
axiom of choice for finite subsets of I, (resp. the countable axiom of choice ACy) implies that
F is compact. This enhances previous results where ACy (resp. the axiom of Dependent
Choices DC) was required. Moreover, if I is linearly orderable (for example I = R), the
closed unit ball of £2(I) is weakly compact (in ZF).
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1. INTRODUCTION

We work in the set-theory without the Axiom of Choice ZF. It is a well known theo-
rem of Kelley (see [11]) that, in ZF, the Axiom of Choice (for short AC) is equivalent to
the Tychonov axiom T: “Fvery family (X;)ier of compact topological spaces has a compact
product.” Here, a topological space X is compact if every family (F;);cr of closed subsets of
X satisfying the finite intersection property (FIP) has a non-empty intersection. However,
some particular cases of the Tychonov axiom are provable in ZF, for example:

Remark 1. A finite product of compact spaces is compact (in ZF).

Say that the topological space X is closely-compact if there is a mapping ® associating
to every family (F});e; of closed subsets of X satisfying the FIP an element ®((F;);cs) of
NierFy: the mapping ® is a witness of closed-compactness on X. Notice that a compact
topological space X is closely-compact if and only if there exists a mapping ¥ associating
to every non-empty closed subset F' of X an element of F'.

Ezample 1. Given a linear order (X, <) which is complete (every non-empty subset of X has
a least upper bound), then the order topology on X is closely compact. In particular, the
closed bounded interval [0, 1] of R is closely compact.

Proof. The space X is compact (the classical proof is valid in ZF). Moreover X is closely
compact since one can consider the choice function associating to every non-empty closed
subset its first element. O

The following Theorem is provable in ZF:

Theorem ([8]). Let a be an ordinal. If (X;, ®;)ica is a family of witnessed closely-compact
spaces, then [[,c, Xi is closely-compact, and has a witness of closed-compactness which is

definable from (X;, ®;)ica-

Ezxample 2. For every ordinal «, the product topological space [0, 1] is closely compact in

ZF.
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Given a set I, denote by Bi(I) the set of = (2;);er € R such that >, ; |z;| < 1: then
Bi(I) is a closed subset of [—1,1]7. In this paper, we shall prove that By (I) is compact using
the countable axiom of choice for finite subsets of I (see Theorem 2 in Section 6.2). This
enhances Corollary 1 of [14] and partially solves Question 2 in [14]. We shall deduce (see
Corollary 3) that, if I is linearly orderable, every closed subset of [0, 1]’ which is contained
in By(I) is closely compact. In particular, the closed unit ball of the Hilbert space /*(R)
is compact in ZF, and this solves Question 3 of [14]. Notice that {0,1}® (and [0,1]®) is
not compact in ZF (see [12]). We shall also prove that Eberlein closed subsets of [0, 1] are
compact using the countable axiom of choice for subsets of I (see Corollary 4) of Section 7.4.
This enhances Corollary 3 in [14] where the same result was proved using the axiom of
Dependent Choices DC. This also solves Questions 4 and 5 thereof.

The paper is organized as follows: in Section 2 we review various consequences of AC (in
particular the countable axiom of choice ACy and the axiom of choice restricted to finite
subsets ACH™) and the known links between them. In Section 3 we present definitions of
uniform Eberlein spaces, strong Eberlein spaces and Eberlein spaces. In Section 4 we give
some tools for compactness or sequential compactness in ZF. In Section 5, we recall the
one-point compactification X of a discrete space X, and we show that for every ordinal
a > 1, the closed-compactness of X is equivalent to the axiom of choice restricted to finite
subsets of X. Finally, in Section 6 (resp. 7) we prove that the countable axiom of choice
for finite sets (resp. the countable axiom of choice) implies that uniform Eberlein spaces
(resp. Eberlein spaces) are closely compact (resp. compact.) A basic tool for these two
last Sections is a “dyadic representation” of elements of powers of [0, 1] (see the Theorem in
Section 6.1) which we found in [3, Lemma 1.1], and for which the authors cite [15].

2. SOME WEAK FORMS OF AC

In this Section, we review some weak forms of the Axiom of Choice which will be used in
this paper and some known links between them. For detailed references and much informa-
tion on this subject, see [10].

2.1. Restricted axioms of choice. Given a formula ¢ of set-theory with one free variable
x, consider the following consequence of AC, denoted by AC(¢): “For every non-empty
family A = (A;)icr of non-empty sets such that ¢|x/A] holds, then [],.; A(i) is non-empty.”

Notation 1. In the particular case where the formula ¢ says that “z is a mapping with
domain / with values in some ZF-definable class C”, the statement AC(¢) is denoted by
ACS.

The statement YIACS is denoted by ACC. The statement AC$ where C is the collection
of all sets is denoted by AC;.

Notation 2. For every set X, we denote by fin(X) the set of finite subsets of X. We denote
by fin the (definable) class of finite sets.

So, given a set X, AC/™X) is the following statement: “For every non-empty family
(Fy)ier of non-empty finite subsets of X, [[,c; F; is non-empty.”, and AC/™ is the following
statement: “For every non-empty family (F;);e; of non-empty finite sets, [[,.; F; is non-
empty.” The countable Aziom of Choice says that:

3
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ACy: If (Ap)nen s a family of non-empty sets, then there exists a mapping
f N = UpenA, associating to every n € N an element f(n) € A,.

And the countable Azxiom of Choice for finite sets says that:
ACHE: Jf (A)nen is a family of finite non-empty sets, then there exists a
mapping f : N — UpenA, associating to every n € N an element f(n) € A,.

2.2. Well-orderable union of finite sets. Given an infinite ordinal «, and a class C of
sets, we consider the following consequence of ACC:
UWOSZ For every family (F})ica of elements of C, the set UicoF; is well-
orderable.

Remark 2. ACT™) implies Uwo!™X).

(%

2.3. Dependent Choices. The axiom of Dependent Choices says that:

DC: Given a non-empty set X and a binary relation R on X such that
Ve € X3y € X xRy, then there exists a sequence (T,)nen of X such that for
everyn € N, x, Rx, 1.
Of course, AC = DC = ACy = ACH" However, the converse statements are not
provable in ZF, and ACH™ is not provable in ZF (see references in [10]).

2.4. The “Tychonov” axiom. Given a class C of compact topological spaces and a set I,
we consider the following consequence of the Tychonov axiom:

TS: Every family (X;)ic; of spaces belonging to the class C has a compact

product.

(X)

For example Tgm is the statement “Fuvery sequence of finite discrete subsets of X has

a compact product.”
Remark 3. (i) Given a set X, for every ordinal «,
Aszn(X) = UWOgm(X) = Tglm(X) = ACézn(X)
(ii) For every ordinal a, Uwo!™ < T/ < ACI™.

Proof. (i) Uwo!["™) = T/™X): Given a family (F})ica of finite subsets of X, the statement
Uwo{f”(x) implies the existence of a family (®;);c such that for each i € «, the discrete
space is closely compact with witness ®;. Using the Theorem of Section 1, it follows that
[Lic, Fiis (closely) compact. T/ = AC/™X): one can use Kelley’s argument (see [11]).
(ii) For AC/™ = Uwo/™: given some family (F});co of finite non-empty sets, then, for
each i € «a, denote by ¢; := {0..c;_1} the (finite) cardinal of F}; thus set G; of one-to-one
mappings from F; to ¢; is finitel, and, by AC/™, the set [Lc, Gi is non-empty. This implies
a well-order on the set U;c. F;. [

3. SOME CLASSES OF CLOSED SUBSETS OF [0, 1]/

Notation 3. Let I be a set. Given some element x = (z;);c; € R, denote by supp(z) the
support {i € I : z; # 0}. Given some subset A of R containing 0, denote by AY) the set of
elements of A’ with finite support.

We endow the space R! with the product topology, which we denote by 7;.
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3.1. Eberlein closed subsets of [0,1]!. Given a set I, we denote by ¢*°(I) the Banach
space of bounded mappings f : I — R, endowed with the “sup” norm. If [ is infinite, we
denote by co(I) the closed subspace of £°°(I) consisting of f € £>°(I) such that f converges
to 0 according to the Fréchet filter on I (i.e. the set of cofinite subsets of I). Thus

O) = {z = (2;)ier : Ve > 03Fy € Py(I)Vi € I\Fp |z;| < e}
If I is finite, then we define co(I) := (>°(I) = RI.

Definition 1. A topological space F is I-Eberlein if F is a closed subset of [0,1]! and if
F C ¢o(I). A topological space X is Eberlein if X is homeomorphic with some I-Eberlein
space.

Remark 4. Amir and Lindenstrauss ([1]) proved in ZFC that every weakly compact subset of
a normed space is an Eberlein space. This result relies on the existence of a Markhushevich
basis in every weakly compactly generated Banach space, and the proof of the existence of
such a basis (see [7]) relies on (much) Axiom of Choice.

Remark 5. Consider the compact topological space X := [0,1]Y. Then, the closed subset
X of [0,1]" is not N-Eberlein. However, the mapping f : X — [0, 1]N N ¢y(N) associating
to each x = (z,)nen € X the element (nx—fl)neN is continuous and one-to-one, so X is
homeomorphic with the compact (hence closed) subset f[X] of [0, 1]NN¢y(N). It follows that
X is homeomorphic with some N-Eberlein space.

Proposition 1. (i) Every closed subset of a I-FEberlein (resp. Eberlein) space is I-Eberlein
(resp. Eberlein).
(11) Let (I,)nen be a sequence of pairwise disjoint sets, and denote by I the set U,enI,. Let
(Fy)nen be a sequence of topological spaces such that each F, is I,-Eberlein . Then the
closed subset [ [,y Fn of [0, 1)7 is homeomorphic with a I-Eberlein space.

Proof. (i) is trivial. We prove (ii). For every n € N, let f, : F, — [0, 1]* be the mapping
associating to each z € F, the element —< f,(z) of [0, 1]™. Let f := [T, ey fa : [Toen Frn —
[0,1]7. Then f is one-to-one and continuous. Moreover, the subset F := Im(f) of [0,1]" is
closed since F'is the product HneN F,, where for each n € N, F, is the closed subset %HFn
of [0, 1], Finally, it can be easily checked that F' C co(1). O

3.2. Uniform Eberlein closed subsets of [0, 1].

3.2.1. The ball B,(I), for 1 < p < 4o00. For every real number p > 1, define as usual the
normed space (1) := {(z;)ier : Y, |2i|P < 400} endowed with the norm N, : x = (;);er —
(X, lziP)Y/P. We denote by B,(I) the large unit ball {z € R : 3", |z;[P < 1} of ¢¢(I).
Notice that for p = 1 (resp. 1 < p < +00) the topology induced by 7; on B,([) is the
topology induced by the weak* topology o(¢*(I),¢°(I)) (resp. the topology induced by the

weak topology o(¢P(1),¢4(1)) where ¢ = p%l is the conjuguate of p). Also notice that for

1 <p < +o0, B,(I) is a closed subset of [0,1]'.
Proposition 2. If 1 < p < 400, then By(I) is homeomorphic with By ([).

Proof. Consider the mapping h, : Bi(I) — B,(I) associating to every x = (x;); € By(I) the
family (sgn(z;)|as/P)ier. O
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It follows that for every p,q € [1,4o0[, spaces B,(I) and B,(/) are homeomorphic via
hpq = hqohy' = By(I) — By(I).

3.2.2. Uniform Eberlein spaces. Given a set I, and some real number p € [1, 400, we denote
by B (I) the positive ball of ¢#(1):

BI(I) == {x = (z;)ies € [0,1]" - ) "a? <1}

el

Definition 2. A topological space F' is I-uniform Eberlein if there exists a real number
p € [1,+oo] such that I is a closed subset of B (I). A topological space X is uniform
Eberlein it X is homeomorphic with some [-uniform Eberlein space.

Of course, every [-uniform Eberlein space is I-Eberlein. Moreover, using Proposition 2,
every [-uniform Eberlein space is homeomorphic with a closed subset of B{ (I).

Proposition 3. (i) For every set I, every closed subset of a I-uniform Eberlein space is
I-uniform Eberlein.
(11) Let (I,)nen be a sequence of pairwise disjoint sets, and denote by I the set U,enI,. Let
(F)nen be a sequence of topological spaces such that each F,, is a I,-uniform Eberlein
space. Then the closed subset F:= T, F, of [0,1)" is I-uniform Eberlein.

Proof. (i) is easy. The proof of (ii) is similar to the proof of Proposition 1-(ii). O

In particular, the compact space [0,1]N (and thus every metrisable compact space) is
N-uniform Eberlein. For every set I, By (I s (I x N)-uniform Eberlein.

Remark 6. Let Z = Nicr{(z,y) € B (I) x B (I) : x;.y; = 0}: then Z is a closed subset
of Bff (I) x Bf(I), and the mapping — : Z — Bj(I) is an homeomorphism; it follows that
By (1) is homeomorphic with a (I x {0, 1})-uniform Eberlein space.

3.2.3. Weakly closed bounded subsets of a Hilbert space.

Remark 7. Given a Hilbert space H with a Hilbert basis (e;);es, then its closed unit ball
(and thus every bounded weakly closed subset of H) is (linearly) homeomorphic with the
uniform Eberlein space By ().

Consider the following statements (the first two ones were introduced in [5] and [13] and
are consequences of the Alaoglu theorem):

e A1: The closed unit ball (and thus every bounded subset which is closed in the convex
topology) of a uniformly convex Banach space is compact in the convex topology.

e A2: (Hilbert) The closed unit ball (and thus every bounded weakly closed subset)
of a Hilbert space is weakly compact.

e A3: (Hilbert with hilbertian basis) For every set I, the closed unit ball of ¢*(I) is
weakly compact.

e A4: For every sequence (F,),en of finite sets, the closed unit ball of £2(U,enF,) is
weakly compact.

Of course, Al = A2 = A3 = A4.

Theorem ([8], [14]). (i) ACy = Al.
(ii) A1 % ACy.



(iii) A4 = ACfn,

In this paper, we will prove that the following statements are equivalent: A3, A4, ACim
(see Corollary 2).

Question 1. Does A2 imply A1? Does A3 imply A27

Remark 8. If a Hilbert space H has a well orderable dense subset, then H has a well orderable
hilbertian basis, thus H is isometrically isomorphic with some ¢?(a) where « is an ordinal.
In this case, the closed unit ball of H endowed with the weak topology is homeomorphic
with a closed subset of [—1,1]%, so this ball is weakly compact.

3.3. Strongly Eberlein closed subsets of [0, 1] .

Definition 3. A topological space F is I-strong Eberlein if F is a closed subset of [0, 1]
which is contained in {0, 1}” ). A topological space X is strong Eberlein if X is homeomorphic
with some /-strong Eberlein space.

Of course, every [-strong Eberlein set is I-Eberlein.

Remark 9. For every set I, every closed subset of a I-strong Eberlein space is [-strong
Eberlein.

4. COMPACTNESS (IN ZF)

4.1. Lattices and filters. Given a lattice £ of subsets of a set X, say that a non-empty
proper subset F of L is a filter if it satisfies the two following conditions:

(i) VA,Be F, AnNBeF

(ii) VAe F,VBe L,(ACB= BcF)

Say that an element A € L is F-stationar if for every F' € F, AN F # &.

Remark 10. Let X be a topological space, let £ be a lattice of closed subsets of X, and let
F be a filter of L. Let K € L. If K is a compact subset of X and if K is F-stationar, then
NJF is non-empty.

Definition 4. Given a family (X;);c; of topological spaces, and denoting by X the topolog-
ical product of this family, a closed subset F' of X is elementary if F' is a finite union of sets
of the form H#io X; x C where ig € I and C' is a closed subset of X, .

Given a family (X;);es of topological spaces with product X, the set of elementary closed
subsets of X is a lattice of subsets of X that we denote by Lx. Notice that given a elementary
closed subset F' of X, and some subset J of I, the projection p;[F] is a closed subset of

H jeJ Xj :
4.2. Continuous image of a compact space. The following Proposition is easy:

Proposition 4. Let X, Y be topological spaces and let f : X — Y be a continuous onto
mapping. If X is compact (resp. closely-compact), then Y s also compact (resp. closely
compact). If ® is a witness of closed-compactness on X, then 'Y is closely-compact, and has
a witness of closed-compactness which is definable from f and P.
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4.3. Sequential compactness. We denote by [N]“ the set of infinite subsets of N.

Definition 5. A topological space X is sequentially compact if every sequence (,)nen of X
has an infinite subsequence which converges in X. A witness of sequential compactness on
X is a mapping ® : XN — [w]* x X associating to each sequence (z,),en of X an element
(A,l) € [w]” x X such that (z,),eca converges to [.

Ezample 3. If (X, <) is a complete linear order, then X is sequentially compact, with a
witness definable from (X, <): given a sequence (x,)nen, build some infinite subset A of N
such that (x,)nea is monotone; then if (x,,),ec4 is ascending (resp. descending), then (z,)nea
converges to Sup,,c4 Tn (resp. inf,eq x,).

Ezample 4. Given an infinite set X, and some set co ¢ X, consider the topology on X =
X U {oo} generated by cofinite subsets of X and {co}. This topology is compact and T}
but it is not T5. This topology is sequentially compact, and, given a point a € X, there is a
witness of sequential compactness which is definable from X and a: given a sequence (z,,)nen
of X , either the set of terms {z, : n € N} is finite, and then one can define by induction an
infinite subset A of N such that {z, : n € A} is constant; else one can define by induction
an infinite subset A of N such that {z,, : n € A} is one-to-one, thus it converges to a (and
also to every point in X).

Notice that the topology in Example 4 is the one used by Kelley (see [11]) to prove that
“Tychonov implies AC”. The following Lemma is easy:

Lemma 1. Let X,Y be two topological spaces and let f : X — Y be an onto continuous
mapping which has a section j (for example if f is one-to-one). If X is sequentially compact,
then Y s also sequentially compact. Moreover, if there is a witness ® of sequential com-
pactness on X, there also exists a witness of sequential compactness on'Y which is definable
from f,® and j.

Lemma 2. Let (X, ¢n)nen be a sequence of witnessed sequentially compact spaces. The
space [ [,,.en Xn s sequentially compact, and has a witness definable from (X, ¢n)nen-

Proof. Usual diagonalization. U

Ezample 5. If D is a countable set, then the topological space [0, 1]¥ is sequentially compact,
a witness of sequential compactness beeing definable from every well order on D.

Say that a sequentially compact topological space X is witnessable if there exists a witness
of sequential compactness on X. It follows from Lemma 2, that with ACy, every sequence
(K, )nen of witnessable sequentially compact spaces has a product which is sequentially
compact.

4.4. ACy and countable products of compact spaces. Denote by 75" the following
statement: “Fvery sequence of compact spaces has a compact product.” Then Kelley’s ar-
gument shows that 757 = ACy. However, it is an open question (see [4], [9]) to know
whether ACy implies 7/5°™P.

Definition 6. A topological space X is w-compact if every descending sequence (F,),en of
non-empty closed subsets of X has a non-empty intersection. Say that the space X is cluster-
compact if every sequence (r,)en of X has a cluster point i.e. the set Nyen{zy : k > n} is
non-empty.
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Remark 11. (i) Notice that sequentially compact = “cluster-compact”. Also notice that
“w-compact” = “cluster-compact” and that the converse holds with ACy (see |9,
Lemma 1]).

(ii) Given a sequence (K, ),en of compact spaces, then, denoting by K the product of this
family, K is compact iff K is w-compact (see [9, Theorem 6]).

(iii) If the product K of a sequence (K, ),en of compact spaces is sequentially compact,

then ACy implies that K is compact.

Proposition 5. ACy is equivalent to the following statement: “Every sequence (K, )nen of
witnessable sequentially compact spaces which are also compact has a compact product.”

Proof. =: Given a sequence (K,),en of witnessable sequentially compact spaces which are
also compact, then, using ACy, one can choose a witness of sequential compactness on every
space K,,. It follows by Lemma 2 that K is sequentially compact, whence K is compact by
Remark 11-(iii).

<: We use Kelley’s argument (see [11]). Let (A,)nen be a sequence of non-empty sets.
Consider some element co ¢ U,enA,, and for every n € N, denote by K, the set A, U {occ}
endowed with the topology generated by {oco} and cofinite subsets of K, (see Example 4).
Then each K, is compact and sequentially compact; moreover, given an element a € A,
there is a witness of sequential compactness on K, which is definable from A,,,00 and a. So
each K, is a witnessable sequentially compact space. It follows from the hypothesis that the
product K := [], .y K, is compact. We end as in Kelley’s proof: for every n € N, let F,
be the closed set A, x [], 4n Ki. By compactness of K, the set N,enF), is non-empty. This
yields an element of J], _ An. O

5. ONE-POINT COMPACTIFICATIONS AND RELATED SPACES

5.1. The one-point compactification of a set. Given a set X, we denote by X the
Alexandrov compactification of the (Hausdorff locally compact) discrete space X: X =
X U {oo} where oo is some set ¢ X (for example co := {z € X : o ¢ z}; if X is finite,
then X is discrete else open subsets of the space X are subsets of X or cofinite subsets of X
containing oo. Notice that the space X is compact and Hausdorff in ZF'.

Ezxample 6. Given a discrete topological space X, the one-point compactification X of X is
X-uniform Eberlein: consider the Hilbert space ¢*(X); and denote by (e;);cx the canonical
basis of the vector space RX); then the subspace X = {e; :i € X} of R™) is discrete and
the weakly closed and bounded subset X U Ogx is the one-point compactification X of X.

5.2. Various notions of compactness for X“, o ordinal.

5.2.1. XN is sequentially compact.
Proposition 6. Let X be an infinite set.

(i) The space X s sequentially compact and has a witness of sequential compactness, de-
finable from X.
(ii) The space X" is sequentially compact with a witness definable from X.

Proof. (i) We define a witness ® of sequential compactness on X as follows: given a sequence

& = (Zp)nen of X, if the set T := {z : k € N} is infinite, we build (by induction) some
9



infinite subset A of N such that {z) : kK € A} is one-to-one, and we define ®(z) := (A, 00);
else the set T is finite, so we build by induction some infinite subset A of N such that the
sequence {zy : k € A} is a singleton {[}, and we define ®(z) := (A,1).

(ii) We apply (i) and Lemma 2 in Section 4.3. O

5.2.2. AC’™ and closed-compactness.

Proposition 7. Let X be a set.

(i) There is a mapping associating to every non-empty closed subset F' of X, a finite non-
empty closed subset I ofAF.
(ii) ACT™X) o The space X is closely compact.

Proof. We may assume that X is infinite.

(i) Given a non-empty closed subset F of X, define F := {oo} if co € F and F := F if F is
finite and oo ¢ F.

(ii) Use (i). O

5.3. Spaces X”‘, «a ordinal.

Remark 12. For every set X, the space X is X-uniform Eberlein, so, given an ordinal «, Xo
is X X a-uniform Eberlein (see Proposition 3-(ii)).

Proposition 8. Let X be a set. Let a be an ordinal > 1.
(1) T/ o “Xe s compact”.
(i) ACT") o «X s closely compact”.

Proof. (i) =: Let P be the topological product space X Let F be a filter of the lattice Lx
of elementary closed subsets of P. We are going to define by transfinite recursion a family
(Gp)nea of finite subsets of X such that, denoting for every n € a by Z, the elementary
closed subset G,, x Xo\Mn} of P, the set FU{Z; : i < n} satisfies the finite intersection
property. Given some n € a, we define GG,, in function of (G;);<, as follows: denote by G the
filter generated by F U {Z; : i < n}; since X is compact, the closed subset F, := NPy 9]
is non-empty, so let G,, := Fn and let Z,, := G, x XM} Denote by F the filter generated
by FU{Z; : i < a}. Using Tff”(x), the product space F' := [] ., Gy is compact, and
non-empty since TA"™) implies T (see Remark 3). Moreover, the closed subset F of
P is F-stationnar: it follows from Remark 10 of Section 4.1 that NF is non-empty, whence
NF # @. <«: Let (F})i<o be a family of finite subsets of X, endowed with the discrete
topology. Then [],_, F; is compact because it is a closed subset of the compact Hausdorff

space X R
(ii) =: Use Proposition 7-(ii) and the Theorem of Section 4.2. <=: If X is closely compact,
then so is its continuous image X, whence AC™X) holds (using Proposition 7-(ii)). O

5.4. Spaces 0,(X), n integer > 1.
Notation 4. Given a set X, for every integer n > 1, let

ou(X) = {z € {0, 1} : [supp(x)| < n}
10



Thus o, (X) is the set of elements of R®X) with support having at most n elements. Notice
that the space o, (X) is strong Eberlein.

Remark 13. (i) The space o1(X) is the one-point compactification of the discrete space X
(thus o1(X) is uniform Eberlein).
(ii) The mapping U,, : (01(X))" — 0,(X) associating to each (z1,...,x,) the set Uj<;<,;
is continuous.

Proof. (i) Use Example 6. (ii): easy. O
5.4.1. Compactness and closed compactness of o,(X).

Proposition 9. Let X be a set, and let n be some integer > 1.
(i) Both spaces (01(X))" and 0,(X) are compact.
(ii) With ACT™X) "both spaces (o1(X))" and 0,(X) are closely compact (with witnesses of
closed compactness definable from X, n and some choice function on non-empty finite
subsets of X ).

Proof. The results (i) and (ii) for 0, (X) follow from the result on (o7(X))" thanks to Propo-
sition 4 and the continuous onto mapping U, : (01(X))" — 0,(X) defined in Remark 13.
The result (i) for (o1 (X))" comes from Remark 1. We prove (ii) for (o1 (X))": with AC™"X),
01(X) is closely compact, so the space (oq(X))™ is also closely compact because it is a finite
power of a closely compact space (use the Theorem of Section 1). U

5.4.2. Sequential compactness of [], . on(X).

Proposition 10. Let X be a set, and let n be some integer > 1.

(i) The space 0, (X) is sequentially compact, with a witness definable from X and n.
(ii) The space | [,cn ok(X) is sequentially compact, with a witness definable from X.

Proof. (i) The proof is by induction on n. For n = 1, we already know that oy(X) = X
is sequentially compact with a witness definable from X (use Proposition 6-(i)). We now
assume that for some integer n > 1, each space o3 (X) (1 < k < n) is sequentially compact
with a witness @y definable from X and k. Let (F}))ren be a sequence of 0,,,1(X). For every
veNlet A ={Aec|N¥: Vi#jeA|F,NF;| =v} Let vy be the first element of
N such that the set A,, is non-empty. One can build by induction some element A € A,,,
which is definable from X and (F),),en. If v = 0, then the subsequence (F),),ca converges
to co. Else, there exists a € X such that the set D, :== {n € A : a € F,} is infinite.
Build by induction some infinite subset B of A such that there exists some element a € X
satisfying Vn € B a € F),. Let R be the non-empty finite set N,cgF},; let p be the cardinal
of R. The sequence (F,\R)nep lives in 0,,41_,(X) thus, using the witness ®,1_,, it has
an infinite subsequence (F,\R)nec which converges to some L € 0,11_,(X). It follows that
(F, U R),ec converges to LU R in 0,41(X).

(ii) Use Proposition 6-(ii) or Lemma 2. O

5.4.3. ACT™X) and closed-compactness of the space [, e on(X).
Theorem 1. Let X be a set.
(i) ACT"X) o 9T 0.(X) is closely compact”.

(i1) T{i]m(X) & Tlienon(X) is compact”.
11



Proof. We may assume that X is infinite. In both cases, we use Proposition 4 and the fact
that the space ][, .y n(X) is a continuous image of [, .y 01(X)", which is homeomorphic
with XN,

(i) =: with ACS X)) XN g closely compact (see Proposition 8), and so is its continuous
image [],cyon(X) . <t if [, oy on(X) is closely compact, then so is its continuous image
o1(X) = X, thus AC/") holds.

(ii) =: Using Proposition 8-(i), Tf\?m(x) implies that “XV is compact”. Using Remark 13, it
follows that “[], . on(X) is compact”. <: if [[, .y 0n(X) is compact, then its closed subset
o1 (X)N is also compact, thus Tgm(x) holds by Proposition 8-(i). O

6. AC/™) AND CLOSED COMPACTNESS OF B (1)

6.1. Dyadic representations.

Notation 5 (binary expansion of a real number). For every n € N, let ¢, := #

Then the mapping ¢ : {0, 1} — [0, 1] associating to every (z,)nen the real number Y e,
is continuous (a uniformly convergent series of continuous functions), onto, and ¢ has a
(definable) section.

Theorem. [3, Lemma 1.1] Let I be a set, and for everyn € N, let I, := {n} x I. Let F be a
closed subset of [0,1). Consider the power mapping g := ¢* : {0, 1}N*1 — [0, 1]1. For every
n €N, let j, : {0,1}» — {0, 1}™*L be the canonical inclusion mapping. Let Z = g~ [F]
and, for everyn € N, let Z,, := j [ Z]: thus Z is a closed subset of [ .xZn and g: Z — F
18 continuous, onto, with a definable section

(i) If F € B (I), then for every ng € N, Zn, C o, (In,) where My, := || (the integral

1
En

neN

part of %), thus F' 1s the continuous image of some closed subset of N,
70
(ii) If F C (°(I), then for every ng € N, Z,, C {0, 1}UUno)
Proof. Let ng € N and let (27°)icr € Zyy; let @ = (27 )nenier € Z such that jn, ((27°)icr) = .

3 3

(i) Since F' C By (1), 32 enxi < 1, thus Y7, e,77° < 1; it follows that the set {i € I :

2® =1} has a cardinal < .
]

(ii) Since F C £°(I), (z)ics € £°(I) N {0,1} thus Z,, C {0,1}Uno). O

2

Remark 14. The mapping — : By (I) x B{ (I) — B;([) is continuous and onto thus By (I) is
also the continuous image of a closed subset of I™.

Remark 15. Aviles ([2]) proved that Bj (I) -and thus B;(I)- is a continuous image of IV
(and not only of a closed subset of IV).

6.2. Another equivalent of AC/"(1),

Theorem 2. Let I be a set.

(i) ACT"™D o “B\(I) is closely compact.” Moreover, a witness of closed compactness on
Bi(1I) is definable from I and a choice function for non-empty finite subsets of I and
conversely.

(ii) TL™D implies that By(I) is compact.

(i1i) The space Bi(I) is sequentially compact, with a witness definable from I.
12



Proof. Using the previous Theorem and Remark 14, consider some sequence (M,,)nen, some
closed subset Z of [],cy o, (I) and some continuous onto mapping g : Z — By(I), with a
(definable) section.

(i) =: Using AC/™®) and Theorem 1-(i), Z is closely compact thus By(I) = g[F] is closely
compact. <: If By(I) is closely compact, then I (which is a closed subset of By(I) -see
Example 6 in Section 5.1-) is also closely compact.

(ii) Using Tgm(f) and Theorem 1-(ii), Z is compact thus By(I) = g[F] is also compact.

(iii) By Proposition 10-(ii), Z is sequentially compact and ¢ is continuous with a section,
thus Lemma 1 implies that By (1) is also sequentially compact with a witness definable from
1. U

Corollary 1. Given a set I, the following statements are equivalent:
(1) Uwofm(l)
(7/) szn([
(111) The space By(I) is compact.
(iv) For every sequence (Fy,)nen of finite subsets of I, the space By(UnenFy,) is compact.

Proof. (i) = (ii) is easy and (ii) = (iii) follows from Theorem 2. (iii) = (iv) is easy. We
show that (iv) = (i). The idea of the implication is in [8, th. 9 p. 16]: we sketch it for sake
of completeness. Let (F,),en be a disjoint sequence of non-empty finite sets of I. Let us
show that D := U,enF, is countable. The Hilbert spaces H := (*(D) and ®pw)l*(F,) are
isometrically isomorph. For every n € N, let €, : | F},| —]0, 1] be a strictly increasing mapping
such that >, .y > o<icip, €n(i)? = 1. For every n € N, let E,:={x€By: Vm#n,xp, =
0 and zp, is one-to-one from F), onto rg(,)}. Then each F, is a weakly closed subset of
By2(py and the sequence (Fn)neN satisfies the finite intersection property. The compactness
of By(D) implies that Z := NnenF, is non-empty. Given an element f = (fn)nen of Z, each
fn defines a well-order on the finite set F;,, thus U,enF;, is countable. O

Remark 16. For I = P(R), none of the equivalent statements in Corollary 1 is provable in
ZF. Indeed, there is a model of ZF where there exists a sequence (P, ),en of pairs of subsets
of R such that [,y P, is empty.

Thus, the statement “The closed unit ball of £*(P(R)) is weakly compact.” is not provable
in ZF.

Corollary 2. The following statements are equivalent: A3, A4, ACH»,

6.3. Consequences.

Corollary 3. If a set I is linearly orderable, then By(I) is compact.

Proof. If T is linearly orderable, then ACT™) holds. U

For every ordinal «, the set P(«) is linearly orderable, thus AC/™P@) holds. In partic-
ular, R is equipotent with P(N) so the closed unit ball of ¢*(R) is closely compact. This
solves Question 3 of [14].

Question 2. Does AC/™ imply A2? What is the power of the statement “Every Hilbert
space has a hilbertian basis”? Is this statement provable in ZF? Does it imply AC?
13



7. ACy AND EBERLEIN SPACES

Given a set I, a closed subset F' of [0,1]] is I-Corson if every element x € F has a
countable support.

7.1. Sequential compactness of [-Eberlein spaces. Given a set I, denote by count(I)
the set of finite or countable subsets of /. Consider the following consequence of ACy:

UWOCNO"m(I): “Every countable union of countable subsets of I is countable.”

Proposition 11. Let I be a set and let F be a closed subset of [0, 1]7.

(i) UWOI{;”(I) implies that:
-if F C[0,1]D, then F is sequentially compact.
-if F Cco(I), then F is I-Corson.
(11) UwocNoum(I) implies that if F' is I-Corson, then F' is sequentially compact. Thus ACy
implies that every Eberlein space is sequentially compact.
(iii) ACT™D implies that if F C [0,1]9), then F is sequentially compact and has a witness
of sequential compactness.

Proof. (i) If F C [0,1]D), then F is sequentially compact using the fact that [0, 1]N is sequen-
tially compact (see Example 5). U

7.2. Countable product of finitely restricted spaces.

Theorem 3. Let F be a closed subset of [0,1]! which is contained in [0,1]Y). Then ACy
implies that F' 1s compact. In particular, ACy tmplies that every strong Eberlein space is
compact.

Proof. For every n € N, recall that the subset o,(I) := {x € [0,1]D : |supp(z)| < n} is
compact (see Proposition 9). Let F be a filter of the lattice of closed subsets of F. If there
exists an integer n such that o, ([) is F-stationar, then NF is non-empty by compactness of
on(I) and using Remark 10. Else, using ACy, consider a sequence (F},),en of closed subsets
of F' belonging to F such that for every n € N, F,, N 0,(I) = &. Re-using ACy, choose
for every n € N an element z,, € F,,. A new use of ACy and Proposition 11-(i) implies the
existence of some infinite subset A of N such that (x,,)n,ca converges to some element x € F.
Then, for every n € N, x € F,, (which is disjoint with 0,,(I)) so the element = of F' has an
infinite support: this is contradictory! U

Remark 17. Tt does not seem provable in ZF that every closed subset of [0, 1]’ contained in
0, 1]” ) is compact, or has a witness of sequential compactness.

7.3. Countable products of strong Eberlein spaces.

Theorem 4. Let (I,),en be a sequence of pairwise disjoint sets and let I := Upenl,. For
every n € N, let F,, be a closed subset of {0,1}\"). Let F be the closed subset [ . Fn of
{0,1}!. Then ACy implies that F is sequentially compact and compact.

neN

Proof. Using ACy, F is sequentially compact: given a sequence (z,),en of F', ACy implies

that for every n € N, the support D,, of z,, is countable, thus re-using ACy, the set D :=

UnenD,, is also countable; since each z, belongs to [0,1]” x {0}\P and since [0,1]? is

sequentially compact (see Example 5), it follows that (z,)neny has an infinite subsequence
14



which converges in F'. Using ACy and Theorem 3, each F,, is compact. Using ACy and
Remark 11-(iii), it follows that F' is compact. O

7.4. ACy and Eberlein closed subsets of [0, 1].

Corollary 4. ACy implies that every Eberlein space is both sequentially compact and com-
pact.

Proof. Let X be an Eberlein space. Then X is sequentially compact by Proposition 11-
(i). Let I be a set such that X is homeomorphic with a closed subset F of [0,1], with
F C [0,1]¥. Using the Theorem of Section 6.1, there exists a family (Zj)ren such that for
each £ € N, Z;. is I-strong Eberlein, and such that F' is the continuous image of a closed
subset Z of [ [,y Zk- Using ACy and Theorem 4, the space [ [, . Z is sequentially compact.
With ACy, each Zj is compact; with Remark 11-(iii) and ACly, it follows that prodyenZs
(and thus its continuous image F') is also compact. U

Recall that (see Theorem 2-(iii)) every [-uniform Eberlein space is sequentially compact,
with a witness definable from 1.

Question 3. Does ACy implies that every Eberlein space is sequentially compact with a
witness?

7.5. Convex-compactness and the Hahn-Banach property. Given a set I, say that a
subset F' of R is convez-compact if for every set C of closed convex subsets of R? such that
{FNC: C €} satisfies the FIP, C' N[)C is non-empty; moreover, if there is a mapping
associating to each such C an element of C'N[)C, then say that F'is closely convex-compact.
Given a topological vector space F, say that E satisfies the continuous Hahn-Banach property
if, for every continuous sublinear functional p : F — R, for every vector subspace F' of F,
and every linear functional f : F — R such that f < p|F , there exists a linear functional
g : F — R that extends f and such that g < p. Moreover, if there is a mapping associating to
each such f some g satisfying the previous conditions, then say that E satisfies the effective
continuous Hahn-Banach property.

Theorem ([8], [6]). Given a set I, the normed space £°(I) satisfies the effective continuous
Hahn-Banach property. For every real number p € [1,+o0[, (P(I) satisfies the effective
continuous Hahn-Banach property.

Corollary. For every set I, and every real number p € [1,4+00], B,(I) is closely convex-
compact.

Proof. The continuous dual of (°(I) is (isometrically isomorphic with) ¢*(I) and, for every
p €1, +o0[, the continuous dual of P(I) is £4(I) where }J—i—% =1thus 1 < g < +o00. We end
the proof using the fact (see [8]) that if a normed space FE satisfies the (effective) continuous
Hahn-Banach property, then the closed unit ball of the continuous dual E’ is (closely) weak™
compact. [

Question 4. Given a set I, and a closed convex subset C of [0, 1) which is I-Eberlein, is C
convex-compact (in ZF)?

Question 5. Same question if the closed convex subset C of [0,1]! is I-Corson.
15
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